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tection of 0⌫�� decay is out of reach for the coming gen-
eration of experiments unless the decay is driven by the
exchange of a heavy particle, the existence of which we
have not yet discovered, or some other new physics (see
Sec. II B 2). If the hierarchy is inverted, the experiments
to take place in the next decade have a good chance to
see the decay, provided they have enough material. In-
deed, Fig. 1 shows that the current experimental limit
almost touches the upper part of the inverted-hierarchy
region.

How much material will be needed to completely cover
the region, so that we can conclude in the absence of a
0⌫�� signal that either the neutrino hierarchy is normal
or neutrinos are Dirac particles? And in the event of
a signal, how will we tell whether the exchange of light
neutrinos or some other mechanism is responsible? If it
is the latter, what is the underlying new physics? To
answer any of these questions, we need accurate nuclear
matrix elements.

B. Neutrinoless Double-Beta Decay

1. Light-neutrino Exchange

The beginning of this section closely follows Ref. [29],
which itself is informed by Ref. [38]. More detailed
derivations of the �� transition rates can be found in
Refs. [39–41].

The rate for 0⌫�� decay, if we assume that it is medi-
ated by the exchange of the three light Majorana neutri-
nos and the Standard Model weak interaction as repre-
sented in Fig. 2, is
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where Ee1, Ee2 and p1, p2 are the energies and momenta
of the two emitted electrons, Ei and Ef are the energies
of the initial and final nuclear states, and Z0⌫ is an am-
plitude proportional to an S-matrix element up to delta
functions that enforce energy and momentum conserva-
tion. The S matrix depends on the product of leptonic
and hadronic currents in the e↵ective low-energy semi-
leptonic Lagrangian density:

L(x) = GF /
p
2{e(x)�µ(1� �5)⌫e(x)J

µ
L(x)}+ h.c. , (2)

with Jµ
L the left-handed charge-changing hadronic cur-

rent density. Because Z0⌫ is second order in the weak-
interaction Lagrangian, it contains a lepton part that de-
pends on two space-time positions x and y, which are
contracted and ultimately integrated over:
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FIG. 2. Feynman diagram for 0⌫�� decay mediated by light-
neutrino exchange. Two neutrons (n) decay into two protons
(p), emitting two electrons (e). No neutrinos are emitted,
implying that they are Majorana particles (⌫M ).

Here ⌫k is the Majorana mass eigenstate with mass mk

and Uek is the element of the neutrino mixing matrix
that connects electron flavor with mass eigenstate k. We
denote the charge conjugate of a field  by  c ⌘ i�2 ⇤

(in the Pauli-Dirac representation), and because ⌫k are
Majorana states we can take ⌫ck = ⌫k.

The contraction of ⌫k with ⌫ck turns out to be the usual
fermion propagator, so that the lepton part above be-
comes
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where q is the 4-momentum of the virtual neutrino. The
term with /q vanishes because the two currents are left
handed and if we neglect the very small neutrino masses
in the denominator, the decay amplitude becomes pro-
portional to
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ek
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=
��m1|Ue1|2 +m2|Ue2|2ei(↵2�↵1) +m3|Ue3|2ei(�↵1�2�)

�� .

Here � is the so-called Dirac phase, and ↵1,↵2 are Majo-
rana phases that vanish if neutrinos are Dirac particles.
We have inserted the absolute value in Eq. (5) consis-
tently with the amplitude in Eq. (1), because the expres-
sion inside can be complex.

To obtain the full amplitude Z0⌫ , one must multi-
ply the lepton part above by the nuclear matrix ele-
ment of two time-ordered hadronic currents and inte-
grate the product over x and y. Because Jµ

L(x) =
eiHx0Jµ

L(x)e
�iHx0 (H is the hadronic Hamiltonian and

the current on the right-hand side is evaluated at time
x0 = 0), one can write the matrix element of an ordinary
product of hadronic currents between initial (i) and final
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required to fully cover the inverted-hierarchy region de-
pends not only on the masses of the three kinds of neutri-
nos, but also on the nuclear matrix element (or elements,
since present and planned 0⌫�� decay experiments [5–18]
may consider about a dozen di↵erent nuclei) of a subtle
two-nucleon operator between the ground states of the
decaying nucleus and its decay product. Since 0⌫�� de-
cay involves not only nuclear physics but also unknown
neutrino properties, such as the neutrino mass scale, the
matrix elements cannot be measured; they must be cal-
culated. And at present they are not calculated with
much accuracy. We need to know them better.

Fortunately, nuclear-structure theory has made rapid
progress in the last decade and the community is now in
a position to improve calculated matrix elements mate-
rially. This review describes work that has already been
carried out, from early pioneering studies to more recent
and sophisticated e↵orts, and discusses what is needed
to do significantly better. We are optimistic that re-
cent progress in the use of chiral e↵ective field theory
(�EFT) to understand nuclear interactions [19–22], and
of nonperturbative methods to e�ciently solve the nu-
clear many-body problem from first principles (with con-
trolled errors) [23–28] will produce reliable matrix ele-
ments with quantified uncertainties over the next five or
so years. We will outline the ways in which that might
happen.

This review is structured as follows: Section II dis-
cusses the significance of 0⌫�� decay and the nuclear
matrix elements that govern it. Section III reviews cal-
culations of the matrix elements and indicates where we
stand at present. Section IV is a slight detour into a
more general problem, the “renormalization of the axial
vector coupling gA,” that has important consequences for
0⌫�� nuclear matrix elements. Section V is about ways
in which matrix-element calculations should improve in
the next few years, and ways in which the uncertainty in
new calculations can be assessed. Section VI is a conclu-
sion.

II. SIGNIFICANCE OF DOUBLE-BETA DECAY

A. Neutrino Masses and Hierarchy

Before turning to nuclear-structure theory, we very
briefly review the neutrino physics that makes it nec-
essary. References [29] and [30] contain pedagogical re-
views of both the neutrino physics and the nuclear matrix
elements that are relevant for �� decay.

Flavor oscillations of neutrinos from the atmo-
sphere [31], from the sun [32], and from nuclear reac-
tors [33] have revealed neutrino properties that were un-
known a few decades ago. Neutrinos have mass, but the
three kinds of neutrino with well-defined masses are lin-
ear combinations of the kinds with definite flavor that
interact in weak processes. We know with reasonable ac-
curacy the di↵erences in squared mass among the three
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FIG. 1. Left panel: Bands for the value of the parameter
m�� as a function of the mass of the lightest neutrino, for the
case of normal (NH, red band) and inverted (IH, green band)
neutrino-mass hierarchies. The present best experimental up-
per limits on m�� are shown in the blue band. Right panel:
Present best upper limits, with uncertainty bars, on m�� from
experiments performed on each �� emitter, as a function of
mass number A. The uncertainty bands and bars include
experimental uncertainties and ranges of calculated nuclear
matrix elements. Figure adapted from Ref. [5], courtesy of
the KamLAND-Zen collaboration.

mass eigenstates, with one smaller di↵erence �m2
sun '

75 meV2 [34] coming mainly from solar-neutrino experi-
ments and one larger di↵erence �m2

atm ' 2400 meV2 [34]
coming mainly from atmospheric-neutrino experiments.
We also know, with comparable accuracy, the mixing
angles that specify which linear combinations of flavor
eigenstates have definite mass [35].
The arrangement of the masses, called the “hierarchy,”

is still unknown, however. There are two possibilities:
either the two mass eigenstates that mix most strongly
with electron flavor are lighter than the third (the “nor-
mal hierarchy,” because it is similar to the hierarchy of
quark mass eigenstates) or they are heavier (the “inverted
hierarchy”). Long baseline neutrino-oscillation experi-
ments can eventually determine the hierarchy with a con-
fidence level corresponding to four standard deviations or
more, but for now they show just a two-� preference for
the normal hierarchy [36, 37]. Figure 1 shows the present
experimental 0⌫�� decay limits on the combination of
neutrino masses m�� [defined by Eq. (5) in Sec. II B 1],
together with the regions corresponding to the normal
and inverted hierarchies, as a function of the mass of
the lightest neutrino. If the hierarchy is normal and the
lightest neutrino is lighter than about 10 meV, then a de-
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where the |ni’s are a complete set of intermediate nu-
clear states, with corresponding energies En. Time or-
dering the product of currents and combining the phases
in Eq. (6) with similar factors from the lepton currents
yields the following amplitude, after integration first over
x0, y0, and q0, then over x and y:

X

n


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L(q)|nihn|J⌫
L(�q)|ii

|q|(En + |q|+ Ee2 � Ei)
+

hf |J⌫
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µ
L(�q)|ii

|q|(En + |q|+ Ee1 � Ei)

�

⇥ 2⇡�(Ef + Ee1 + Ee2 � Ei) , (7)

where the tiny neutrino masses in the denominator of
Eq. (4) and the electron momenta |p1| and |p2| have been
neglected because they are much smaller than a typical
momentum transfer |q|. The energy-conservation condi-
tion comes from the definition of Z0⌫ .

To go further one needs to know the nuclear current op-
erators. At this point, most authors make two important
approximations. The first is the “impulse approxima-
tion,” i.e. the use of the current operator for a collection
of free nucleons. The operator is then specified by its
one-body matrix elements:

hp|Jµ
L(x)|p

0i =eiqxu(p)
⇣
gV (q

2)�µ � gA(q
2)�5�

µ (8)

� igM (q2)
�µ⌫

2mN
q⌫ + gP (q

2)�5q
µ
⌘
u(p0) ,

where q = p0 � p, the conservation of the vector current
tells us that gV ⌘ gV (0) = 1, and gM (q2) = gMgV (q2)
with gM ⌘ gM (0) ' 4.70gV (as given by the pro-
ton and neutron anomalous magnetic moments [34]),
gA = gA(0) ' 1.27 [34] (from neutron �-decay mea-
surements [42]), and the Goldberger-Treiman relation
gP (q2) = 2mNgA(q2)/(q2 + m2

⇡), with mN and m⇡ the
nucleon and pion masses, connects the pseudoscalar and
axial terms and is accurate enough for our purposes. The
momentum-transfer dependence of the axial and vector
terms can be parameterized in several ways by fitting
experimental data [43, 44]. A non-relativistic reduc-
tion of the matrix elements in Eq. (8) leads to the form
JL(q) =

P
a exp(�iq · xa)Ô(xa)⌧+a , where the operator

Ô(xa) acts on space and spin variables of the ath nucleon

and the isospin-raising ⌧+a operator makes the nucleon a
proton if it is initially a neutron.
The second approximation, known as closure, begins

with the observation that to contribute significantly to
the amplitude, the momentum transfer must be on the
order of an average inverse spacing between nucleons,
about 100 MeV. The closure approximation is to ne-
glect the intermediate-state-dependent quantity En �Ei

(which is generally small compared to |q|) in the de-
nominator of Eq. (7), so that En can be replaced by a
state-independent average value Ē and the contributions
of intermediate states can be summed implicitly in Eq.
(7). This approximation avoids the explicit calculation
of excited states of the intermediate odd-odd nucleus up
to high energies, a nuclear structure calculation that is
computationally much more involved than obtaining the
initial and final states in the decay. Because the momen-
tum transfer in 2⌫�� decay (limited by the Q-value of the
transition) is of the same order of magnitude as En�Ei,
the closure approximation cannot be used there. For that
reason, some methods that focus on low-lying states or
even-even nuclei can be applied to 0⌫�� decay but not to
2⌫�� decay. Approaches that do allow an evaluation of
the contributions of each intermediate state suggest that
a sensible choice of Ē can allow the closure approxima-
tion to reproduce the unapproximated 0⌫�� matrix ele-
ment to within 10% [45–49]. It is worth noting, however,
that tests of the closure approximation have not included
states above 10’s of MeV. Since higher-energy/shorter-
range dynamics could be important, future closure tests
should include them.
Assuming the closure approximation is accurate, and

neglecting terms associated with the emission of p-wave
electrons (which are expected to be a few percent of those
associated with s-wave electrons) and the small electron
energies (Ee1�Ee2)/2 in the denominator of Eq. (7), one
has the expression

[T 0⌫
1/2]

�1 = G0⌫(Q,Z) |M0⌫ |2 m2
�� , (9)

where Q ⌘ Ei � Ef , Z is the proton number, and
G0⌫(Q,Z) comes from the phase-space integral and
has recently been re-evaluated with improved precision
[50, 51]. The “nuclear matrix element” M0⌫ [52–54] is
given by

M0⌫ = MGT
0⌫ � g2V

g2A
MF

0⌫ +MT
0⌫ , (10)

with, in the approximations mentioned above,
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leptonic Lagrangian density:

L(x) = GF /
p
2{e(x)�µ(1� �5)⌫e(x)J

µ
L(x)}+ h.c. , (2)

with Jµ
L the left-handed charge-changing hadronic cur-

rent density. Because Z0⌫ is second order in the weak-
interaction Lagrangian, it contains a lepton part that de-
pends on two space-time positions x and y, which are
contracted and ultimately integrated over:

X

k

e(x)�µ(1� �5)Uek⌫k(x) e(y)�⌫(1� �5)Uek⌫k(y)

= �
X

k

e(x)�µ(1� �5)Uek⌫k(x) ⌫ck(y)�⌫(1 + �5)Ueke
c(y) .

(3)

p

p

νM

Mν

n

e

e

n

FIG. 2. Feynman diagram for 0⌫�� decay mediated by light-
neutrino exchange. Two neutrons (n) decay into two protons
(p), emitting two electrons (e). No neutrinos are emitted,
implying that they are Majorana particles (⌫M ).

Here ⌫k is the Majorana mass eigenstate with mass mk

and Uek is the element of the neutrino mixing matrix
that connects electron flavor with mass eigenstate k. We
denote the charge conjugate of a field  by  c ⌘ i�2 ⇤

(in the Pauli-Dirac representation), and because ⌫k are
Majorana states we can take ⌫ck = ⌫k.

The contraction of ⌫k with ⌫ck turns out to be the usual
fermion propagator, so that the lepton part above be-
comes

� i

4

Z X

k

d4q

(2⇡)4
e�iq·(x�y)u(p1)�µ(1� �5)e

�i(p1·x+p2·y)

⇥ /q +mk

q2 �m2
k

�⌫(1 + �5)u
c(p2) U

2
ek , (4)

where q is the 4-momentum of the virtual neutrino. The
term with /q vanishes because the two currents are left
handed and if we neglect the very small neutrino masses
in the denominator, the decay amplitude becomes pro-
portional to

m�� ⌘

�����
X

k

mkU
2
ek

����� (5)

=
��m1|Ue1|2 +m2|Ue2|2ei(↵2�↵1) +m3|Ue3|2ei(�↵1�2�)

�� .

Here � is the so-called Dirac phase, and ↵1,↵2 are Majo-
rana phases that vanish if neutrinos are Dirac particles.
We have inserted the absolute value in Eq. (5) consis-
tently with the amplitude in Eq. (1), because the expres-
sion inside can be complex.

To obtain the full amplitude Z0⌫ , one must multi-
ply the lepton part above by the nuclear matrix ele-
ment of two time-ordered hadronic currents and inte-
grate the product over x and y. Because Jµ

L(x) =
eiHx0Jµ

L(x)e
�iHx0 (H is the hadronic Hamiltonian and

the current on the right-hand side is evaluated at time
x0 = 0), one can write the matrix element of an ordinary
product of hadronic currents between initial (i) and final
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has been ignored in this analysis. We really need better
calculations. Fortunately, we are now finally in a position
to undertake them.

III. NUCLEAR MATRIX ELEMENTS AT
PRESENT

As we have noted, calculated matrix elements at
present carry large uncertainties. Matrix elements ob-
tained with di↵erent nuclear-structure approaches dif-
fer by factors of two or three. Figure 5 compares ma-
trix elements produced by the shell model [82, 113, 114],
di↵erent variants of the quasiparticle random phase ap-
proximation (QRPA) [81, 115–117], the interacting boson
model (IBM) [109], and energy density functional (EDF)
theory [118–120]. The strengths and weaknesses of each
calculation are discussed in detail later in this Section.

Some of these methods can be used to compute single-
� and 2⌫�� decay lifetimes. It is disconcerting to find
that predicted lifetimes for these processes are almost
always shorter than measured lifetimes, i.e. computed
single Gamow-Teller and 2⌫�� matrix elements are too
large [121–123]. The problems are usually “cured” by
reducing the strength of the spin-isospin Gamow-Teller
operator �⌧ , which is equivalent to using an e↵ective
value of the axial coupling constant that multiplies this
operator in place of its “bare” value of gA ' 1.27. This
phenomenological modification is sometimes referred to
as the “quenching” or “renormalization” of gA. In Sec. IV
we review possible sources of the renormalization, none
of which has yet been shown to fully explain the e↵ect,
and their consequences for 0⌫�� matrix elements.

A. Shell Model

The nuclear shell model is a well-established many-
body method, routinely used to describe the properties
of medium-mass and heavy nuclei [121, 124, 125], includ-
ing candidates for ��-decay experiments. The model,
also called the “configuration interaction method” (par-
ticularly in quantum chemistry [126, 127]), is based on
the idea that the nucleons near the Fermi level are the
most important for low-energy nuclear properties, and
that all the correlations between these nucleons are rele-
vant. Thus, instead of solving the Schrödinger equation
for the full nuclear interaction in the complete many-
body Hilbert space, one restricts the dynamics to a lim-
ited configuration space (sometimes called the valence
space) containing only a subset of the system’s nucleons.
In the configuration space one uses an e↵ective nuclear
interaction He↵, defined (ideally) so that the observables
of the full-space calculation are reproduced, e.g.

H |�ii = Ei |�ii ! He↵ |�̄ii = Ei |�̄ii . (17)

The states |�ii and |�̄ii are defined in the full space and
the configuration space, respectively, and have associated

 0
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FIG. 5. Top panel: Nuclear matrix elements (M0⌫) for 0⌫��
decay candidates as a function of mass number A. All the
plotted results are obtained with the assumption that the ax-
ial coupling constant gA is unquenched and are from di↵erent
nuclear models: the shell model (SM) from the Strasbourg-
Madrid (black circles) [113], Tokyo (black circle in 48Ca) [114],
and Michigan (black bars) [82] groups; the interacting bo-
son model (IBM-2, green squares) [109]; di↵erent versions
of the quasiparticle random-phase approximation (QRPA)
from the Tübingen (red bars) [115, 116], Jyväskylä (orange
times signs) [81], and Chapel Hill (magenta crosses) [117]
groups; and energy density functional theory (EDF), relativis-
tic (downside cyan triangles) [118, 119] and non-relativistic
(blue triangles) [120]. QRPA error bars result from the use of
two realistic nuclear interactions, while shell model error bars
result from the use of several di↵erent treatments of short
range correlations. Bottom panel: Associated 0⌫�� decay
half-lives, scaled by the square of the unknown parameter
m�� .

energy Ei.

The configuration space usually comprises only a rela-
tively small number of “active” nucleons outside a core of
nucleons that are frozen in the lowest-energy orbitals and
not included in the calculation. The active nucleons can
occupy only a limited set of single-particle levels around
the Fermi surface. Many-body states are linear combi-
nations of orthogonal Slater determinants | ii (usually
from a harmonic-oscillator basis) for nucleons in those

48 76 82 96 100 116 124130 136 150
Ca Ge Se Se Xe
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Everything seems to matter : deformation, n-p pairing, …
Combining methods should be very valuable



Why is this difficult?
•      momentum dependence (light neutrino):
          Fermi matrix element:   (τi+ τj+ / rij)  
          Gamow-Teller :   (σi⋅σj τi+ τj+ / rij)  
 
 
 
 
 
 

 

•  low-energy transition to/from explicit states with
              moderate momentum transfer
•  low-energy modes (deformation, etc.) important
•  very small fraction (<< 1%) of the relevant sum rules
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FIG. 11. Normalized momentum transfer distribution of the
Gamow-Teller part of the nuclear matrix element of 136Xe.
The solid curves are with one-body currents only, in the shell
model (blue) and QRPA (red). The shaded area includes two-
body contributions in the shell model. Data are taken from
Ref. [217] (shell model) and Ref. [218] (QRPA).

by theQ-value of the transition, which is on the order of 1
MeV. If only electrons are emitted, however, the average
momentum is about 100 MeV, a scale set by the aver-
age distance between the two decaying neutrons. Fig. 11
presents the contribution of di↵erent momentum trans-
fers q to the nuclear matrix element produced by the shell
model and QRPA, for the representative mother nucleus
136Xe. The momentum-transfer distribution is similar in
the two calculations. Although the QRPA distribution is
shifted to higher q, probably because of the larger config-
uration space, it falls o↵ slowly in both cases so that sev-
eral hundred MeV are transferred with reasonable prob-
ability. The higher momentum transfer means that the
first virtual �� transition in 0⌫�� decay can excite vir-
tual intermediate nuclear states with all spins and pari-
ties, not just the 0+ or 1+ intermediate states that con-
tribute to 2⌫�� decay. If the spin-isospin renormalization
depends on the momentum transfer or multipolarity of
the intermediate states, the large quenching needed to
correctly predict single-� Gamow-Teller and 2⌫�� decay
rates may not be needed for 0⌫�� decay. Although ex-
perimentalists are trying to test the momentum-transfer
and multipolarity dependence of quenching [216], the ex-
periments are di�cult and the existing data inconclusive.

In the search for the cause of quenching, complex cor-
relations that calculations do not capture have long been
a suspect. Reference [202] proposed in 1982 that two-
particle–two hole excitations to orbitals outside shell-
model configuration spaces or beyond QRPA correlations
shift the Gamow-Teller strength to high energies. (The
Ikeda sum rule requirement means that strength does
not appear or disappear, but rather moves.) Nuclear-
structure models miss this e↵ect and therefore need
to quench the low-energy strength. The authors of

N

N

e

N

π

N ν e ν

N

NN

N

FIG. 12. Diagrams for the �EFT two-nucleon currents most
important for �-decay.

Refs. [146, 203] made a similar argument, and Ref. [147]
proposed that about two thirds of the spin-isospin
quenching comes from missing particle-hole configura-
tions. The authors of Ref. [204] argued slightly di↵er-
ently, suggesting that because �⌧ operates at all inter-
nucleonic distances, its matrix elements should be af-
fected not only by the long-range (low-energy) corre-
lations included e.g. in shell-model states, but also by
short-range (high-energy) correlations, which are not in-
cluded. They went on to argue that shell-model Gamow-
Teller strength should be quenched consistently with
the roughly 30% depletion of single-particle occupancies
needed to reproduce electron scattering data [219] be-
cause both kinds of quenching reflect the same inability
of the shell model to include short-range correlations.
More recently, two studies have tried to use many-body

perturbation theory [149] to quantify the e↵ect of missing
correlations on the �⌧ operator in the shell model. Ref-
erence [220] reported a 20% reduction of Gamow-Teller
strength for nuclei whose valence nucleons are in the sd
and pf shells; the result agrees well with phenomenolog-
ical fits to experimental strength. In heavier systems the
authors found a much stronger reduction, as large as a
60% in 100Sn; that resut is in reasonable agreement with
the trend shown in Fig. 10. The degree of renormalization
varies by only a few percent up to momentum transfers
of about 100 MeV, suggesting similar quenching of 2⌫��
and 0⌫�� matrix elements. Reference [191] studied ��
decay within a similar perturbative framework. While
the method required the closure approximation and so
could say relatively little about 2⌫�� decay, it produced
about a 20% enhancement of the 0⌫�� matrix element
in 76Ge and a 30% enhancement in 82Se. These results
agree with the tendency of the shell model to increase
0⌫�� matrix elements when configuration spaces are en-
larged slightly [114, 189], and argue against any suppres-
sion of 0⌫�� decay. Once more, however, the argument
is not conclusive: First-order one-particle one-hole exci-
tations strongly suppress the matrix element and it just
so happens that higher-order terms tend to counteract
the suppression. But it is not at all clear whether or how
fast the perturbative expansion converges, and neglected
terms could have large e↵ects.
Non-nucleonic degrees of freedom, manifested as many-



First look at a single weak vertex:
    
• neutrino-nucleon scattering
• nuclear beta decay
• muon capture
• low-energy neutrino scattering
• quasi-elastic neutrino scattering

Not a lot of data on weak interactions at moderate q

•  LSND (stopped pions) on Carbon
•  muon capture
•  more data would be very valuable
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FIG. 2: (Color online) EM nucleon form factors obtained using different descriptions compared with

data. The proton electric form factor (top-left panel) corresponding to Gayou2002, Gayou2001,

Punjabi, Puckett, Zhan, Ron, Paolone and Crawford have been obtained from Rp data by divid-

ing by the GKex model values of Gp
M/µp. The same applies to Geis in the case of the electric

neutron form factor (left-bottom), but using the GKex model Gn
M/µn. The data are taken from

references [57–103].

restricted momentum transfer range. This is clearly illustrated in the bottom panels shown in

Fig. 2. In the case of the magnetic contribution to the neutron, the data scatter significantly

in the region below 1 (GeV/c)2. The five models presented track the average of the scattered

data in this region, fitting the higher-|Q2| behavior, except for the A-S prescription that falls

much faster. Finally, data for Gn
E/GD are presented in the left-bottom panel compared with

the five prescriptions considered. Here, data derived from different polarization techniques

as well as values obtained from analysis of the deuteron quadrupole form factor data [84] are

23

Gonzalex-Jiminez, Caballero, Donnelly, Phys. Reports 2013 

EM (vector)
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FIG. 7. Final form factor from Eqs. (31), (32) and (33).
Also shown is the dipole axial form factor with axial mass
mA = 1.014(14) GeV [55].

and the four-dimensional correlation matrix is

Cij =

0

BBB@

1 0.321 �0.677 0.761

0.321 1 �0.889 0.313

�0.677 �0.889 1 �0.689

0.761 0.313 �0.689 1

1

CCCA
. (36)

VII. APPLICATIONS

Having presented the axial form factor with errors and
correlations amongst the coe�cients, we may systemat-
ically compute derived observables that depend on this
function. We consider several applications of our results.

TABLE VII. Axial radius extracted using best values from
Table I, and default priors as discussed in the text. Note that
the joint fit is not an average, but a simultaneous fit to all of
the data sets.

Data set r2A [fm2] r2A [fm2] r2A [fm2]

(Na = 3) (Na = 4) (Na = 5)

BNL 1981 0.56(23) 0.52(25) 0.48(26)

ANL 1982 0.69(21) 0.63(23) 0.57(24)

FNAL 1983 0.63(34) 0.64(35) 0.64(35)

Joint Fit 0.54(20) 0.46(22) 0.39(23)

A. Axial radius

We begin with the axial radius, defined in Eq. (21).
While the radius by itself is not the only quantity of inter-
est to neutrino scattering observables, it is only through
the q2 ! 0 limit that a robust comparison can be made
to other processes such as pion electroproduction.
The form factor coe�cients and error matrix from the

�2 fit in Sec. VI determine the radius as

r2A = 0.46(22) fm2 . (37)

The constraint is much looser than would be obtained by
restricting to the dipole model, cf. Table IV.14 For com-
parison, let us consider the constraints from individual
experiments. Table VII gives results for Na = 3, 4, 5 free
parameters, with errors determined from the error ma-
trix in Eqs. (32) and (33). The results from individual
experiments are consistent with the joint fit. Note that
the joint fit is not simply the average of the individual
fits. This situation arises from a slight tension between
data and Gaussian coe�cient constraints (17) when com-
paring a single data set to the statistically more powerful
combined data.

B. Neutrino-nucleon quasielastic cross sections

Current and future neutrino oscillation experiments
will precisely measure neutrino mixing parameters, de-
termine the neutrino mass hierarchy, and search for pos-
sible CP violation and other new phenomena. This
program relies on accurate predictions, with quantifi-
able uncertainties, for neutrino interaction cross sections.
As the simplest examples, consider the charged-current
quasielastic cross section �(E⌫) for neutrino (antineu-
trino) scattering on an isolated neutron (proton).
The best fit cross section and uncertainty are shown

in Fig. 8, and compared to the prediction of dipole FA

with axial mass mA = 1.014(14) [55]. At representative

14 Extractions of the radius from electroproduction data are also
strongly influenced by the dipole assumption [31].

Axial form factor from analysis of deuterium data
Meyer, Betancourt, Gran, Hill (2016)

r2A = 0.46 (0.22) fm2

Axial Form Factor: Deuterium analysis
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for the four ensembles a12m310, a09m130, a06m220 and
a06m135. Including the O(a) improvement of the axial

current, the ratios in Eqs (29)–(32) become

RI
1

=
Q2

4M2

N

G̃I
P (Q

2)

GA(Q2)
, (34)

RI
2

=
2bm
2MN

GP (Q2)
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, (35)
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=
Q2 +M2

⇡
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2)
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, (36)
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=
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, (37)
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FIG. 1. Comparison of the experimental matrix ele-
ments R(GT ) with the theoretical calculations based on
the “free-nucleon” Gamow-Teller operator. Each transi-
tion is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.
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the sums T (GT ) with the correspondig theoretical value
based on the “free-nucleon” Gamow-Teller operator.
Each sum is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.

TABLE I. Experimental and theoretical M(GT ) matrix elements. The experimental data have been taken from [19]. Iβ + Iϵ

are the branching ratios . All other quantities explained in the text.

Process 2Jπ
n , 2T π

n Q Iβ + Iϵ log ft M(GT ) W
(MeV) (%) Exp. Th.

41Sc(β+)41Ca 7−, 1 6.496 99.963(3) 3.461(7) 2.999 4.083 6.172
42Sc∗(β+)42Ca 12+, 2 3.851 100 4.17(2) 2.497 3.389 11.127
42Ti(β+)42Sc 2+, 0 6.392 55(14) 3.17(12) 2.038 2.736 3.086
43Sc(β+)43Ca 7−, 3 2.221 77.5(7) 5.03(2) 0.677 0.764 6.172

5−, 3 1.848 22.5(7) 4.97(3) 0.726 0.878
44Sc(β+)44Ca 4+

1 , 4 2.497 98.95(4) 5.30(2) 0.392 0.741 6.901
4+
2 , 4 0.998 1.04(4) 5.15(3) 0.466 0.205

4+
3 , 4 0.353 0.010(2) 6.27(8) 0.128 0.295

44Sc∗(β+)44Ca 12+, 4 0.640 1.20(7) 5.88(3) 0.324 0.276 11.127
45Ca(β−)45Sc 7−, 3 0.258 99.9981 5.983(1) 0.226 0.079 13.802
45Ti(β+)45Sc 7−, 3 2.066 99.685(17) 4.591(2) 1.123 1.551 6.172

5−, 3 1.342 0.154(12) 6.24(4) 0.168 0.280
7−, 3 0.654 0.090(10) 5.81(5) 0.276 0.397
9−, 3 0.400 0.054(5) 5.60(4) 0.351 0.712

45V(β+)45Ti 7−, 1 7.133 95.7(15) 3.64(2) 1.801 2.208 6.172
5−, 1 7.093 4.3(15) 5.0(2) 0.701 0.428

46Sc(β−)46Ti 8+, 2 0.357 99.9964(7) 6.200(3) 0.187 0.277 13.093
47Ca(β−)47Sc 7−, 5 1.992 19(10) 8.5(3) 0.012 0.262 16.331

5−, 5 0.695 81(10) 6.04(6) 0.212 0.235
47Sc(β−)47Ti 5−, 3 0.600 31.6(6) 6.10(1) 0.198 0.235 13.802

7−, 3 0.441 68.4(6) 5.28(1) 0.508 0.611

3

Nuclear Beta Decay 
Calculations vs. Experiment

Quenching enters as 4th power in ββ decay: 
        up to a factor of (1/1.27)4 ~ 0.38  

Chou, et al, PRC (1993)



2-Nucleon Currents
critical to describe EM data

0 1 2 3 4 5 6 7 8
Q [fm-1]

10-6

10-5

10-4

10-3

10-2

10-1

100

|F
C
(Q

)|

0 1 2 3 4 5
Q [fm-1]

10-4

10-3

10-2

10-1

100

|F
C
(Q

)| 

0 1 2 3 4 5 6 7
Q [fm-1]

10-5

10-4

10-3

10-2

10-1

100

|F
M

(Q
)| 

0 1 2 3 4 5 6
Q [fm-1]

10-5

10-4

10-3

10-2

10-1

100
|F

M
(Q

)| 

3He

3He 3H

3H

Form Factors Magnetic 
Moments

EM 
Transitions

Wiringa, Pastore, Schiavilla, et al



Nuclear Beta Decay: Light Nuclei 

Role of two-body currents in beta-decay m.e.’s

SNPA currents

VMC Calculations
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χEFT currents

GFMC calculations
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*Preliminary*

* SNPA and χEFT two-body currents are qualitatively in agreement

(both are fitted to the tritium β -decay)

* Two-body currents are found to provide a small (negligible) contribution to the

quenching, limited to the light systems we studied 28 / 38

from S. Pastore’s  talk
at this program

‘SNPA’ currents chiral EFT currents

•moderate quenching in light nuclei: 10-25%
•significant reduction from correlations
•modest enhancement from 2N currents  

  much smaller effects than magnetic moments, transitions
•good reproduction of experimental results



Nuclear Beta Decay: Heavy Nuclei 

One- and two-body currents and normal ordering in 
Coupled-Cluster

OGT = e�TONeT = e�TO1
NeT + e�TO2

NeT

CCSD	similarity	 transformed	normal-ordered	current	operator:

Normal-ordered	1-body	approximation

T = T1 + T2

3-body	terms 6-body	terms

PRL	107,	062501	(2011)

Normal	order	with	respect	 to	free	Fermi	gas.	
One-body	normal	ordered	approximation	 gives
quenching	of	gA by	a	factor	q	=	0.74…0.96	for	
different	set	of	couplings	constants

J.	Menéndez,	 D.	Gazit,	A.	Schwenk
Infinite Matter :
Menendez, Gazit, Schwenk, PRL (2011)

•significant quenching from 2N currents (different resolution in calculation)
•normal-ordering approximation (effective 1-body operator)
•need a consistent picture across momentum, A
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Coupled cluster :
G. Hagen (talk at this program)



Higher momentum transfer :
neutrino scattering

Quasielastic Scattering:  Sum Rules 
Constructive Interference 
between 1- and 2-body 

Large enhancement from
combination of initial state 
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elastic contribution. The low-lying excitation spectrum
of 12C consists of J⇡ =2+, 0+

2

(Hoyle), and 4+ states with
excitation energies E?

f �E
0

experimentally known to be,
respectively, 4.44, 7.65, and 14.08 in MeV units [35]. The
contributions of these states to the quasi-elastic longitu-
dinal and transverse response functions extracted from
inclusive (e, e0) cross section measurements are not in-
cluded in the experimental results. Therefore, before
comparing experiment with the present theory, which
computes the total inelastic response rather than just the
quasi-elastic one, we need to remove these contributions
explicitly. This is simply accomplished by first defining

E↵(q, ⌧) = E↵(q, ⌧)�
X

f

|hf |O↵(q)|0i|2 e�(Ef�E0)/⌧ ,

(4)
where in the sum only the states f =2+, 0+

2

, and 4+

are included, and then inverting E(q, ⌧) (the energies Ef

di↵er from E?
f , since the former include recoil kinetic en-

ergies). We do not attempt a GFMC calculation of the
excitation energies of these states or associated transi-
tion form factors—it would require explicit calculations
of these states or propagating exp [�(H�E

0

) ⌧ ]O↵(q)|0i
to computationally prohibitive large values of ⌧ . Rather,
we use the experimental energies and form factors, listed
in Table I, to obtain E↵(q, ⌧) from the GFMC-calculated
E↵(q, ⌧). Because of the fast drop of these form fac-
tors with increasing momentum transfer, the correction
in Eq. (4) for the longitudinal channel (↵=L ) is sig-
nificant at q = 300 MeV/c, but completely negligible at
q = 570 MeV/c. In the case of the transverse channel
(↵=T ), possible contributions from E2 and E4 transi-
tions to the 2+ and 4+ states are too small [36, 37] to
have an impact on ET (q, ⌧).

The longitudinal and transverse response functions ob-
tained by maximum-entropy inversion of the E↵(q, ⌧)’s
are displayed in Figs. 1 and 2, respectively. Theoreti-
cal predictions corresponding to GFMC calculations in
which only one-body terms or both one- and two-body
terms are retained in the electromagnetic operators O↵—
denoted by (red) dashed and (black) solid lines and la-
beled GFMC-O

1b and GFMC-O
1b+2b, respectively—are

compared to the experimental response functions deter-
mined from the world data analysis of Jourdan [10] and,
for q=300 MeV/c, from the Saclay data [9]. The (red
and gray) shaded areas show the uncertainty derived
from the dependence of the 1b and 1b+2b results on
the default model adopted in the maximum-entropy in-
version [17]. This uncertainty is quite small. Lastly,
the (green) dash-dotted lines correspond to plane-wave-
impulse-approximation (PWIA) calculations using the
single-nucleon momentum distribution N(p) of 12C ob-
tained in Ref. [7] (see Ref. [1] for details on the PWIA
calculation).

Figures 1–2 immediately lead to the main conclusions
of this work: (i) the dynamical approach outlined above

(with free nucleon electromagnetic form factors) is in
excellent agreement with experiment in both the lon-
gitudinal and transverse channels; (ii) as illustrated by
the di↵erence between the PWIA and GFMC one-body-
current predictions (curves labeled PWIA and GFMC-
O

1b), correlations and interaction e↵ects in the final
states redistribute strength from the quasi-elastic peak to
the threshold and high-energy transfer regions; and (iii)
while the contributions from two-body charge operators
tend to slightly reduce RL(q,!) in the threshold region,
those from two-body currents generate a large excess of
strength in RT (q,!) over the whole !-spectrum (curves
labeled GFMC-O

1b and GFMC-O
1b+2b), thus o↵setting

the quenching noted in (ii) in the quasi-elastic peak.

FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

As a result of this study, a consistent picture of the
electromagnetic response of nuclei emerges, which is at
variance with the conventional one of quasi-elastic scat-
tering as being dominated by single-nucleon knock-out.
This fact also has implications for the nuclear weak re-
sponse probed in inclusive neutrino scattering induced

Quasi-elastic
electron scattering:

12C

Lovato, et al, PRL 2016

Transverse response

q = 300 MeV/c

q = 500 MeV/c
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to collective excitations of electric-dipole type in the nu-
cleus. In the large q limit, the one-body sum rules di↵er
from unity because of relativistic corrections in OL(q),
primarily the Darwin-Foldy term which gives a contri-
bution �⌘/(1 + ⌘) to S1b

L (q), where ⌘ ' q2/(4m2), and
because of the convection term in OT (q), which gives a
contribution ' (4/3)CT Tp/m to S1b

T (q), where Tp is the
proton kinetic energy in the nucleus.

In contrast to SL, the transverse sum rule has large
two-body contributions. This is consistent with studies
of Euclidean transverse response functions in the few-
nucleon systems (Carlson et al., 2002), which suggest that
a significant portion of this excess transverse strength
is in the quasi-elastic region. Overall, the calculated
SL(q) and ST (q) are in reasonable agreement with data.
However, a direct calculation of the response functions
is clearly needed for a more meaningful comparison be-
tween theory and experiment. Such calculations will be
forthcoming in the near future.

While sum rules of NC or CC weak sum rules are of a
more theoretical interest, they nevertheless provide useful
insights into the nature of the strength seen in the quasi-
elastic region of the response and, in particular, into the
role of two-body terms in the electroweak current. Those
corresponding to weak NC response functions and rela-
tive to 12C are shown in Fig. 24: results S1b (S2b) cor-
responding to one-body (one- and two-body) terms in
the NC are indicated by the dashed (solid) lines. Note
that both S1b

↵� and S2b
↵� are normalized by the same fac-

tor C↵� , which makes S1b
↵�(q) ! 1 in the large q limit.

In the small q limit, S1b
00 (q) and S1b

0z (q) are much larger
than S1b

↵� for ↵� 6= 00, 0z. In a simple ↵-cluster pic-

ture of 12C, one would expect S1b
↵�(

12C)/C↵�(12C) '
3S1b

↵�(
4He)/C↵�(4He), as is indeed verified in the ac-

tual numerical calculations to within a few %, except for
S1b
00 /C00 and S1b

0z /C0z at low q . 1 fm �1, where these
quantities are dominated by the elastic contribution scal-
ing as A2.

Except for S2b
00 (q), the S2b

↵�(q) sum rules are consid-

erably larger than the S1b
↵�(q), by as much as 30-40%.

This enhancement is not seen in calculations of neutrino-
deuteron scattering (Shen et al., 2012); the deuteron
R↵�(q,!) response functions at q = 300 MeV/c are dis-
played in Fig. 25 (note that R00 is multiplied by a factor
of 5). Two-body current contributions in the deuteron
amount to only a few percent at the top of the quasielas-
tic peak of the largest in magnitude Rxx and Rxy, but
become increasingly more important in the tail of these
response functions, consistent with the notion that this
region is dominated by NN physics (Lovato et al., 2013).
The very weak binding of the deuteron dramatically
reduces the impact of NN currents, which are impor-
tant only when two nucleons are within 1–2 inverse pion
masses.

Correlations in np pairs in nuclei with mass number
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FIG. 24 (Color online) The sum rules S
↵�

in 12C, correspond-
ing to the AV18/IL7 Hamiltonian and obtained with one-body
only (dashed lines) and one- and two-body (solid lines) terms
in the NC.
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FIG. 25 (Color online) The response functions R
↵�

in the
deuteron at q = 300 MeV/c computed using AV18 and ob-
tained with one-body only (dashed lines) and one- and two-
body (solid lines) terms in the NC. The inset shows the tails
of R

↵�

in the !-region well beyond the quasi-elastic peak.

A�3 are stronger than in the deuteron. The NN density
distributions in deuteron-like (T=0 and S=1) pairs are
proportional to those in the deuteron for separations up
to ' 2 fm, and this proportionality constant, denoted as
RAd (Forest et al., 1996), is larger than A/2; in 4He and
16O the calculated values of RAd are 4.7 and 18.8, respec-
tively. Similarly, experiments at BNL (Piasetzky et al.,
2006) and JLab (Subedi et al., 2008) find that exclusive
measurements of back-to-back pairs in 12C at relative mo-
menta around 2 fm�1 are strongly dominated by np (ver-
sus nn or pp) pairs. In this range and in the back-to-back

Neutral current: sum rules in 12C

Lovato, et. al PRL 2014

EM

Single Nucleon currents (open symbols) versus
Full currents (filled symbols)

Longitudinal

Transverse

Note enhancement
in axial charge;
expected from

non-relativistic nature
of 2N currents

(as opposed to V)



Double Beta Decay:
test cases in light nuclei

Double beta-decay m.e.’s in 8He(0+;2) → 8Be(0+;0): A test case II
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•Standard light neutrino plus other possible mechanisms
•note large cancellations in standard axial matrix element



Double Beta Decay:
Heavy Nuclei

•compute effective operators in restricted spaces
•extending shell model spaces
•add correlations to DFT and QRPA approaches
•compare to calculations in light nuclei

Improved inputs at higher scale from lattice QCD



Lattice QCD / Nuclear Physics interface

• many things can be compared/contrasted
• strong interactions w/ 2- and 3-nucleons
• electroweak form factors of the nucleon
• inelastic scattering (π production, …)

many things well underway



Two Nucleons:  beta decay

pion mass dependence may be important: 

•binding (momentum) of the system
•D-state in the deuteron (analogous to tritium beta decay)



Two Nucleons:  double beta decay (2-neutrino)

pion mass dependence nuclear interaction less important
•binding (momentum) of the system
•nn & pp states essentially s-wave



Inject momentum (neutrino scattering)

•charge and neutral current processes
•moderate momentum transfers (1 to 2 lattice units)
•exclusive final states (?)
•inclusive final states (?)



LQCD analogue of Euclidean response ?
˜R(q, ⌧) = h0| j† exp[�(H�E0 � q2/(2m))⌧ ] j |0i >

duce large effects in combination with ground-state
wave functions calculated including the short-range n-p
correlations. As most previous calculations were based
on independent-particle-type wave functions, the small-
ness of the resulting MEC contributions is thus under-
stood. To verify this point further, Carlson et al. have
repeated their calculation using the same operators, but
with a Fermi-gas wave function. Instead of an enhance-
ment factor of 1.47 coming from MEC at !q !
=600 MeV/c, they find a factor of 1.06 only, i.e., an eight
times smaller MEC effect.

The results of Carlson et al. also show, somewhat sur-
prisingly, that the MEC contribution is large at low mo-
mentum transfer. It decreases toward the larger Q2, in
agreement with the expectation that at very large Q2 it
falls "Sargsian, 2001# like Q−4 relative to quasielastic
scattering.

From the above discussion it becomes clear that the
Euclidean response, despite inherent drawbacks, is a
valuable quantity. Since the final continuum state does
not have to be treated explicitly, calculations of much
higher quality can be performed than for the response,
and the role of two-body currents can be treated quan-
titatively. Comparison between data and calculation has
shown in particular that for a successful prediction of
MEC, correlated wave functions for the ground state are
needed; such wave functions today are available up to
A$12 and for A=!. Unfortunately, the usage of the
Euclidean response for the time being is restricted to a
regime in which relativistic effects are not too large,
such that they can be included as corrections.

X. L ÕT SEPARATION AND COULOMB SUM RULE

In the impulse approximation, and when neglecting
the "small# contribution from nucleonic convection cur-
rents, the longitudinal and transverse response functions
RL and RT contain the same information and have the
same size. This has sometimes been called scaling of the
zeroth kind "see Sec. VII#. It was realized early on, how-
ever, that the transverse response receives significant
contributions from meson exchange currents and " ex-
citation "which are of a largely transverse nature#. It is
therefore clear that there is a high premium on separat-
ing the L and T responses, both because the L response
is easier to interpret and because of the additional infor-
mation contained in the T response.

The separation of the L and T responses is performed
using the Rosenbluth technique, which is justified only
in the single-photon exchange approximation. The cross
section, divided by a number of kinematical factors

d#

d$d%

&

#Mott

!q!4

Q4 = &RL"!q!,%# +
!q!2

2Q2RT"!q!,%# = ' ,

"65#

is a linear function of the virtual photon polarization

& = %1 +
2!q!2

Q2 tan2(

2
&−1

"66#

with q "Q# being the 3- "4-# momentum transfer and &
varying from 0 to 1 for scattering angles ( between 180°
and 0°. The slope of the linear function yields RL and
the intercept at &=0 yields RT. Figure 30 shows an early
example for an L /T separation, and demonstrates the
excess observed for the transverse strength.

While conceptually very straightforward, this L/T
separation is difficult in practice. It involves data taking
at the same !q!, but varying &, i.e., varying beam energy.
For an accurate separation of RL and RT, obviously the
largest possible range in &, hence beam energy, is re-
quired. As data are usually not taken at constant !q!, but
at a given beam energy and variable energy loss, obtain-
ing the responses at constant !q! involves interpolations
of the data. We show in Fig. 31 two examples for a
Rosenbluth separation, performed on the low- and
large-% side of the quasielastic peak, which also illus-
trate the importance of the forward angle "high-energy#
data for the determination of RL, i.e., the slope of the fit.

The Rosenbluth technique is applicable in the plane-
wave Born approximation, and fails once Coulomb dis-
tortion of the electron waves is present. Neglect of dis-
tortion is justified for the lightest nuclei alone, and only
if RT is not much bigger "or much smaller# than RL.
When one of the two contributions gets too small, even
minor corrections due to Coulomb distortion can have
large effects. At large !q!, for instance, even the determi-
nation of the proton charge form factor via the Rosen-
bluth technique is significantly affected by Coulomb cor-
rections "Arrington and Sick, 2004#. In order to extract
RL and RT in the presence of Coulomb distortion, the
data must first be corrected for these effects; this is dis-
cussed in Sec. XI.

Here we concentrate on the discussion of the longitu-

FIG. 30. Longitudinal "lower data set# and transverse re-
sponses of 12C "Finn et al., 1984#, plotted in terms of the scaling
function F"y#.

214 Benhar, Day, and Sick: Inclusive quasielastic electron-nucleus …

Rev. Mod. Phys., Vol. 80, No. 1, January–March 2008
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Lovato, et al,
preliminary



Double beta-decay m.e.’s in 6He(0+;2) → 6Be(0+;0): A test case I
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Double beta decay

• nn to pp different than for real case 
• useful to have the matrix element for different q
• want to understand pion - light 
   neutrino matrix elements A=6



Summary and Outlook
• gA quenching should be quantitatively understood
• gA enhancement (quasi-elastic) is solvable
• requires consistent treatment of interactions & currents  
     and reliable matching to experiment and LQCD  
 

• neutrinoless double beta decay more difficult
• involves multiple length scales that interfere
• quenching likely different in 0 and 2 neutrino cases
• more information needed from theory/lattice 
       (2 weak vertices at NN level)

• more information at different q required
• significant progress by refining and combining methods


