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One possible answer: it depends on the process

Another possible answer: it depends on the accuracy of
calculation in both cases. More specifically, it is possible to
extend the region of validity of any of these approaches
through the resummation.



Are F, data compatible with DGLAP evolution?
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Are F, data compatible with DGLAP evolution?
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CTEQ finds no dependence of X? on the
different cuts. DGLAP seems to work fine in
the entire region down to very low x and Q.

Excluding data below the value set by the
geometric scaling variable

Ags _ ZE)\ QQ

Cannot conclude definitely about the tension between DGLAP and data in the low Q region.



High energy limit

{ \/g — X0, — 0 ] Energy much larger than any other scale in the process

At small x there are large logs:

2P, (x) ~aIn" ' (1/1), xP,(x) ~a%in"*(1/x) and 2Cp,(z)~ a2In"*(1/x).



High energy limit

{ \/g — X0, — 0 ] Energy much larger than any other scale in the process

At small x there are large logs:

2P, (x) ~aIn" ' (1/1), xP,(x) ~a%in"*(1/x) and 2Cp,(z)~ a2In"*(1/x).

At high energy, or small x we can have:

{ aglnl/z ~ 1 ]




High energy limit

{ \/g — X0, — 0 ] Energy much larger than any other scale in the process

At small x there are large logs:

2P, (x) ~aIn" ' (1/1), xP,(x) ~a%in"*(1/x) and 2Cp,(z)~ a2In"*(1/x).

At high energy, or small x we can have:

{ aglnl/z ~ 1 ]

Need to resum them as well to all orders:

 (astijo |




High energy limit

{ \/g — X0, — 0 ] Energy much larger than any other scale in the process

At small x there are large logs:

2P, (x) ~aIn" ' (1/1), xP,(x) ~a%in"*(1/x) and 2Cp,(z)~ a2In"*(1/x).

At high energy, or small x we can have:

{ aglnl/z ~ 1 ]

Need to resum them as well to all orders:
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Any fixed order here would not be sufficient, potentially very large corrections.



Many soft gluon emissions in small x limit

Cascade of the n soft gluons Strong ordering (in longitudinal momenta)
pt pr>pl>pl > o >ph > kT
Note: transverse momenta are not ordered
k't =ap™
asN. [P dpf  a,N, 1
T Ju+ Dy 7T T

Large logarithm

Nested logarithmic integrals

; (a N1 ) "
scattering In —

70 L

Resummation of the gluon emissions performed by the equation

d 213,]‘6'2 aSNC
folz, kT) - /dzkép/C(kT,kéF) folz, k)

dinl/x T N

|.Balitsky, V.Fadin, . o | densi
E.Kuraev,L.Lipatov integral over kernel describing gluon aensity
’ transverse momenta branching of gluons




Evolution equation in longitudinal momenta

dfg(xak%) OzSNC / 271,/ / /
= Ak IC(kr, k k
dlﬂl/ﬁlf T T ( T T) fg($7 T)
Solutlon° | . N.
x,kT)NCL‘ wp=J)—1= - 41n 2
\ eading exponent(spin)
wp
| / l
Rise too strong
for the data! .
Take higher order 2 lo.16
corrections. asKo + Ky + .. oo N L Lx
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1\ relevant values

4 . .
Very large next-to-leading correction! of Q.

Problems with convergence.




Why NLLx is so large in BFKL?

Strong coupling constant is hot a naturally small parameter in the
Regge limit: s > \t!,AéCD but o (1?), 1° # s

Regge limit is inherently nonperturbative.

Compare DGLAP (collinear approach): Q° > A° and as(Q%) < 1

No momentum sum rule, since the evolution is local in x. In
DGLAP: momentum sum rule satisfied at each order due to the
initial assumption of the collinearity of the partons and the non-
locality of the evolution in x.

Approximations in the phase space (multi-Regge kinematics, quasi
multi-Regge kinematics, etc..) cannot be recovered by the (fixed
number of) the higher orders of expansion in the coupling
constant.



Resummation
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Resummation

: In —
Problem with two T x
large parameters

1H1/£IZ‘A /\ d A (QSNC 1>n energy

\ y scale (related
(Oéch In 2) "’ to transverse
> T Qo momentum)
> InQ/Qo
Mellin variables: 7 < In k7 w < Inl/x
dk'? K2\
Kernel in Mellin space X(v) = / 1.2 K(k2> le) (k:2>

Anomalous dimension Y(w) = /dzP(z)z_w
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General setup

® Kinematical constraint.

® DGLAP splitting function at LO and NLO.

® NLLx BFKL with suitable subtraction of terms
included above.

® Momentum sum rule.
® Running coupling.

® Calculations done in momentum space, even
though we use Mellin space as a guidance.



LLx + NLLx

Representation of the kernel

Mellin variables: 7 <« In k7

LLx kernel in Mellin space
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LLx + NLLx

° > NC S
Representation of the kernel k=% artig, 0, ==
n=0
. . 2
Mellin variables: ~ < In k7 w < Inl/z
LLx kernel in Mellin space running coupling

xo(7y) = 2¢(1) — () — (1 — ) double poles

NLLx kernel in Mellin space

b 1 1

x1(7) =(—§[><3(v) + xé(v)j— 7X0(7) {Z (Smﬂm> l(clos_w;w <11 T &)@7—) 2v)>

7T2 7T3

+ (2_673 B E) XO(W) * gC(S) * 4 sin 7y
= a4y =) P+ 2—5) — (1)
S [ T

Strictly speaking at NLLx this is not an eigenvalue. Still, one can consider Mellin transform of the kernel.



Collinear poles

coll o 1 A1(0)  A1(0) — double and triple poles
X1 (7)) = T3 TR [ TTao of the NLL part
LO DGLAP anomalous dimension yég) (w) = % + agzA1(w) A (w) = —% + O(w)

Difference of about 7% at most
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Collinear poles
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Scale choices

dw d?k dkq
21 o2 k%

( i )whﬁ(Qak) gw(kvk()) hf(QO,ko)]

HE factorization for the cross section [UAB(SB Q, Qo) = / QQ
0

BFKL equation for the gluon Green’s 9 A2k’ / /
function [wgw(k’ko) = &7 =t +/ p Ko(k, k') G (k ,ko)]




Scale choices
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symmetric (ex. two jets) Vg = kk() ko~ k()

DIS type configuration



Scale choices

dw d’k d*kg ( s

o . . _ whA k) G, (k, ko) h2(Qo, k
HE factorization for the cross section [UAB(37Q7QO) /27”- ER QQo) L (Q,k) Gu(k, ko) b, (Qo 0)]

BFKL equation for the gluon Green’s WGy (k. Keg) = 82(k — ko) +/d2k’ K., (k. k') G (K. ko)
function o mo TR

Different possible scale choices:

symmetric (ex. two jets) Vg = kk() ko~ k()
Vg — kz k > k()
DIS type configuration
Vo — ]{ig k<K k()
Similarity transformation

ke W Kok k) — K4k, K) = Kw(k,k’)(%)w, vg = k* |
gcu ? gw B\ 5
k- Kok, k) — KL(kK) = /Cw(k:,k’)(?) L v =k2,



Shift of poles

Shift of poles (symmetric case)

Xn(Y) = Xor (Y +35) + Xar(l —v+ %)

LL case with shifts
xXo =2¢(1) —(v+3) v -7+ 3)

Shifts are equivalent to the kinematical constraints imposed on the transverse
momenta in the ladder

Expansion reproduces higher order poles:

5 | 1
Xo =~ X
T 293 2(1— )3

symmetric scale choice




Resummed kernel

LL with shifts / X \
non-singular DGLAP

NLL with subtractions

All the calculations are actually done in momentum space



Resummed kernel

LL with shifts / X \
non-singular DGLAP

NLL with subtractions
Xo =2¢(1) —Y(v+ %) =1 —v+ )

Additional subtraction needed to satisfy the momentum sum rule.

All the calculations are actually done in momentum space



Frozen coupling features

Qs Xw (7, Os) = as(Xg + wXe

Fixed point
(independent of the
coupling).
Energy momentum
conservation

—




Gluon Green’s function

Solution to the BFKL equation (gluon Green’s function)
Single channel: gluons only.

TR (_r—

- --- scheme A :,
e 000101010
scheme B ®
~ = ®
) [ )
Y ) o
W G(Y7 kl? kQ) A
L)
+ o o
o .'
0 ZHOOO00
> ®
Y (o
NXO T
E
(Q\

Large suppression as compared to LLx.

Two schemes, small differences.




Gluon Green’s function
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Effects of resummation:

Lowering effective power

Onset of small x rise

delayed



Splitting function

® Deconvolution of the integral equation.

2

® Calculate the integrated density: zg(z,Q°) = / dk2 GO (z; ke, kor)

® Solve numerically for the splitting function:

~

(dg(x,QQ) - dz 2\ (L 2
legQQ — /?Peﬂ:(QO )g(gaQ )

- J

At large values of (% the results should be independent of the
regularization of the coupling and the choice of [ .

(" )
Factorization in Q2 of the non-perturbative

and perturbative contributions.




Splitting function

Gluon-gluon splitting function has logarithmic
enhancements at small x

1 1
mng(x):Zanagln” ! —I—Zb o In" 7

n=1

LLx NLLx

First small x logarithmic term which belongs to
NLLx hierarchy recovered at NNLO

—1.54a°In1/x

Resummation at small x is inevitable.

X ng(x)
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Splitting function

Gluon-gluon splitting function has logarithmic
enhancements at small x

1 1
mng(x):Zana?ln” ! —I—Zb o In" 7

n=1

LLx NLLx

First small x logarithmic term which belongs to
NLLx hierarchy recovered at NNLO

—1.54a°In1/x

Resummation at small x is inevitable.

X ng(x)

05 ————— . .
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NLO
04 ---- NNLO
03 Q%) =0.225
02 f Y
0.1}
12 <4t <2 "
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Moch,Vermaseren, Vogt



z P(2)

Resummed splitting function

0.1 |
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1 k_o(Q%=0.215

| LL ('fixed ("Ixs)
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10°

z ng(z)

08 r

0.6
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w-expansion (1999)
NLLg (2003) ——
LO DGLAP -------- 1

Q=4.5GeV
0(Q%) = 0.215

1/4 < u2IQ% < 4
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Z

Dependence on the renormalization scale

Small x growth delayed to much smaller values of x (beyond HERA)
Interesting feature: a dip seen at around x ~ 107°
s this universal feature ?

Need to understand the origin of the dip.



X ng(x)

X qu(x)

The same feature visible in other schemes of resummation
Bonvini,Marzani,Peraro based on Altarelli,Ball,Forte scheme

Resummed splitting function

ag=0.2, ng=4, QyMS
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Understanding the structure of the splitting

function
Perturbative terms in the splitting function
LLx NLLx NNLLx
o [ X - -
2 ;
(XS O Ilf -
Qo x ko
-
af [ X X oxo %
5 g,
0L 0 X0 X *~.~]/«I*
e ot
by u
Sl




Understanding the structure of the splitting

function
Perturbative terms in the splitting function
LLx NLLx NNLLx
- Gs = 0.05
2 N - >< -
aS O Ilf - i
3t 0 X X '
S 104 102 102 0.1
~,~ ‘.~~ CO X
af [ X X oxo %
5 e
0L 0 X0 X *~.~]/«I*
/SN
by u
. ]/«I’




Understanding the structure of the splitting

function
Perturbative terms in the splitting function
LLx NLLx NNLLx
O [ X - -
2 N\
(XS O Ilf -
R
af [ X X oxo %
5 g,
0L 0 X0 X *~.~]/«I*
e ot
by u
Sl
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Understanding the structure of the splitting

function
Perturbative terms in the splitting function
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Understanding the structure of the splitting

function
Perturbative terms in the splitting function
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Understanding the structure of the splitting

function
Perturbative terms in the splitting function
LLx NLLx NNLLx
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Understanding the structure of the splitting
function

Perturbative terms in the splitting function

LLx NLLx NNLLx
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In general: dip comes from the interplay
between NNLO and the resummation.
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Summary and outlook

Resummation schemes at low x based on collinear improvements:
kinematical effects, matching to DGLAP

Stability of the results demonstrated for scale changes and model
changes.

Characteristic features: reduced Pomeron intercept and small x
growth delayed by several units of rapidity. Dip of the splitting
function and dip in the Green’s function.

Impact on saturation: lowering the saturation scale.

EIC : kinematic range where strong preasymptotic effects present.
Still, increased luminosity and possibility of FL measurement can help.

Need NLO impact factors, and possibly resummation thereof to
increase accuracy of theoretical predictions.



Backup



Z ng(z)

Where the dip comes from!

w-expansion (1999)
NLLg (2003)
0.4 = LO DGLAP --------- ;

NNLO DGLAP ----- :

0.3 Q =4.5 GeV
os(Q%) = 0.215

10°
—1.54a°In1/x

Initial decrease seems to be consistent
with the small x NNLO term.



Resummed kernel in x,kt
/md?/ Kz k k) f l<:’)

_ / / I [y (@)K (21 e W) + 60 (WK (25, W) + 6282 K (k)] £
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LL BFKL with consistency constraint
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| S [ e [aa sG] L r)
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- [ E [ L s+ abolt - K)o — k) - 00 - .k

non-singular DGLAP with consistency constraint
/ dZ/ k',2 k2 KkC(Z L k/)f(aj k/)

Ldz (% ak'? k-~ k.o
= [ — as(k*) 2z Pg(z) f (=, K
/ > Sy K2 “Po g R
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Resummed kernel in x,kt

NLL BFKL with subtractions
dz 12 2 2 / /
/ / dk (k2) K1 (k k)f( k)
/ dz/dk’Q a2(k2) {
67 w2 2k2 T
— — k! k)| +
(5-5) 2 SGK - ) G )
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Gluon Green’s function

* Resummation identical to
the single channel case in gg
part.

* gg channel suppressed by
factor of the coupling.
Quarks are generated
radiatively therefore growth
inY follows gg channel.

e Small difference between
two resummation

schemes:NLx-NLO and
NLx-NLO.

21 k§ Gig(Y, k, ko) [k= 1.2 ko]

10 ¢

0.1

— NLx-NLO
NLXx-NLO"
scheme B

Y =In s/(k ky)




Momentum sum rule

NLz-NLO NLz-NLO™
as | Q |GeV] Zj [jq(1) Zj (1) Zj ['jq(1) Zj (1)
0.20 6 0.0079 -0.0059 0.0074 -0.0055
0.15 20 0.0021 -0.0015 0.0018 -0.0012
0.10 220 0.00012 -0.00003 | 0.00006 0.00002

Momentum sum rule satisfied to very good accuracy.
Residual Q dependence (higher twist, non-perturbative
regularization?)



Results on splitting function
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The onset of small x rise delayed to x<0.0001.
Characteristic dip at around x=0.001.
Universal feature of the resummed approaches.



Results on splitting function
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