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Motivation
& Introductory comments



Nuclear Physics: Ultimate high-density quantum 
                              many-body system bound by strong interactions

Nuclear physics is a field of investigating 
�  matter generation of universe,
� properties of quark-hadron many-body systems as ultimate materials.	

Q2 No official update after HKN2007, busy for 
KEK nuclear physics textbook in 2015 
(someday, it would be traslated into English.)	



Hadron degrees of freedom  (d.o.f.)�
 ⇔ Quark d.o.f. 
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Low energies:
Hadron degrees 
of freedom
(Resonances)	

High energies:
Quark-gluon
degrees of freedom
(Perturbative QCD:
 Constituent-counting rule)	

Low energies:
Hadron degrees 
of freedom	

High energies:
Quark-gluon
degrees of freedom

Nuclei should be described by quark and gluon
degrees of freedom at high energies.

(JLab) L. Y. Zhu et al., 
 PRL 91 (2003) 022003; 
 PRC 71 (2005) 044603.	

Q2γ + p→π + + n



Kinematical regions of neutrino-nucleus scattering 

J.L. Hewett et al., arXiv:1205.2671, 
Proceedings of the 2011 workshop 
on Fundamental Physics at the Intensity Frontier	

Depending on the neutrino beam energy, 
different physics mechanisms contribute to the cross section.
� QE (Quasi elastic)  � RES (Resonance)  � DIS  (Deep inelastic)

Activities at the J-PARC branch, KEK theory center
http://j-parc-th.kek.jp/html/English/e-index.html
Towards construction of a unified model for the neutrino-nucleus reactions,
S. X. Nakamura, H. Kamano, Y. Hayato, M. Hirai, W. Horiuchi, 
S. Kumano, T. Murata, K. Saito, M. Sakura, T. Sato, Y. Suzuki 
arXiv:1610.01464, Rep. Prog. Phys. in press. 	

Q2  (GeV2 )

ν  (GeV)0

1

2

W 2 = 4 GeV2

QE

RES DIS

 0 ≤ Q2 ≤ Q0
2 ∼ 1 GeV2

A.K.Ichikawa@KEK workshop 2015	

ν interactions	



J/ψ suppression

� 

dσJ /ψ (ET )
dσ DY (ET )

� 

ET

suppression of J/ψ cross section 
at large ET in comparison with DY

large ETsmall ET

NPDF effects J /ψ
DY

~ gluon
quark/antiquark

If the gA(x) modification is significantly different
from the quark one, the suppression could be
explained partially by the NPDF effect.

Local EMC effect,
SK and F.E. Close, PRC 41 (1990) 1855.	

Impact-parameter-dependent nuclear modifications I



Impact-parameter-dependent nuclear modifications II
   ⇔ Local EMC effect [S. Kumano and F. E. Close, Phys. Rev. C 41 (1990) 1855]

Binding model 19FRescaling model 19F



This workshop:  Gluon shadowing 
                            ⇔ LHC/RHIC (esp. UltraPeripheral Collisions)

V. Guzey, E. Kryshen, M. Strikman, M. Zhalov, 
     PLB 726 (2013) 290;
L. Frankfurt, V. Guzey, M. Strikman, M. Zhalov, 
     PLB 752 (2016) 51.



Comments on
Parton distribution functions

in the nucleon



Recent works on unpolarized PDFs

 

ABKM (Alekhin, Bl!!umlein, Klein, Moch) 
      ABKM-2010, 2011, S. Alekhin et  al., Phys. Rev. D 81 (2010) 014032; Phys. Rev. D86 2012( )  054009;
      ABM-2014, S. Alekhin et  al., Phys. Rev. D89 2014( )  054028 [D91 (2015) 094002, D94 (2016) 114038]
      ABMP-2016: S. Alekhin et  al., arXiv:1609.03327. 

CTEQ (Coordinated Theoretical-Experimental Project on QCD) 
     CTEQ6.6, P. M. Nadolsky et  al., Phys. Rev. D 78 (2008) 013004.
     CT10, H.-L. Lau et  al., Phys. Rev. D 82 (2010) 074024.
     CT12, J. F. Owens et  al., Phys. Rev. D 87 (2013) 094012.  CT14, S. Dulat et  al., Phys. Rev. D 93 (2016) 033006.

GJR (Gl!!uck, Jimenez-Delgado, Reya) 
      GJR-2008, M. Gluck et  al., Eur. Phys. J. C 53 (2008) 355; PRD79 (2009) 074023;
      JR-2014, Phys. Rev. D89 (2014) 074049.

HERA (H1 and ZEUS collaborations) 
      HERAPDF, F. D. Aaron et  al., JHEP 01 (2010) 109: Eur. Phys. J. C73 2013( )  2311;
      H Abramowicz et  al., Phys. Rev. D 93 (2016) 092002; I. Abt et  al., Phys. Rev. D 94 (2016) 052007.

MSTW (Martin, Stirling, Thorne, Watt, L. A. Harland-Lang, P. Motylinski) 
      MSTW2008, A. D. Martin et  al., Eur. Phys. J. C 63 (2009) 189;
      MMHT2014, A. Harland-Lang et  al., Eur. Phys. J. C (2015) 75.

Neural Network (Ball, Bertone, Carrazza, Del Debbio, Forte, Guffanti, Hartland, Latorre, Rojo, Ubiali, ...) 
      NNPDF, R. D. Ball et  al., Nucl. Phys. B 838 (2010) 136; B855 2012( )  153;
                        B867 2013( )  244; B874 2013( )  36; B877 2013( )  290; 
                        JHEP  04 (2015) 040;  JHEP 1509 (2015) 191;  arXiv:1605.06515.



CTEQ14 CT14, S. Dulat et  al., PRD93 (2016) 033006 

u d

u d

s g

Functional form:   Q0
2 = (1.3)2  GeV2

     xf (x,Q0
2 ) = xa1 (1 − x)a2 P(x)

     used to be P(x) = exp a0 + a3 x + a4x + a5x
2( )

     Expansion by Bernstein polynomials:  

        P(x) = di
i=0

n

∑ pi (y = x ),   p0 (y) = (1 − y)4 ,   

             p1(y) = 4y(1 − y)3 ,   p2 (y) = 6y2 (1 − y)2 ,   
             p3(y) = 4y3(1 − y),   p4 (y) = y4



s(x)  from neutrino-induced opposite-sign dimuon events

A.  Kayis-Topaksu et al., NPB7 98 (2008) 1.
U. Dore, arXiv: 1103.4572 [hep-ex].

κ =
dx  x  [s(x,Q2 )+ s (x,Q2 )]∫
dx  x  [u(x,Q2 )+ d (x,Q2 )]∫

       Q2 = 20 GeV2

HERMES semi-inclusive measurement

CCFR, NuTeV ν ,  ν

Huge Fe target (690 ton)

E = 30 ~ 500 GeV
…

Issue: nuclear corrections

x
xS

(x
)

0.02 0.1 0.6

CTEQ6L

CTEQ6.5S-0

Fit

x(u
–
(x)+d

–
(x))

HERMES with FFs from DSS〈Q2〉=2.5 GeV2

0

0.2

0.4

A. Airapetian et al.,
PLB 666 (2008) 446. 

PRD 89 (2014) 097101. 



Strange-quark distribution with LHC measurements

µ2=1.9 GeV2, nf=3
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CHORUS + CMS + ATLAS

NuTeV/CCFR + NOMAD + CHORUS

ATLAS

CMS

S. Alekhin et al.,
PRD 91 (2015) 094002.	

Neutrino:  s +W→ c
LHC:        g + s→W + c

ATLAS

CMS
Neutrino

ATLAS and 
CMS/neutrino 
results are 
different.



Nuclear 
Parton Distribution Functions

Our studies:

M. Hirai, S. Kumano, M. Miyama, Phys. Rev. D64 (2001) 034003.
    First chi2 analysis on nuclear PDFs

M. Hirai, S. Kumano, T.-H. Nagai, Phys. Rev. C70 (2004) 044905.
    First error analysis on nuclear PDFs

M. Hirai, S. Kumano, and T. -H. Nagai, Phys. Rev. C 76 (2007) 065207.
    NLO with F2 and Drell-Yan



Nuclear binding 
(+ Nucleon modification)

Fermi motion
of the nucleon

Nuclear modifications of structure function F2

Shadowing 

Anti-shadowing

D. F. Geesaman, K. Saito, A. W. Thomas,
Ann. Rev. Nucl. Part. Sci. 45 (1995) 337	



Current nuclear data are
kinematically limited.

 
x =

Q2

2p ⋅q
!
Q2

ys

fixed target:  min(x) = Q2

2MNElepton

≤
1

2Elepton (GeV)
  

                      if  Q2 ≥ 1 GeV2

for Elepton (NMC) = 200 GeV,  min(x) = 1
2 ⋅200

= 0.003

(from H1 and ZEUS, hep-ex/0502008)

F2 data
for the proton

F2 & Drell-Yan data
for nuclei

region of nuclear data	

x = 0.65

x = 0.013

x = 0.0005



Functional form
If there were no nuclear modification

Isospin symmetry：	

Take account of nuclear effects by wi (x, A)

uv
A x( ) = wuv x,A( ) Zuv x( ) + Ndv x( )

A
,    dv

A x( ) = wdv x,A( ) Zdv x( ) + Nuv x( )
A

uA x( ) = wq x,A( ) Zu x( ) + Nd x( )
A

,       d A x( ) = wq x,A( ) Zd x( ) + Nu x( )
A

s A x( ) = wq x,A( ) s x( )
gA x( ) = wg x,A( ) g x( )

→   uA x( ) = Zu x( ) + Nd x( )
A

, d A x( ) = Zd x( ) + Nu x( )
A

un = d p ≡ d , dn = up ≡ u

Nuclear PDFs “per nucleon”

AuA x( ) = Zup x( ) + Nun x( ) ,    Ad A x( ) = Zd p x( ) + Ndn x( )        p  = proton,   n = neutron

at Q2=1 GeV2 (≡ Q0
2 )



Nuclear modifications and constraints

fi
A (x,Q0

2 ) = wi (x,A) fi (x,Q0
2 )     i = uv ,  dv ,  u,  d ,  s ,  g

wi (x,A) = 1+ 1− 1
Aα

⎛
⎝⎜

⎞
⎠⎟
ai + bix + cix

2 + dix
3

(1− x)β

Nuclear charge:  Z = A dx 2
3
uA − uA( ) − 1

3
d A − d A( ) − 1

3
sA − s A( )⎡

⎣⎢
⎤
⎦⎥∫ = A dx 2

3
uv
A − 1

3
dv
A⎡

⎣⎢
⎤
⎦⎥∫

Baryon number:  A = A dx 1
3
uA − uA( ) + 1

3
d A − d A( ) + 1

3
sA − s A( )⎡

⎣⎢
⎤
⎦⎥∫ = A dx 1

3
uv
A + 1

3
dv
A⎡

⎣⎢
⎤
⎦⎥∫

Momentum:        A = A dx uA + uA + d A + d A + sA + s A + g⎡⎣ ⎤⎦∫
                                   = A dx uv

A + dv
A + 2 uA + d A + s A( ) + g⎡⎣ ⎤⎦∫

Three constraints

x
A simple function = cubic polynomial

Note: The region x > 1 cannot be 
described by this parametrization.



Global analyses on nuclear PDFs

See also  L. Frankfurt, V. Guzey, and M. Strikman,  Phys. Rev. D 71 (2005) 054001;
                        Phys. Lett. B687 (2010) 167; Phys. Rept. 512 (2012) 255；
                        Phys. Lett. B726 (2013) 290; B752 (2016) 51. [⇦ Relevant for this workshop.]
               S. A. Kulagin and R. Petti,  Phys. Rev. D 76 (2007) 094023; C 82 (2010) 054614;          
                        C 90 (2014) 045204; D 94 (2016) 113013.
               A. Bodek and U.-K. Yang, arXiv:1011.6592.

HKN
•  M. Hirai, S. Kumano, and T. -H. Nagai, Phys. Rev. C 76 (2007) 065207.
•  Charged-lepton DIS, DY.

EPS 
•  K. J. Eskola, H. Paukkunen, and C. A. Salgado, JHEP 04 (2009) 065; arXiv:1612.05741.
•  Charged-lepton DIS, DY, π0 production in dAu, Neutrino

nCTEQ
•  I. Schienbein, J. Y. Yu, C. Keppel, J. G. Morfin, F. I. Olness, J. F. Owens, 
             Phys. Rev. D 77 (2008) 054013; D80 (2009) 094004; 
     K. Kovarik et al., PRL 106 (2011) 122301; PoS DIS2013 (2013) 274; 
                                   PoS DIS2014 (2014) 047;  Phys. Rev. D 93 (2016) 085037.
•  Neutrino DIS, Charged-lepton DIS, DY. 

DSZS
•  D. de Florian, R. Sassot, P. Zurita, M. Stratmann, Phys. Rev. D85 (2012) 074028.
•  Charged-lepton DIS, DY, RHIC-π

I may miss some papers.



Functional form of initial distributions at Q0
2
 

Initial nuclear PDFs at 

      fi
A(x) = 1

A
Z fi

p/A(x) + (A − Z) fi
n/A(x)⎡⎣ ⎤⎦              fi

N /A(x) :  PDF of bound nucleon in the nucleus

      Isospin symmetry is assumed: u ≡ dn = up , d ≡ un = d p

Functional forms
•  HKN07 (Q0

2
 = 1 GeV2 )

      fi
A(x) = wi (x,A,Z) 1

A
Z fa

p (x) + (A − Z) fa
n(x)⎡⎣ ⎤⎦ ,       wi (x,A,Z) = 1 + 1 − 1

A1/3
⎛
⎝

⎞
⎠
ai + bix + cix

2 + dix
3

(1 − x)0.1

•  EPS09 (Q0
2

 = 1.69 GeV2 )

      fi
N /A(x) ≡ Ri

A(x) fi
CTEQ6.1M (x,Q0

2 ), Ri
A(x) =

a0 + (a1 + a2x)[exp(−x) − exp(−xa )] (x ≤ xa : shadowing)
b0 + b1x + b2x

2 + b3x
3 (xa ≤ x ≤ xe : antishadowing)

c0 + (c1 − c2x)(1 − x)− β (xe ≤ x ≤ 1 : EMC&Fermi)

⎧

⎨
⎪

⎩
⎪

•  CTEQ-08 (Q0
2

 = 1.69 GeV2 ) 

     xfi
N /A(x) =

A0x
A1 (1 − x)A2 eA3x (1 + eA4x)A5 : i = uv ,dv , g,u + d ,s, s

A0x
A1 (1 − x)A2 + (1 + A3x)(1 − x)A4 : i = d / u

⎧
⎨
⎪

⎩⎪

•  DSZS12 (Q0
2

 = 1.0 GeV2 ) 
     fi

N /A(x) ≡ Ri
A(x) fi

MSTW 2009 (x,Q0
2 ),  Rv

A(x) = ε1x
α v (1 − x)β1 [1 + ε 2 (1 − x)β2 ][1 + av (1 − x)β3 ]

                                   Rs
A(x) = Rv

A(x) ε s
ε1

1 + asx
α s

1 + as
,    Rg

A(x) = Rg
A(x)

ε g
ε1

1 + agx
α g

1 + ag
 

 



valence quark

antiquark

gluon
? (UPC)

Nuclear modification of PDFs

nuclear modification in Ca



Comparison with F2
Ca/F2

D & σDY
pCa/ σDY

pD data

(Rexp-Rtheo)/Rtheo  at the same Q2 points R= F2
Ca/F2

D,  σDY
pCa/ σDY

pD 

NLO analysisLO analysis



Comparison with F2
A/F2

D data:  Light nuclei



Scaling Violation and Gluon Distributions

at  small  x
∂F2

∂ lnQ2( ) ≈
20 α s

27π
xg

No experimental consensus of
Q2 dependence!
→ GA(x) determination is difficult.

∂
∂logQ2 qi

+ (x,Q2 ) = α s

2π
dy
y

 

x

1

∫ Pqiqj (x / y) qj
+ (y,Q2 )

j
∑ + Pqg (x / y) g(y,Q2 )
⎡

⎣
⎢

⎤

⎦
⎥

dominant term at small x
qi
+ = qi + qi

Q2 dependence of F2 is proportional
to the gluon distribution.

K. Prytz, PLB 311 (1993) 286.



Review on neutrino interactions �
  (arXiv: 1610.01464) 
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Recent analysis by nCTEQ15: data set K. Kovarik et al., PRD 93 (2016) 085037

Charged-lepton DIS	

Drell-Yan	

Pion-production in dA	



nCTEQ15 Q2 = (1.3)2  GeV2



nCTEQ15: Comparison with others Q2 = (2)2  GeV2



EPPS16: addition of LHC data



Comments on neutrino DIS



Neutrino deep inelastic scattering (CC: Charged Current)

dσ = 1
4k ⋅ p  

1
2  (2π )4  

X
∑

spins
∑ δ 4(k + p− ′k − pX ) |M |2 d3 ′k

(2π )3  2 ′E

M = 1
1+Q2 /MW

2  
GF

2
 u( ′k , ′λ ) γ µ  (1−γ 5) u(k,λ) < X | JµCC | p,λp >

dσ
d ′E dΩ

 =  GF2
(1+Q2 /MW

2 )2  ′k
32π 2E

 Lµν  Wµν

MW1 = F1 ,  νW2 = F2 ,  νW3 = F3 ,   x = Q2

2p ⋅q  ,   y = p ⋅qp ⋅k  

dσν ,ν
CC

dx  dy =
GF2  (s −M2)

2π  (1+Q2 /MW
2 )2 x  y2F1

CC + 1− y− M  x  y
2 E

⎛

⎝⎜
⎞

⎠⎟
 F2
CC ± x  y 1− y2

⎛
⎝⎜

⎞
⎠⎟

 F3
CC⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

N

X

q

p
    W 

νµ 

  µ – 

＋

Lµν = 8 k µk 'ν + k 'µ kν − k ⋅k 'g µν + iε µνρσkρ ′kσ⎡⎣ ⎤⎦ ,     ε 0123 = +1

Wµν = −W1 gµν −
qµqν
q2

⎛
⎝⎜

⎞
⎠⎟
+W2

1
M 2 pµ −

p ⋅ q
q2 qµ

⎛
⎝⎜

⎞
⎠⎟
pν −

p ⋅ q
q2 qν

⎛
⎝⎜

⎞
⎠⎟
+ i

2M 2 W3ε µνρσ p
ρqσ



Neutrino DIS experiments

� CDHS,                         H. Abramowics et al.,   Z. Phys. C 25 (1984) 29

� WA25,                          D. Allasia et al.,             Z. Phys. C 28 (1985) 321

� WA59,                          K. Varvell et al.,             Z. Phys. C 36 (1987) 1

� CDHSW,                      P. Berge et al.,                Z. Phys. C 49 (1991) 187

� Serpukhov,                  A. V. Sidorov et al.,        Eur. Phys. J. C 10 (1999) 405

� CCFR,                         U.-K. Yang et al.,            PRL 86 (2001) 2742

� NuTeV/CCFR μ+μ−,   M. Goncharov et al.,      PRD 64 (2001) 112006

� CHORUS,                   G. Onengut et al.,           PLB 632 (2006) 65

� NuTeV,                         M. Tzanov et al.,            PRD 74 (2006) 012008

� Minverνa,                    J. Mousseau et al.,         PRD 93 (2016) 071101,  in progress	



Neutrino DIS experiments Experiment Target ν energy (GeV)
CCFR Fe 30-360
CDHSW Fe 20-212

CHORUS Pb 10-200
NuTeV Fe 30-500

M. Tzanov et al. (NuTeV),
PRD74 (2006) 012008.

 MINERνA (He, C, Fe, Pb), … 

ν ,  ν

Huge Fe target (690 ton)

E = 30 ~ 500 GeV
…



Neutrino DIS experiments: kinematical range
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Neutrino DIS 	 Charged-lepton DIS 	

S. Kumano, Nuclear Physics (in Japanese), 
KEK Physics Series, Volume 2, 
Kyoritsu Shuppan (2015)	



I. Schienbein et al.,
PRD 77 (2008) 054013Analysis of CTEQ-2008 (Schienbein et al.)

Base-1   •  remove CCFR data 
              •  incorporate deuteron corrections
Base-2   corresponds to CTEQ6.1M with s≠sbar
              •  include CCFR data 
                 Charged-lepton correction factors are applied.
              •  s≠sbar

Base-2: Using current nucleonic PDFs, 
they (and MRST) obtained very different 
corrections from charged-lepton data.

Base-1: However, it depends on the analysis 
method for determining “nucleonic” PDFs.

Charged-lepton scattering

Neutrino scattering

Differences 
from typical NPDFs.



Neutrino DIS ⇔ Charged DIS issue 
D. de Florian, R. Sassot, P. Zurita, and M. Stratmann,
Phys. Rev. D 85 (2012) 074028.

According to their analysis, the issue does not exist!?



Our research in progress (M. Hirai, SK, K. Saito) 
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We are getting a similar modification to the nCTEQ one.	



N. Kalantarians:  Neutrino DIS ⇔ Charged DIS 

According to this analysis, both structure functions
are same except for the small-x region (x<0.05) !? 

N. Kalantarians at NuInt15
JPS Conf. Proc. 12 (2016) 010028.



Measurements by Minerva
B. G. Tice et al., PRL 112 (2014) 231801;
J. Mousseau et al., PRD 93 (2016) 071101(R).

Different shadowing from charged-lepton case?!
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Summary on nuclear PDFs

Global analyses for the nuclear PDFs
        by using data of charged-lepton, neutrino DIS, pA, AA collisions 
     Valence quark: reasonably good,   in progress at JLab, Minerνa for large x
     Antiquark: good only at x = 0.1,     in progress at Fermilab (E906) x =0.1 ~ 0.4.
     Gluon:        large uncertainties in the whole-x region,  LHC, RHIC

Issues
      •  Charged-lepton DIS ⇔ Neutrino DIS
      •  Matching with resonance model and Q2 → 0 region
      •  Gluon distributions (UPC)

New experimental information
      •  JLab, Fermilab-DY, Minerνa, LHC, …, EIC, ILC, … 



Comments on
Two-photon physics (UPC?)

H. Kawamura and S. Kumano,
     Phys. Rev. D 89 (2014) 054007;
S. Kumano, Q.-T. Song, and O. Teryaev,
     Research in progress.



Wigner distribution and various structure functions

 

Wigner operator:  ŵ(k+ ,
!
k⊥ , !r ) ≡ dξ−∫ d 2ξ⊥e

i ξ−k+ −
!
ξ⊥ ⋅
!
k⊥( )ψ !r −

!
ξ / 2( )ψ !r +

!
ξ / 2( )

Wigner distribution:   W(x,
!
k⊥ , !r ) ≡ d 3q

(2π )3∫ !q / 2 ŵ(!r ,k+ ,
!
k⊥ ) − !q / 2 ,    x = k+ / p+

 Wigner distribution W(x,
!
k⊥ , !r )

PDF (Parton Distribution Function)

GPD (Generalized Parton Distribution) 

TMD  (Transverse Momentum Dependent)
parton distribution

Form factor

d3r∫
d2k⊥∫ dz

d2k⊥∫ d3rdx  d2k⊥∫

3D world

x

b⊥

e.g. HERA studies

GDA (Generalized Distribution Amplitude) 
s-t  crossing →

γγ → hh



Generalized Parton Distributions (GPDs)

GPDs are defined as correlation of off-forward matrix:

Bjorken variable

Momentum transfer squared

  
ξ = p+ − ′p +

p+ + ′p + = − Δ +

2P +

  t = Δ2
  
x = Q2

2 p ⋅q

Skewdness parameter

  
P = p + ′p

2
,   Δ = ′p − p

P´= p +Δp

k

q q –Δ
k+q

k +Δ

t  =Δ 2

γ * γ

Forward limit:  PDFs H(x,ξ , t)
ξ=t=0 = f (x)

First moments:  Form factors
Dirac and Pauli form factors F1 , F2

Second moments:  Angular momenta
Sum rule:  Jq =

1
2

dx x
−1

1

∫ Hq (x,  ξ ,  t = 0) + Eq (x,  ξ ,  t = 0)⎡⎣ ⎤⎦ ,    Jq =
1
2
Δq + Lq

 

dz −

4π
 ∫ eixP+z− ′p ψ (−z / 2)γ +ψ (z / 2) p z+ =0,!z⊥=0 = 1

2P+ H(x,ξ , t)u( ′p )γ +u(p) + E(x,ξ , t)u( ′p ) iσ
+α Δα

2M
u(p)⎡

⎣⎢
⎤
⎦⎥

dx
−1

1

∫  H(x,ξ , t) = F1(t), dx
−1

1

∫  E(x,ξ , t) = F2 (t)



Simple function of GPDs Hq
h (x, t) = f (x)F(t,x)

M. Guidal, M.V. Polyakov, 
A.V. Radyushkin, M. Vanderhaeghen, 
PRD 72, 054013 (2005).

 

Longitudinal-momentum distribution (PDF) for valence quarks:     f (x) = qv (x) = cnx
α n (1 − x)βn

•  Valence-quark number sum rule (charge and baryon numbers):  dx
0

1

∫ f (x) = n

•  Constituent conting rule at x→ 1 :   βn  (n = number of constituents)

•  Momentum carried by quarks x q ! dx  x
0

1

∫ f (x)
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x

pion

proton
tetra-quark

penta-quark
Parametrizations fitted 
to experimental data
(Q2 = 2 GeV2 )

x 
f (

x)

Gedankenexperiment,  but … 

read our paper for studying exotics in 

high-energy processes at KEK-B,

Linear Collider, ….	

Valence-quark distributions
xf (x) = Nxα (1 − x)β

π:  M. Aicher, A. Schafer, W. Vogelsang, 
     PRL  105 (2010) 252003.

p:  A. D. Martin, R. G. Roberts, 
     W. J. Stirling, PLB 636, 259 (2006)	

~ (1 − x)2  for π



Hq
h (x, t) = f (x)F(t,x),     F(t,x) = e(1−x )t /(xΛ2 ) ,   r⊥

2 = 4(1 − x)
xΛ 2
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q �
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0.79 fm

Compact qq,  qqq-like hadrons

Diffuse tetra-, penta-quark
(molecular) hadrons

r�
2 = 0.48 fm

Two-dimensional form factor



P = p + ′p
2

,   Δ = ′p − p

Bjorken variable:                       x = Q2

2p ⋅ q
Momentum transfer squared:   t = Δ2

Skewness parameter:                ξ = p
+ − ′p +

p+ + ′p + = − Δ +

2P+

p+ = P − Δ
2

⎛
⎝

⎞
⎠

+

k + − Δ +

2
= (x + ξ )P+

k + + Δ +

2
= (x − ξ )P+

′p + = P + Δ
2

⎛
⎝

⎞
⎠

+

Bjorken variable for γγ * :  z = Q2

2q ⋅ ′q

Light-cone momentum ratio for h  in hh:  ζ = p
+

P+ = 1 + β cosθ
2

Invariant mass of hh:  W 2 = (p + ′p )2

pq
+

= (1 − z)P+

p+ = ζ P+

′p + = (1 −ζ )P+

pq
+ = zP+

Hq
h (x,ξ , t)

GPD Hq
h (x,ξ , t) and GDA Φq

hh (z,ζ ,W 2 )

Φq
hh (z,ζ ,W 2 )

 

GPD:     Hq (x,ξ , t) = dy−

4π
 ∫ eixP+ y− h( ′p ) ψ (− y / 2)γ +ψ (y / 2) h(p) y+ =0,

!
y⊥=0 ,             P+ = (p + ′p )+

2

GDA:     Φq (z,ζ ,s) = dy−

2π
 ∫ eizP+ y− h(p)h( ′p ) ψ (− y / 2)γ +ψ (y / 2) 0 y+ =0,

!
y⊥=0

s-t  crossing

 
DA:        Φq

h (z,ζ ,s) = dy−

2π
 ∫ eizP+ y− h(p) ψ (− y / 2)γ +γ 5ψ (y / 2) 0 y+ =0,

!
y⊥=0

q

′q



Summary on two-photon physics

Hadron tomography (3-dimensional structure) studies are in progress
mainly by GPDs (Generalized Parton Distributions) and
TMDs (Transverse-Momentum-Dependent parton distributions). 

It is possible to investigate GDAs (Generalized Distribution Amplitudes) 
                                             = s-t crossed functions to GPDs
in principle by two-photon processes of UPCs.

It is especially interesting to study tomography for exotic-hadron
candidates because they cannot be investigated in the GPDs
(no fixed target for unstable hadrons).



The End

The End


