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contains a number of trivial, but hopefully still useful, 
statements

can not offer a general recipe, though hopefully some 
guidance
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“No particle-physics experiment has a perfect 
acceptance!”

obvious for detectors with gaps/holes

but also for “4π”, especially when looking at 
complicated final states 
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“No particle-physics experiment has a perfect 
acceptance!”

obvious for detectors with gaps/holes

but also for “4π” detectors, especially when looking 
at complicated final states 

an unfortunate Lemma

maybe “2π” around 
beam axis, but not 
around virtual-photon 
axis because of lower 
limit on θ 
[see also A. Bianconi et al., 
Eur.Phys.J. A49 (2013) 42]

[C. Adolph, arXiv:1401.6284]
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Fig. 6: Measured azimuthal distribution N , azimuthal acceptance a and measured azimuthal distribution corrected
by the acceptance N

corr

in one of the p

h

T

bins.

The azimuthal distributions of hadrons are affected by the contamination of electrons/positrons coming
from the conversion of the radiated photons. The kinematics of the process is such that the contribution
is present only in the two �

h

bins closest to �

h

= 0 (0  �

h

< ⇡/8 and 15⇡/8  �

h

< 2⇡). In order to
avoid corrections depending on the Monte Carlo description of the radiative effects, these two bins have
been excluded in the extraction of the azimuthal asymmetries.

6.3 Acceptance corrections

The asymmetries have also been extracted using two other Monte Carlo event samples. They use the
same description of the apparatus but different tuning of the LEPTO generator. They both compare
satisfactorily with the data and can be considered as “extreme cases” as shown in Fig. 7. Since the
acceptance is approximately flat in the selected kinematic region the results are similar as shown for
example in Fig. 8. The difference between the amplitudes of the azimuthal modulations extracted from
the data corrected with the acceptance calculated using the three different Monte Carlo samples turned
out to be slightly larger than the statistical errors of the results. These differences have been included in
the systematic uncertainties.
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6.3 Acceptance corrections

The asymmetries have also been extracted using two other Monte Carlo event samples. They use the
same description of the apparatus but different tuning of the LEPTO generator. They both compare
satisfactorily with the data and can be considered as “extreme cases” as shown in Fig. 7. Since the
acceptance is approximately flat in the selected kinematic region the results are similar as shown for
example in Fig. 8. The difference between the amplitudes of the azimuthal modulations extracted from
the data corrected with the acceptance calculated using the three different Monte Carlo samples turned
out to be slightly larger than the statistical errors of the results. These differences have been included in
the systematic uncertainties.

http://arxiv.org/abs/arXiv:1401.6284
http://arxiv.org/abs/arXiv:1401.6284
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obvious for detectors with gaps/holes

but also for “4π”, especially when looking at 
complicated final states 

an unfortunate Lemma
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Figure 4.11. Simulated histograms of the polar angle θ for different lower momentum cuts as indicated in

the figure. The dash-dotted curve shows the distribution one would obtain if no θ-dependence is present in

the data. Each histogram was normalized to unity.
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θ-dependent contributions of the fragmentation functions D
sp

1
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1
and H
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1
to AUT .
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Figure 2.10. Description of the polar angle θ, between the positive hadron in the hadron pair’s center-of-

mass frame and Ph in the γ
∗N center-of-mass frame. In the present work P1 represents the momentum of

the positively charged pion, in agreement with Ref. [94].

The partial wave expansion allows to separate different possible contributions to these frag-

mentation functions like, for instance, the interference between a pion pair in a relative s-wave

and a pion pair in a relative p-wave. The expansion is made in terms of the polar angle θ between

the positive hadron in the center-of-mass of the pair and Ph in the target rest frame as shown in

Fig. 2.10. The angle is related to the variable ζ as:

ζ ≡
2R−

P−
h

CM
=

1

Mh

(√
M2
1
+ |R|2 −

√
M2
2
+ |R|2 − 2|R| cos θ

)
. (2.47)

At low invariant mass, the expansion can be truncated to include only the lowest order terms as

in this mass region only contributions are expected from the pion pair in a relative s- or p-wave.

Typically, in the literature the invariant-mass region below Mh ≈ 1 GeV is considered, which

includes the ρ0 resonance (Mh = 0.78 GeV). The expansion can then be written as:

2|R|
Mh

D1(z, ζ(cos θ),M
2
h) = D1,oo(z,M

2
h) + D

sp

1,ol
(z,M2

h) cos θ

+ D
pp

1,ll
(z,M2

h)
1

4
(3 cos2 θ − 1), (2.48)

2|R|
Mh

H!1(z, ζ(cos θ),M
2
h) = H

!,sp

1,ot
(z,M2

h) + H
!,pp

1,lt
(z,M2

h) cos θ. (2.49)

The subscripts o, l and t refer, respectively, to the hadron pair being unpolarized, longitudinally

polarized and transversely polarized. This polarization refers directly to the θ-dependent factors,

which appear in Eqs. 2.48 and 2.49. The function H
!,sp

1,ot describes the interference between a pion

pair produced in a relative s-wave and a pion pair in a relative p-wave. The function H
!,pp

1,lt
relates to

the interference between two pion pairs which are both in relative p-waves, but which are polarized

differently. The fragmentation functions in Eqs. 2.48 and 2.49 are often also written without the

superscript or the subscript, as they are directly related. In the present work only the superscripts

are kept.

In principle, both fragmentation functions H
!,sp

1
and H

!,pp

1
can be used to access transversity, as

was first mentioned in Ref. [93]. However, up to this moment in the literature the focus has been

on the contribution to the cross section from H
!,sp

1
and model predictions, discussed in Sec. 2.7, are

only available for H
!,sp

1
. Therefore, also in this work transversity will be accessed through H

!,sp

1
.

A different reason for this choice, of a more technical nature, is discussed in Sec. 4.5.4.

momentum requirements 
strongly distort kinematic 
distributions even for 
“4π” acceptance

[P. van der Nat, Ph.D. thesis, 
Vrije Universiteit (2007)]
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“No particle-physics experiment has a perfect 
acceptance!”

obvious for detectors with gaps/holes

but also for “4π”, especially when looking at 
complicated final states 

How acceptance effects are handled is one of the 
essential questions in experiments!
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acceptance in kinematic variable studied, e.g., 
azimuthal coverage in extraction of 
azimuthal moments

acceptance in kinematic variables integrated 
over, e.g., due to limited statistics not being 
able to do fully differential analysis

event migration due to smearing
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hermes Acceptance effects

use asymmetries to minimize systematics for spin-dependent
observables, e.g.:

AUT (φ,Ω) =
σUT (φ,Ω)

σUU (φ,Ω)
Ω = x, y, z, . . .

=
σUT (φ,Ω) ϵ(φ,Ω)

σUU (φ,Ω) ϵ(φ,Ω)
ϵ : detection efficiency

̸=
∫

dΩσUT (φ,Ω) ϵ(φ,Ω)
∫

dΩσUU (φ,Ω) ϵ(φ,Ω)
̸=

∫

dΩσUT (φ,Ω)
∫

dΩσUU (φ,Ω)
≡ AUT (φ)

Acceptance does NOT CANCEL in general when integrating
numerator and denominator over (large) ranges in kinematic
variables!

Gunar Schnell, Universiteit Gent Jefferson Lab, January 11
th
, 2008 – p. 43/50

Acceptance does not cancel in general when integrating 
numerator and denominator over (large) ranges in kinematic 

variables! 

“acceptance cancels in asymmetries”
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… geometric acceptance 

…

.

hermes Acceptance effects

use asymmetries to minimize systematics for spin-dependent
observables, e.g.:

ϵ(φ,Ω) =
ϵ(φ,Ω)σUU (φ,Ω)

σUU (φ,Ω)
Ω = x, y, z, . . .

̸=

∫
dΩσUU (φ,Ω) ϵ(φ,Ω)∫

dΩσUU (φ,Ω)

̸=

∫
dΩ ϵ(φ,Ω) ≡ ϵ(φ)

Gunar Schnell, Universiteit Gent Jefferson Lab, January 11
th
, 2008 – p. 1/1

extract acceptance from Monte Carlo simulation?

simulated acceptance simulated cross section
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… geometric acceptance 

…extract acceptance from Monte Carlo simulation?

.

hermes Acceptance effects

use asymmetries to minimize systematics for spin-dependent
observables, e.g.:

ϵ(φ,Ω) =
ϵ(φ,Ω)σUU (φ,Ω)

σUU (φ,Ω)
Ω = x, y, z, . . .

̸=

∫
dΩσUU (φ,Ω) ϵ(φ,Ω)∫

dΩσUU (φ,Ω)

̸=

∫
dΩ ϵ(φ,Ω) ≡ ϵ(φ)

Gunar Schnell, Universiteit Gent Jefferson Lab, January 11
th
, 2008 – p. 1/1

“Aus Differenzen und Summen 
kürzen nur die Dummen.”
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… geometric acceptance 

…extract acceptance from Monte Carlo simulation?

Cross-section model does NOT CANCEL in general 
when integrating numerator and denominator over 
(large) ranges in kinematic variables!.

hermes Acceptance effects

use asymmetries to minimize systematics for spin-dependent
observables, e.g.:

ϵ(φ,Ω) =
ϵ(φ,Ω)σUU (φ,Ω)

σUU (φ,Ω)
Ω = x, y, z, . . .

̸=

∫
dΩσUU (φ,Ω) ϵ(φ,Ω)∫

dΩσUU (φ,Ω)

̸=

∫
dΩ ϵ(φ,Ω) ≡ ϵ(φ)

Gunar Schnell, Universiteit Gent Jefferson Lab, January 11
th
, 2008 – p. 1/1

“Aus Differenzen und Summen 
kürzen nur die Dummen.”
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“Classique” Example: 〈cosφ〉UU

47
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  … averaging ...
often enough one has to average observables over available 
phase space:

properly normalized for 
simplicity

�A(�)�� �
�

d� A(�)�(�)
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  … averaging ...
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�

d� A(�)�(�)

�=
�

d� A(�) � �A(�)�“4�”
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  … averaging ...
often enough one has to average observables over available 
phase space:

hA(⌦)i✏ = A(h⌦i✏) A(⌦) = A0 +A1⌦

life (of the experimentalist) simplifies if asymmetries are weakly 
(i.e. not more than linearly) dependent on kinematics:

for

�A(�)�� �
�

d� A(�)�(�)

�=
�

d� A(�) � �A(�)�“4�”

A(�) = A0 + A1�
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generated vs. extracted AUT100 5.2 The Monte Carlo Generator gmc_trans
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Figure 5.2.3: The implemented and extracted asymmetry amplitudes (upper

half) and the differences between implemented and extracted

amplitudes (lower half) for generated and reconstructed positive

pion events. The generated events cover the whole range of the

solid angle.
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Figure 5.2.4: The implemented and extracted asymmetry amplitudes (upper

half) and the differences between implemented and extracted

amplitudes (lower half) for generated and reconstructed negative

pion events. The generated events cover the whole range of the

solid angle.
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Figure 5.2.3: The implemented and extracted asymmetry amplitudes (upper

half) and the differences between implemented and extracted

amplitudes (lower half) for generated and reconstructed positive

pion events. The generated events cover the whole range of the

solid angle.
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Figure 5.2.3: The implemented and extracted asymmetry amplitudes (upper

half) and the differences between implemented and extracted

amplitudes (lower half) for generated and reconstructed positive

pion events. The generated events cover the whole range of the

solid angle.

Extraction method works well!
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104 5.2 The Monte Carlo Generator gmc_trans
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Not so good news for weighted moments!
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equivalent [52] and that there also exists a kinematic region
in which a twist-three fragmentation function and the leading-
twist Collins fragmentation function can be mapped onto one
another [53]. For P 2

T ∼ Q 2 one cannot make any quantitative
theoretical statement about their connection.

A substantial number of theoretical predictions (see, e.g.,
Refs. [44,47,54–60]) have not yet been confronted with experimen-
tal data. More data are required in a wider kinematic range that
covers transverse momenta as high as possible but also approaches
P T values as small as ΛQCD for both AN in hadron–hadron re-
actions and SSAs in electroproduction of hadrons, lp↑ → h X . This
Letter reports on the first measurement of azimuthal SSAs in inclu-
sive electroproduction of charged pions and kaons off transversely
polarized protons. It addresses a portion of this unexplored kine-
matic space.

The data reported here were collected during the period
2002–2005 with the Hermes spectrometer [61] using the 27.6 GeV
lepton beam (electrons or positrons) incident upon a transversely
nuclear-polarized gaseous hydrogen target internal to the Hera
lepton storage ring at Desy. The integrated luminosity of the data
sample was approximately 146 pb−1. The average magnitude of
the proton-polarization component perpendicular to the beam di-
rection, ST , was 0.713 ± 0.063. The direction of the target-spin
vector was reversed between the “upward” and “downward” direc-
tions at 1–3 minute intervals to minimize systematic effects, while
both the nuclear polarization and the atomic fraction inside the
target cell were measured continuously [62]. The beam was lon-
gitudinally polarized and its helicity reversed every few months.
A helicity-balanced data sample was used to obtain an effectively
unpolarized beam.

Selected events had to contain at least one charged-hadron
track, identified as either a pion or a kaon, within the angu-
lar acceptance of the spectrometer (±170 mrad horizontally and
±(40–140) mrad vertically) independent of whether there was
also a scattered lepton in the acceptance or not. Hadrons were
distinguished from leptons by using a transition-radiation de-
tector, a scintillator pre-shower counter, and an electromagnetic
calorimeter. This resulted in a tiny lepton contamination in the
hadron sample of less than 0.1%. Hadrons within the momentum
range 2–15 GeV were further identified using a dual-radiator ring-
imaging Cherenkov detector [63]. This identification is based on a
direct ray tracing algorithm that deduces the most probable parti-
cle types from the event-level hit pattern of Cherenkov photons on
the photomultiplier matrix [64].

The trigger of the experiment was formed, for each detector
half, by a coincidence of signals from a scintillation counter in
front of the spectrometer magnet and from a scintillator hodoscope
and the pre-shower counter behind the magnet, spaced by 1 m,
with the requirement of an energy deposit greater than 1.4 GeV
in the electromagnetic calorimeter. The trigger was almost 100%
efficient for leptons with energies above threshold. The energy
threshold of the calorimeter was low enough to trigger also on
events with only charged hadrons and no leptons in its geometri-
cal acceptance. In this case, the trigger efficiency was substantially
smaller and depended on the hadron momentum Ph , as well as on
the impact position and angle of the hadron track on the calorime-
ter surface and the hadron multiplicity in the event. Averaged over
the hadron multiplicity, the trigger efficiency was about 40–45% for
hadron momenta greater than approximately 7 GeV and decreased
smoothly with decreasing Ph to about 15% at Ph ≈ 2 GeV. In or-
der not to bias the inclusive-hadron sample towards events with
a coincident lepton in the detector acceptance, trigger-efficiency
corrections dependent on the event topology (e.g., additional lep-
ton or further hadrons in the event) were applied. In total, about

Fig. 1. The definition of the azimuthal angle ψ .

60 ·106 (50 ·106) tracks of positively (negatively) charged pions and
5.1 · 106 (2.8 · 106) tracks of positively (negatively) charged kaons
were collected. These correspond to about 172 · 106 (142 · 106)
positively (negatively) charged pions and 14.5 · 106 (7.3 · 106) pos-
itively (negatively) charged kaons after trigger-efficiency correction
(cf. Table 1), which are used in all of the subsequent results.

As the scattered lepton was not required for the primary anal-
ysis, the following hadron variables were used: P T , the trans-
verse momentum of the hadron with respect to the lepton beam
direction; xF , here calculated in the lepton-nucleon center-of-
momentum frame; and ψ , the azimuthal angle about the beam di-
rection between the “upward” target spin direction and the hadron
production plane, in accordance with the Trento Conventions [65]
(see Fig. 1).

The cross section for inclusive electroproduction of hadrons us-
ing an unpolarized lepton beam and a transversely polarized target
includes a polarization-averaged and a polarization-dependent part
and is given for each hadron species as

dσ = dσUU
[
1 + ST Asin ψ

UT sinψ
]
. (1)

Here, the first subscript U denotes unpolarized beam, the sec-
ond subscript U (T ) an unpolarized (transversely polarized) target.
The dependences of the cross section and of the azimuthal ampli-
tude Asin ψ

UT on P T and xF have been omitted. The sin ψ azimuthal
dependence follows directly from the term S⃗ · ( P⃗h × k⃗) in the spin-
dependent part of the cross section (see, e.g., Ref. [60]), with S⃗
being the target-spin vector, and k⃗ and P⃗h the three-momenta of
the incident lepton and of the final-state hadron, respectively.

The sinψ amplitude Asin ψ
UT is related to the left-right asymme-

try AN along the direction of the incident lepton beam and with
respect to the nucleon-spin direction,2 measured with a detector
with full 2π -coverage in ψ and constant efficiency, by

AN ≡
∫ 2π
π dψ dσ −

∫ π
0 dψ dσ

∫ 2π
π dψ dσ +

∫ π
0 dψ dσ

= − 2
π

Asin ψ
UT . (2)

Experimentally, the Asin ψ
UT amplitudes were extracted by per-

forming a maximum-likelihood fit to the cross section of Eq. (1),
i.e., the measured yield distribution for the two target-spin states
weighted with the inverse of the trigger efficiencies and lumi-
nosity, binned in P T and xF , but unbinned in ψ . The detection

2 The sign convention of AN in hadron collisions commonly differs through defin-
ing “left” and “right” with respect to the momentum and transverse-spin directions
of the incoming polarized hadron.
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equivalent [52] and that there also exists a kinematic region
in which a twist-three fragmentation function and the leading-
twist Collins fragmentation function can be mapped onto one
another [53]. For P 2

T ∼ Q 2 one cannot make any quantitative
theoretical statement about their connection.

A substantial number of theoretical predictions (see, e.g.,
Refs. [44,47,54–60]) have not yet been confronted with experimen-
tal data. More data are required in a wider kinematic range that
covers transverse momenta as high as possible but also approaches
P T values as small as ΛQCD for both AN in hadron–hadron re-
actions and SSAs in electroproduction of hadrons, lp↑ → h X . This
Letter reports on the first measurement of azimuthal SSAs in inclu-
sive electroproduction of charged pions and kaons off transversely
polarized protons. It addresses a portion of this unexplored kine-
matic space.

The data reported here were collected during the period
2002–2005 with the Hermes spectrometer [61] using the 27.6 GeV
lepton beam (electrons or positrons) incident upon a transversely
nuclear-polarized gaseous hydrogen target internal to the Hera
lepton storage ring at Desy. The integrated luminosity of the data
sample was approximately 146 pb−1. The average magnitude of
the proton-polarization component perpendicular to the beam di-
rection, ST , was 0.713 ± 0.063. The direction of the target-spin
vector was reversed between the “upward” and “downward” direc-
tions at 1–3 minute intervals to minimize systematic effects, while
both the nuclear polarization and the atomic fraction inside the
target cell were measured continuously [62]. The beam was lon-
gitudinally polarized and its helicity reversed every few months.
A helicity-balanced data sample was used to obtain an effectively
unpolarized beam.

Selected events had to contain at least one charged-hadron
track, identified as either a pion or a kaon, within the angu-
lar acceptance of the spectrometer (±170 mrad horizontally and
±(40–140) mrad vertically) independent of whether there was
also a scattered lepton in the acceptance or not. Hadrons were
distinguished from leptons by using a transition-radiation de-
tector, a scintillator pre-shower counter, and an electromagnetic
calorimeter. This resulted in a tiny lepton contamination in the
hadron sample of less than 0.1%. Hadrons within the momentum
range 2–15 GeV were further identified using a dual-radiator ring-
imaging Cherenkov detector [63]. This identification is based on a
direct ray tracing algorithm that deduces the most probable parti-
cle types from the event-level hit pattern of Cherenkov photons on
the photomultiplier matrix [64].

The trigger of the experiment was formed, for each detector
half, by a coincidence of signals from a scintillation counter in
front of the spectrometer magnet and from a scintillator hodoscope
and the pre-shower counter behind the magnet, spaced by 1 m,
with the requirement of an energy deposit greater than 1.4 GeV
in the electromagnetic calorimeter. The trigger was almost 100%
efficient for leptons with energies above threshold. The energy
threshold of the calorimeter was low enough to trigger also on
events with only charged hadrons and no leptons in its geometri-
cal acceptance. In this case, the trigger efficiency was substantially
smaller and depended on the hadron momentum Ph , as well as on
the impact position and angle of the hadron track on the calorime-
ter surface and the hadron multiplicity in the event. Averaged over
the hadron multiplicity, the trigger efficiency was about 40–45% for
hadron momenta greater than approximately 7 GeV and decreased
smoothly with decreasing Ph to about 15% at Ph ≈ 2 GeV. In or-
der not to bias the inclusive-hadron sample towards events with
a coincident lepton in the detector acceptance, trigger-efficiency
corrections dependent on the event topology (e.g., additional lep-
ton or further hadrons in the event) were applied. In total, about

Fig. 1. The definition of the azimuthal angle ψ .

60 ·106 (50 ·106) tracks of positively (negatively) charged pions and
5.1 · 106 (2.8 · 106) tracks of positively (negatively) charged kaons
were collected. These correspond to about 172 · 106 (142 · 106)
positively (negatively) charged pions and 14.5 · 106 (7.3 · 106) pos-
itively (negatively) charged kaons after trigger-efficiency correction
(cf. Table 1), which are used in all of the subsequent results.

As the scattered lepton was not required for the primary anal-
ysis, the following hadron variables were used: P T , the trans-
verse momentum of the hadron with respect to the lepton beam
direction; xF , here calculated in the lepton-nucleon center-of-
momentum frame; and ψ , the azimuthal angle about the beam di-
rection between the “upward” target spin direction and the hadron
production plane, in accordance with the Trento Conventions [65]
(see Fig. 1).

The cross section for inclusive electroproduction of hadrons us-
ing an unpolarized lepton beam and a transversely polarized target
includes a polarization-averaged and a polarization-dependent part
and is given for each hadron species as

dσ = dσUU
[
1 + ST Asin ψ

UT sinψ
]
. (1)

Here, the first subscript U denotes unpolarized beam, the sec-
ond subscript U (T ) an unpolarized (transversely polarized) target.
The dependences of the cross section and of the azimuthal ampli-
tude Asin ψ

UT on P T and xF have been omitted. The sin ψ azimuthal
dependence follows directly from the term S⃗ · ( P⃗h × k⃗) in the spin-
dependent part of the cross section (see, e.g., Ref. [60]), with S⃗
being the target-spin vector, and k⃗ and P⃗h the three-momenta of
the incident lepton and of the final-state hadron, respectively.

The sinψ amplitude Asin ψ
UT is related to the left-right asymme-

try AN along the direction of the incident lepton beam and with
respect to the nucleon-spin direction,2 measured with a detector
with full 2π -coverage in ψ and constant efficiency, by

AN ≡
∫ 2π
π dψ dσ −

∫ π
0 dψ dσ

∫ 2π
π dψ dσ +

∫ π
0 dψ dσ

= − 2
π

Asin ψ
UT . (2)

Experimentally, the Asin ψ
UT amplitudes were extracted by per-

forming a maximum-likelihood fit to the cross section of Eq. (1),
i.e., the measured yield distribution for the two target-spin states
weighted with the inverse of the trigger efficiencies and lumi-
nosity, binned in P T and xF , but unbinned in ψ . The detection

2 The sign convention of AN in hadron collisions commonly differs through defin-
ing “left” and “right” with respect to the momentum and transverse-spin directions
of the incoming polarized hadron.
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as shown in Fig. 2.18. The figure shows the invariant-mass dependence as well as the x and
z dependence of the amplitude Asin(φR+φS )

UT . In this model, the fragmentation function is almost
proportional to the imaginary part of the ρ0 and ω (Mππ ≈ 0.5 GeV) resonances, which explains the
strong dependence on the invariant mass. This model does not predict the sign of the amplitude and
uses the sign of the HERMES data as presented in Chapter 4 as input. Note that the ω resonance
does not show up in this figure around its invariant mass of M = 0.783 GeV, because only two of
the three pions of the dominant decay channel ω→ π+π−π0 (branching ratio 89%) are considered.

2.8 Summary
In this chapter the theoretical framework describing the processes of one-hadron and two-hadron
semi-inclusive DIS in terms of distribution functions and fragmentation functions has been dis-
cussed in considerable detail. The advantages and disadvantages of the two approaches to transver-
sity have been compared. Several model predictions have been presented for Asin(φR+φS ) sin θ

UT , the am-
plitude of the transverse single-spin asymmetry AUT , which demonstrates that substantial nonzero
effects can be expected and that large differences exist between the models.

In the following chapter the experimental setup to measure this process is discussed: the ac-
celerator HERA, the HERMES spectrometer, the transversely-polarized gas target and how these
three main parts combine. The extraction of the amplitude Asin(φR+φS ) sin θ

UT from the HERMES mea-
surements is discussed in Chapter 4. In that chapter it will become clear that it is essential to
understand the full kinematic dependence of the transverse single-spin asymmetry, as was pre-
sented in this chapter, in order to extract the amplitude. In Chapter 5, the data are compared to the
model predictions discussed in the previous section.
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experimental acceptance ϵ, e.g.,

N↑(↓)(φR⊥,φS , θ,Mππ) ∝

∫

dxdy dz d2Ph⊥ ϵ(x, y, z,Ph⊥,φR⊥,φS , θ,Mππ) ×

× σU↑(↓)(x, y, z,Ph⊥,φR⊥,φS , θ,Mππ), (10)

such that ϵ does not necessarily drop out of the expression for the asymmetry (eq. (7)).4

Some effects of the acceptance can be easily dealt with if the predicted asymmetry am-

plitude is linearly dependent on all variables in the range over which they are integrated.

In that case, the measured amplitudes are equal to the true amplitudes evaluated at the

average values of these variables. However, all models predict a highly nonlinear behavior

of the amplitude as a function of the invariant mass Mππ. Moreover, when the integration

of the cross section over Ph⊥ is incomplete because of the geometrical acceptance, other

terms in the Ph⊥-unintegrated cross section [37, 43] might contribute to the extracted

amplitudes.

Therefore, a systematic uncertainty was estimated based on a Monte Carlo study,

which is explained in more detail in the appendix. In particular, two possible sources of

systematic uncertainties have been examined: the difference in the modulation amplitude

of interest extracted as done for real data in the experimental acceptance and similarly

in 4π acceptance, and a possible false asymmetry originating from other terms appearing

through incomplete integration over Ph⊥.

The largest effect was seen when comparing the amplitudes in 4π and in the experi-

mental acceptance. The Monte Carlo simulation used a particular choice for transversity

and for each of the dihadron fragmentation functions, which results in a reasonable de-

scription of the kinematic dependences of the measured amplitudes (cf. figures 4 and 2).

The amplitudes extracted in the experimental acceptance were found to be underestimated

by up to 43% for certain values of z when compared to amplitudes extracted in 4π cover-

age. The effect was negligible for all x bins when integrating over z, and about 21% when

integrated over the whole kinematic range. No other models for the dihadron functions

involved, suitable for this simulation, are presently available. This systematic uncertainty

estimate applies only when interpreting the results as values based on separate integration

of numerator and denominator of the asymmetry over the relevant ranges of all kinematic

variables. This choice was necessitated by the strong model-dependence of the acceptance

effects when not integrating over Mππ.

The incomplete integration over Ph⊥ was found to have only a small influence on the

extracted amplitudes due to possible terms in the Ph⊥-unintegrated cross section [37, 43].

In view of the large uncertainties above, it can be neglected.

The interpretation of the amplitudes extracted can, in principle, be complicated by the

experimental condition that the target polarization is transverse to the beam axis instead

of transverse to the virtual-photon direction. These beam-axis asymmetries can receive

contributions not only from the transverse component of the nucleon spin with respect to

the virtual-photon direction but also from a small longitudinal component proportional to

4Note that, experimentally, the asymmetry itself is never integrated directly over any variables: always

the numerator and denominator of the asymmetry are integrated separately.

– 8 –
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Figure 1: Depiction of the azimuthal angles φR⊥ of the dihadron and φS of the component ST of
the target-polarization transverse to both the virtual-photon and target-nucleon momenta q and P ,
respectively. Both angles are evaluated in the virtual-photon-nucleon center-of-momentum frame.
Explicitly, φR⊥ ≡ (q×k)·RT

|(q×k)·RT | arccos (q×k)·(q×RT )
|q×k||q×RT | and φS ≡ (q×k)·ST

|(q×k)·ST | arccos (q×k)·(q×ST )
|q×k||q×ST | . Here,

RT = R − (R · P̂h)P̂h, with R ≡ (Pπ+ − Pπ−)/2, Ph ≡ Pπ+ + Pπ− , and P̂h ≡ Ph/ | Ph |,
thus RT is the component of Pπ+ orthogonal to Ph, and φR⊥ is the azimuthal angle of RT about
the virtual-photon direction. The dotted lines indicate how vectors are projected onto planes. The
short dotted line is parallel to the direction of the virtual photon. Also included is a description of
the polar angle θ, which is evaluated in the center-of-momentum frame of the pion pair.

two chiral-odd naive-T-odd dihadron fragmentation function H!

1,q [20, 37].2 There are no

contributions to this amplitude at subleading twist (i.e., twist-3). Among the various con-

tributions to the fragmentation function H!

1,q are the interference H!,sp
1,q between the s- and

p-wave components of the π+π− pair and the interference H!,pp
1,q between two p-waves. In

some of the literature, such functions have therefore been called interference fragmentation

functions [15], even though in general interference between different amplitudes is required

by all naive-T-odd functions. In this paper the focus is on the sp-interference, since it has

received the most theoretical attention. In particular, in ref. [15] H!,sp
1,q was predicted to

change sign at a very specific value of the invariant mass Mππ of the π+π− pair, close to

the mass of the ρ0 meson. However, other models [37, 38] predict a completely different

behavior.

The data presented here were recorded during the 2002-2005 running period of the

Hermes experiment, using the 27.6 GeV positron or electron beam and a transversely

polarized hydrogen gas target internal to the Hera storage ring at Desy. The open-

ended target cell was fed by an atomic-beam source [39] based on Stern-Gerlach separation

combined with transitions of hydrogen hyperfine states. The nuclear polarization of the

atoms was flipped at 1–3 min. time intervals, while both this polarization and the atomic

fraction inside the target cell were continuously measured [40]. The average value of the

transverse proton polarization |S⊥| was 0.74 ± 0.06.

2The superscript ! indicates that the fragmentation function does not survive integration over the

relative momentum of the hadron pair.

– 3 –

[A. Bacchetta and M. Radici, Phys. Rev. D74 (2006) 114007]



disc
uss

ion 
slid

es

0
1000

2000
3000

4000

5000
6000

7000
8000

x 10 2

-0.1 -0.05 0 0.05 0.1

Mean
RMS

-0.1811E-03
 0.2172E-01

∆φs rad

Figure 6.7: Difference between two φS’s which evaluated with and without
the detector smearing effects. Note this result is independent of the QED
radiative effect.

Figure 6.8: Schematic illustration of event migration.

103

… event migration ...

- migration correlates yields in different bins
- can’t be corrected properly in bin-by-bin approach
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… event migration -> unfolding

experimental yield in ith bin depends on all Born bins j …

… and on BG entering kinematic range from outside region 

smearing matrix Sij embeds information on migration

determined from Monte Carlo - independent of physics model in 
limit of infinitesimally small bins and/or flat acceptance/cross-
section in every bin 

in real life: dependence on BG and physics model due to finite bin 
sizes 

inversion of relation gives Born cross section from measured yields

Yexp(�i) �
N�

j=1

Sij

⇥

j
d� d�(�) + B(�i)
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Multi-D vs. 1D unfolding 

Neglecting to unfold in z 
changes x dependence 
dramatically
➡ 1D unfolding clearly 
     insufficient

Bx-110

K
 M

ul
tip

lic
ity

0
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0.1

0.15

3D unfolded (default)
1D unfolded
3D unfolded (default)
1D unfolded

00e1 proton vmdxt00e1 proton vmdxt

Figure 4.5: The x-dependence of the (K+ + K�)-multiplicities di↵ers drastically
between a proper three-dimensional analysis (red), compared to a simple one-
dimensional extraction (blue). This illustrates the large systematic uncertainty in-
troduced by not considering the proper kinematic dependencies during the analy-
sis, in particular the acceptance correction. The points in this figure were extracted
from the 2000 proton sample.

43

[S.J. Joosten, PhD thesis UIUC (2013)]

even though only interested 
in collinear observable, 
need to carefully consider 
transverse d.o.f.
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Multi-D vs. 1D unfolding

Acceptance Correction

w = (x, y, z, Ph�)

MC

Generated in 4�
Inside acceptance

MC

MC simulation of spectrometers to correct for 
acceptance/QED radiation

Model 4D  1D

13

n =

�
L⇥0

w[1 + 2�cos⇤h⇥w + 2�cos 2⇤h⇥w]�accw,�h
�radw,�h

dw

Francesca Giordano

fully simulated yield with clear 
cosine modulations from 
migration and acceptance
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Acceptance Correction

w = (x, y, z, Ph�)

MC

Generated in 4�
Inside acceptance

MC

MC simulation of spectrometers to correct for 
acceptance/QED radiation

Model 4D  1D

13

n =

�
L⇥0

w[1 + 2�cos⇤h⇥w + 2�cos 2⇤h⇥w]�accw,�h
�radw,�h

dw

Francesca Giordano

Multi-D vs. 1D unfolding

Acceptance Correction

w = (x, y, z, Ph�)

MC

Generated in 4�
Inside acceptance

MC

MC simulation of spectrometers to correct for 
acceptance/QED radiation

Model 4D  1D

13

n =

�
L⇥0

w[1 + 2�cos⇤h⇥w + 2�cos 2⇤h⇥w]�accw,�h
�radw,�h

dw

Francesca Giordano

fully simulated yield with clear 
cosine modulations from 
migration and acceptance

1D clearly not 
sufficient
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define your measurement 

wisely and clearly!
data point interpreted as asymmetry/multiplicity 

at the average kinematics given

integrated over kinematic ranges

results in different systematics -> select the one with 
smallest systematics?

try to go fully differential to minimize biases
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fragmentation

4.5 Acceptance effects 73
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Figure 4.11. Simulated histograms of the polar angle θ for different lower momentum cuts as indicated in

the figure. The dash-dotted curve shows the distribution one would obtain if no θ-dependence is present in

the data. Each histogram was normalized to unity.
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Figure 4.12. Distributions of simulated values of A
sin(φR⊥+φS ) sin θ
UT

without (solid line) and with (dashed line)

θ-dependent contributions of the fragmentation functions D
sp

1
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1
and H

!,sp

1
to AUT .
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dihadron FFs: alternative path to extract (collinear) transversity

exploit orientation of hadron’s relative momentum, correlate 
with target polarization 

complication: SIDIS cross section now differential in 9(!) 
variables

integration over polar angle eliminates, in theory, a number of 
contributing FFs (partial waves)

experimental constraints limit acceptance in polar angle, most 
prominently the minimum-momentum requirements
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Figure 1: Depiction of the azimuthal angles φR⊥ of the dihadron and φS of the component ST of
the target-polarization transverse to both the virtual-photon and target-nucleon momenta q and P ,
respectively. Both angles are evaluated in the virtual-photon-nucleon center-of-momentum frame.
Explicitly, φR⊥ ≡ (q×k)·RT

|(q×k)·RT | arccos (q×k)·(q×RT )
|q×k||q×RT | and φS ≡ (q×k)·ST

|(q×k)·ST | arccos (q×k)·(q×ST )
|q×k||q×ST | . Here,

RT = R − (R · P̂h)P̂h, with R ≡ (Pπ+ − Pπ−)/2, Ph ≡ Pπ+ + Pπ− , and P̂h ≡ Ph/ | Ph |,
thus RT is the component of Pπ+ orthogonal to Ph, and φR⊥ is the azimuthal angle of RT about
the virtual-photon direction. The dotted lines indicate how vectors are projected onto planes. The
short dotted line is parallel to the direction of the virtual photon. Also included is a description of
the polar angle θ, which is evaluated in the center-of-momentum frame of the pion pair.

two chiral-odd naive-T-odd dihadron fragmentation function H!

1,q [20, 37].2 There are no

contributions to this amplitude at subleading twist (i.e., twist-3). Among the various con-

tributions to the fragmentation function H!

1,q are the interference H!,sp
1,q between the s- and

p-wave components of the π+π− pair and the interference H!,pp
1,q between two p-waves. In

some of the literature, such functions have therefore been called interference fragmentation

functions [15], even though in general interference between different amplitudes is required

by all naive-T-odd functions. In this paper the focus is on the sp-interference, since it has

received the most theoretical attention. In particular, in ref. [15] H!,sp
1,q was predicted to

change sign at a very specific value of the invariant mass Mππ of the π+π− pair, close to

the mass of the ρ0 meson. However, other models [37, 38] predict a completely different

behavior.

The data presented here were recorded during the 2002-2005 running period of the

Hermes experiment, using the 27.6 GeV positron or electron beam and a transversely

polarized hydrogen gas target internal to the Hera storage ring at Desy. The open-

ended target cell was fed by an atomic-beam source [39] based on Stern-Gerlach separation

combined with transitions of hydrogen hyperfine states. The nuclear polarization of the

atoms was flipped at 1–3 min. time intervals, while both this polarization and the atomic

fraction inside the target cell were continuously measured [40]. The average value of the

transverse proton polarization |S⊥| was 0.74 ± 0.06.

2The superscript ! indicates that the fragmentation function does not survive integration over the

relative momentum of the hadron pair.

– 3 –
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simple case study

dihadron pair with equal-mass hadrons; here: pions 

e+e- annihilation, thus energy fractions z translates 
directly to energy/momentum of particles/system as 
primary energy is “fixed” 
(-> simplifies Lorentz boost)

without loss of generality, focus on B factory and use 
primary quark energy E0 = 5.79GeV

minimum energy of each pion in lab frame: 0.1 E0  
(i.e., zmin = 0.1)
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Figure 1: Depiction of the azimuthal angles φR⊥ of the dihadron and φS of the component ST of
the target-polarization transverse to both the virtual-photon and target-nucleon momenta q and P ,
respectively. Both angles are evaluated in the virtual-photon-nucleon center-of-momentum frame.
Explicitly, φR⊥ ≡ (q×k)·RT

|(q×k)·RT | arccos (q×k)·(q×RT )
|q×k||q×RT | and φS ≡ (q×k)·ST

|(q×k)·ST | arccos (q×k)·(q×ST )
|q×k||q×ST | . Here,

RT = R − (R · P̂h)P̂h, with R ≡ (Pπ+ − Pπ−)/2, Ph ≡ Pπ+ + Pπ− , and P̂h ≡ Ph/ | Ph |,
thus RT is the component of Pπ+ orthogonal to Ph, and φR⊥ is the azimuthal angle of RT about
the virtual-photon direction. The dotted lines indicate how vectors are projected onto planes. The
short dotted line is parallel to the direction of the virtual photon. Also included is a description of
the polar angle θ, which is evaluated in the center-of-momentum frame of the pion pair.

two chiral-odd naive-T-odd dihadron fragmentation function H!

1,q [20, 37].2 There are no

contributions to this amplitude at subleading twist (i.e., twist-3). Among the various con-

tributions to the fragmentation function H!

1,q are the interference H!,sp
1,q between the s- and

p-wave components of the π+π− pair and the interference H!,pp
1,q between two p-waves. In

some of the literature, such functions have therefore been called interference fragmentation

functions [15], even though in general interference between different amplitudes is required

by all naive-T-odd functions. In this paper the focus is on the sp-interference, since it has

received the most theoretical attention. In particular, in ref. [15] H!,sp
1,q was predicted to

change sign at a very specific value of the invariant mass Mππ of the π+π− pair, close to

the mass of the ρ0 meson. However, other models [37, 38] predict a completely different

behavior.

The data presented here were recorded during the 2002-2005 running period of the

Hermes experiment, using the 27.6 GeV positron or electron beam and a transversely

polarized hydrogen gas target internal to the Hera storage ring at Desy. The open-

ended target cell was fed by an atomic-beam source [39] based on Stern-Gerlach separation

combined with transitions of hydrogen hyperfine states. The nuclear polarization of the

atoms was flipped at 1–3 min. time intervals, while both this polarization and the atomic

fraction inside the target cell were continuously measured [40]. The average value of the

transverse proton polarization |S⊥| was 0.74 ± 0.06.

2The superscript ! indicates that the fragmentation function does not survive integration over the

relative momentum of the hadron pair.

– 3 –

basic assumptions:
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dihadron M and its energy zE0 to arrive at condition on !, e.g., 
polar angle of pions in center-of-mass frame:

as both pions have to fulfill the constraint on the minimum energy: 

thus:

translates to a symmetric range around "/2
(can be easily understood because at "/2 the pions will have both the same energy in the lab and easily 
pass the zmin requirement, while in the case of one pion going backward in the CMS, that pion will have 
less energy in the lab frame … and maybe too little) 

application of Lorentz boost

cos � � z � 2zmin�
[(zE0)2 � M2)(M2 � 4m2

�)]
E0M

cos(� � �) = � cos � � z � 2zmin�
[(zE0)2 � M2)(M2 � 4m2

�)]
E0M

| cos �| � z � 2zmin�
[(zE0)2 � M2)(M2 � 4m2

�)]
E0M
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all theta below curve (and above its mirror curve relative to 
dashed line) are excluded

clearly limited, especially at low z

impact of zmin=0.1 on accepted 
polar range

"/2

z

#min
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partial-wave expansion

partial-wave expansion worked out in Phys. Rev. D67 (2003) 094002 

for the particular case here, use Phys. Rev. D74 (2006) 114007, in 
particular  Eq. (12), and (later on) Figure 5: 

it is the first contribution (D1,oo) that is used in “collinear extraction” of 
transversity (and subject of a current Belle analysis)

it is also the only one surviving the integration over !

the D1,ol contribution vanishes upon integration over ! as long as the 
theta range is symmetric around "/2 (as it is the case here)

the D1,ll term, however, will in general contribute in case of only partial 
integration over ! — the question is how much?

 R ! k "
!Mh

2z
# z k

2 $ j ~kTj2
2Mh

"
j ~Rj cos!# ~kT ! ~RT: (7)

Fragmentation functions are extracted from the correla-
tion function [55]
 

!q%z; cos!;M2
h;"R& "

zj ~Rj
16Mh

Z
d2 ~kTdk$

' !q%k;Ph; R&jk#"P#h =z; (8)

where [28,56]
 

!q%k; Ph; R&ij "
X
X

Z d4#
%2$&4 e

$ik!#

' h0jUn$
%#1;#& 

q
i %#&jPh; R;Xi

' hPh; R; ; Xj " qj %0&Un$
%0;#1&j0i: (9)

Since we are going to perform the integration over the
transverse momentum ~kT , the Wilson lines U can be
reduced to unity using a light cone gauge.

The only fragmentation functions surviving after
~kT-integration are [27,55]

 Dq
1%z; cos!; M2

h& " 4$Tr(!q%z; cos!;M2
h;"R&%#); (10)

 

&ijT RTj
Mh

H!q
1 %z; cos!; M2

h&

" 4$Tr(!q%z; cos!;M2
h;"R&i'i#%5): (11)

These functions can be expanded in the relative partial
waves of the pion pair system. Truncating the expansion
at the p-wave level we obtain [55]
 

Dq
1%z; cos!; M2

h& * Dq
1;oo%z;M2

h& $D
q
1;ol%z;M2

h& cos!

$Dq
1;ll%z;M2

h&14%3cos2!# 1&; (12)

 H!q
1 %z; cos!; M2

h& * H!q
1;ot%z;M2

h& $H
!q
1;lt%z;M2

h& cos!:

(13)

The fragmentation functionD1;oo can receive contributions
from both s and p waves, but not from the interference
between the two, D1;ol and H!

1;ot originate from the inter-
ference of s and p waves, D1;ll comes from polarized p
waves, and H!

1;lt originates from the interference of two p
waves with different polarization.

Our model can make predictions for the above fragmen-
tation functions as well as for transverse-momentum-
dependent fragmentation functions, which we do not con-
sider in this section. However, we will focus our attention
mainly on the functions D1;oo and H!

1;ot because of their
relevance for transversity measurements in SIDIS
[19,21,47,57].

Let us consider in fact the SIDIS process lp!
l0$$$#X, where l and l0 are the momenta of the lepton

before and after the scattering and q " l# l0 is the mo-
mentum of the virtual photon. We consider the cross sec-
tion differential in dM2

h, d"R, dz, dx, dy, d"S, where z, x,
y are the usual scaling variables employed in SIDIS, and
the azimuthal angles are defined so that (see Fig. 1)2

 cos"S "
%q̂' ~l&
jq̂' ~lj

! %q̂'
~S&

jq̂' ~Sj
; sin"S "

%~l' ~S& ! q̂
jq̂' ~ljjq̂' ~Sj

;

(14)

 

cos"R "
%q̂' ~l&
jq̂' ~lj

! %q̂'
~RT&

jq̂' ~RT j
; sin"R "

%~l' ~RT& ! q̂
jq̂' ~ljjq̂' ~RT j

;

(15)

where q̂ " ~q=j ~qj and ~RT is the component of R perpen-
dicular to Ph.

When the target is transversely polarized, we can define
the following cross section combinations3

 

d6'UU "
d6'" $ d6'#

2

"
X
q

(2e2
q

$yQ2

1# y$ y2=2$ y2%2=4

1$ %2

' fq1 %x&D
q
1;oo%z;M2

h&; (16)

 

d6'UT "
d6'" # d6'#

2

" #
X
q

(2e2
q

4yQ2

1# y# y2%2=4

1$ %2

' sin%"R $"S&hq1%x&
j ~Rj
Mh

H!q
1;ot%z;M2

h&; (17)

where ( is the fine structure constant, % " 2Mx=Q, and M
is the mass of the target. These expressions are valid up to
leading twist only. Subleading contributions are described
in Ref. [28]. In particular, they give rise to a term propor-
tional to cos"R in d'UU and a term proportional to sin"S
in d'UT . Corrections at order (S were partially studied in
Ref. [4], but further work is required.

2The definition of the angles is consistent with the so-called
Trento conventions [58].

3The definition of the angles in Eqs. (14) and (15) is consistent
with the so-called Trento conventions [58] and it is the origin of
the minus sign in Eq. (17) with respect to Eq. (43) of Ref. [55]
(compare "R and"S in Fig. 1 with the analogue ones in Fig. 2 of
Ref. [55]).

MODELING DIHADRON FRAGMENTATION FUNCTIONS PHYSICAL REVIEW D 74, 114007 (2006)

114007-3
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D1,ll contribution to DiFF

D1,ll is unknown and can’t be calculated using first principles 
it can not be extracted from cross sections integrated over !
upon (partial) integration there is no way to disentangle the two 
contributions
in PRD74 (2006) 114007, a model for dihadron fragmentation was 
tuned to PYTHIA and used to estimate the various partial-wave 
contributions 
its Figure 5 gives an indication about the relative size of D1,ll vs. D1,oo:

the ! were extended at higher invariant masses by leaving
the narrow-width approximation for the ! resonance and
smearing the step function in Eq. (28). Note that the
interference is in this case constructive because the signs
of the couplings f! and f0! have been taken equal. If the
two couplings were taken opposite, then a destructive
interference would take place and the model would under-
estimate the p-wave data at around 0.6 GeV. The agree-
ment with the total spectrum would then be worsened. Also
the f! coupling has been taken to have the same sign of f!
to avoid destructive interference patterns. It is difficult with
the present poor knowledge to make any conclusive state-
ment about !!! interference in semi-inclusive dihadron
production. However, we can at least conclude that in our
model the best agreement with the event generator is
achieved when the three couplings f!, f!, and f0! have
the same sign.

V. PREDICTIONS FOR POLARIZED
FRAGMENTATION FUNCTIONS AND

TRANSVERSE-SPIN ASYMMETRY

Using the parameters obtained from the fit we can plot
the results for the fragmentation functions D1;ll, H!

1;ot, and
D1;ol. The function D1;ll is a pure p-wave function. It
depends on jFpj2, the modulus square of Eq. (28), and

has a behavior very similar to Dp
1;oo, the p-wave part of

D1;oo. In Fig. 5(a) we plot the ratio betweenD1;ll andD1;oo,
integrated separately over 0:2< z< 0:8. In Fig. 5(b) we
plot the same ratio but with the two functions multiplied by
2Mh and integrated over 0:3 GeV<Mh < 1:3 GeV. In the
same figures, the dotted lines represent the positivity bound
[55]

 ! 3
2D

p
1;oo " D1;ll " 3Dp

1;oo: (36)

The functions D1;ol and H!
1;ot arise from the interference

of s and p waves, i.e. from the interferences of channels 1-
2, 1-3, and 1-4, proportional to the product #fsf!$, #fsf!$,
#fsf0!$, respectively. Since the relative sign of fs and the
p-wave couplings is not fixed by the fit, we can only
predict these functions modulo a sign. For the plots, we
assume that the p-wave couplings have a sign opposite to
fs (as suggested by the sign of preliminary HERMES data
[48]).

In Fig. 6(a) we plot the ratio between!j ~Rj=MhH!
1;ot and

D1;oo, integrated separately over 0:2< z< 0:8. In Fig. 6(b)
we plot the same ratio but with the two functions multi-
plied by 2Mh and integrated over 0:3 GeV<Mh <
1:3 GeV. In the same figures, the dotted lines represent
the positivity bound [55]
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effect of partial integration

as both contributions — D1,ll and D1,oo — will be affected by the 
partial integration, look at relative size of the D1,ll to D1,oo 
modulations when subjected to integration:

without limit in the polar-angular range (!0 =0) -> no contribution 
from D1,ll (sanity check!)

the relative size of the partial integrals reaches a maximum of 
25% for z=0.2 (i.e., pions at 90 degrees in center-of-mass system)

in order to estimate the D1,ll contribution, one “just” needs the 
relative size of D1,ll vs. D1,oo, e.g., Figure 5 of PRD74 (2006) 114007

let’s take for that size 0.5 (rough value for M=0.5 GeV) 
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es… D1,ll / D1,oo ~0.5 results in an up to O(10%) effect on the measured 
cross section:

depending on the sign of D1,ll, the partial integration thus leads to a 
systematic underestimation (positive D1,ll) or overestimation (negative 
D1,ll) of the “integrated” dihadron cross section

leads to overestimate/underestimate of extracted transversity
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effect of partial integration
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how precisely can we measure FFs, e.g., how 
precisely can we deal with other-than-uds 
contributions
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subprocess contributions

E. Preselection and acceptance correction

Another correction treats the reconstruction efficiencies
due to particle selection and tracking efficiencies as well as
acceptance effects.

1. Reconstruction efficiency within the barrel acceptance

The first of these corrections takes into account the event
preselection as well as particle reconstruction efficiencies
due to the various selection criteria. It is calculated by
building the ratios of yields between reconstructed and
generated hadron pairs using the correct momenta and PID.
However, the thrust direction cut, as well as the minimum
momentum of the individual hadrons and z requirements,
are still applied. The correction factors for πþπ− pairs,
which are summarized in Fig. 5, show that the corrections
are relatively flat and smooth as a function of both the
invariant mass as well as the fractional energy. The only
striking deviation can be found at the K0

S mass and
originates in the SVD hit number requirement. As a K0

S
meson does not decay immediately, especially at higher z,
the decay pions are formed after the first SVD layers and

thus the SVD hit requirement cannot be fulfilled. With this
exception, the reconstruction efficiencies, which inversely
affect the correction factor, range between 20% at very high
z and low masses to about 80% at higher masses and
intermediate z. The behavior for pion-kaon and kaon pairs
is similar (not shown here) but, lacking substantial con-
tributions from long-lived resonances, no substructure in
the correction factors as a function of mass or z is visible.
These reconstruction efficiencies are generally smaller than
those for pion pairs.

2. Acceptance outside the barrel region

The second correction is evaluated by calculating the
ratios between generated hadron-pair yields within the
barrel acceptance and those taking the full acceptance into
account. The thrust-axis direction is now allowed to be
anywhere and the minimum lab momentum requirement
necessary for the PID correction is removed. Also, the
minimal transverse momentum requirement is here
adjusted while the minimal fractional energy requirement
for each individual hadron is not. The acceptance functions
decrease with increasing mass due to the larger opening
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FIG. 4. Fraction of πþπ− pairs as a function of mππ in bins of z originating from various sub-processes. The individual relative
contributions are displayed from top to bottom for uds (red filled area), charm (blue dotted area), mixed [ϒð4SÞ → B0B̄0, dark-green
hatched area] and charged [ϒð4SÞ → BþB−, violet horizontally hatched area], τ pair (light-green scaled area), eeuūþ eedd̄ (purple
starred area), eess̄ (light-blue dotted area) and eecc̄ (orange hatched area) events. Also, for comparison, the continuum (green solid
lines) and on-resonance (orange dotted lines) data relative to the MC sum are shown.
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lower due to the larger charm contributions in these
samples and the preferred decay of the various charm
contributions into kaons.

G. ISR correction
The last correction is for the initial-state radiation (ISR)

effects. Unlike the previous publications [28,46], a more
rigorous correction is applied. The effect of initial-state
radiation is studied by comparing the generated MC cross
sections with “no ISR” and “including ISR” by application
of the PYTHIA switch MSTP(11). The ratios between these
options can be seen in Fig. 7 for πþπ− pairs. At small
masses, the z behavior is as expected. At low z, ISR yields
are slightly larger than the non-ISR yields due to ISR events
being able to feed-down to low-z. The CMS energies are no
longer sufficient with ISR to populate the higher-z regions
and thus the non-ISR cross sections are larger in these
regions. At larger masses, this behavior changes drastically
and the cross sections including ISR become more than
30% larger than those for non-ISR events. In this case, it is
found that when a substantial amount of energy is taken
away via ISR photons, the nominal boost, and conse-
quently the hemisphere definitions, become incorrect and

ISR events from opposite “true” hemispheres enter the
yields. This has been verified by explicitly calculating the
true hemispheres of hadron pairs in the additionally
boosted quark-antiquark system in the presence of ISR
photons. These non-ISR to ISR ratios are then used to
correct the data using the PYTHIA default settings. The
variations between different MC tunes were taken into
account as systematic uncertainties. While the behavior is
nearly identical in most settings, the corrections are
substantially different for the generic Belle simulations
and thus the total systematic uncertainties are dominated by
this contribution. For all hadron combinations, the uncer-
tainties range between several percent at low z and masses
to close to 100% at high masses.

H. Consistency checks and total
systematic uncertainties

After all the corrections are applied, we perform several
consistency tests. With the removal of the ϒð4SÞ decays,
the data at the ϒð4SÞ resonance as well as the data from
60 MeV below are found to be consistent, as they should
contain the same information. Also, the opposite charge-
sign combinations are found to be consistent and can be
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FIG. 6. Fraction of πþπ− pairs as a function of mππ in bins of z originating from weak and strong decays. The individual relative
contributions are displayed from top to bottom for strong uds decays (purple dark-filled area), weak charm decays (blue dotted area),
strong charm decays (dark-green negative-hatched area) and weak uds decays (red horizontally striped area). The strong decay fractions
are also displayed as dashed magenta lines.
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FIG. 10. MC decomposition of the unlike-sign pion pairs as a function of mππ in bins of z for various resonance, partial resonant and
non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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