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Chapter 1:

Baryon Distribution Amplitudes

Cédric Mezrag, Craig Roberts and Jorge Segovia

C. Mezrag (ANL) From Baryon DA to GPDs August 30th , 2017 2 / 45



Hadrons seen as Fock States

Lightfront quantization allows to expand hadrons on a Fock basis:

|P, π〉 ∝
∑
β

Ψqq̄
β |qq̄〉+

∑
β

Ψqq̄,qq̄
β |qq̄, qq̄〉+ . . .

|P,N〉 ∝
∑
β

Ψqqq
β |qqq〉+

∑
β

Ψqqq,qq̄
β |qqq, qq̄〉+ . . .

Non-perturbative physics is contained in the N-particles
Lightfront-Wave Functions (LFWF) ΨN

Schematically a distribution amplitude ϕ is related to the LFWF
through:

ϕ(x) ∝
∫

d2k⊥
(2π)2 Ψ(x , k⊥)

S. Brodsky and G. Lepage, PRD 22, (1980)

C. Mezrag (ANL) From Baryon DA to GPDs August 30th , 2017 3 / 45



Hadrons seen as Fock States

Lightfront quantization allows to expand hadrons on a Fock basis:

|P, π〉 ∝
∑
β

Ψqq̄
β |qq̄〉+

∑
β

Ψqq̄,qq̄
β |qq̄, qq̄〉+ . . .

|P,N〉 ∝
∑
β

Ψqqq
β |qqq〉+

∑
β

Ψqqq,qq̄
β |qqq, qq̄〉+ . . .

Non-perturbative physics is contained in the N-particles
Lightfront-Wave Functions (LFWF) ΨN

Schematically a distribution amplitude ϕ is related to the LFWF
through:

ϕ(x) ∝
∫

d2k⊥
(2π)2 Ψ(x , k⊥)

S. Brodsky and G. Lepage, PRD 22, (1980)

C. Mezrag (ANL) From Baryon DA to GPDs August 30th , 2017 3 / 45



Hadrons seen as Fock States

Lightfront quantization allows to expand hadrons on a Fock basis:

|P, π〉 ∝
∑
β

Ψqq̄
β |qq̄〉+

∑
β

Ψqq̄,qq̄
β |qq̄, qq̄〉+ . . .

|P,N〉 ∝
∑
β

Ψqqq
β |qqq〉+

∑
β

Ψqqq,qq̄
β |qqq, qq̄〉+ . . .

Non-perturbative physics is contained in the N-particles
Lightfront-Wave Functions (LFWF) ΨN

Schematically a distribution amplitude ϕ is related to the LFWF
through:

ϕ(x) ∝
∫

d2k⊥
(2π)2 Ψ(x , k⊥)

S. Brodsky and G. Lepage, PRD 22, (1980)

C. Mezrag (ANL) From Baryon DA to GPDs August 30th , 2017 3 / 45



Nucleon Distribution Amplitudes

3 bodies matrix element:

expanded at leading twist:

〈0|εijkui
α(z1)uj

β(z2)dk
γ (z3)|P〉

=
1
4

[(
/pC
)
αβ

(
γ5N+

)
γ
V (z−i )

+
(
/pγ5C

)
αβ

(
N+
)
γ
A(z−i )− (ipµσµνC )αβ

(
γνγ5N+

)
γ
T (z−i )

]
V. Chernyak and I. Zhitnitsky, Nucl. Phys. B 246, (1984)

Usually, one defines ϕ = V − A
3 bodies Fock space interpretation (leading twist):

|P, ↑〉 =

∫
[dx ]

8
√
6x1x2x3

|uud〉 ⊗ [ϕ(x1, x2, x3)| ↑↓↑〉

+ϕ(x2, x1, x3)| ↓↑↑〉 − 2T (x1, x2, x2)| ↑↑↓〉]
Isospin symmetry:

2T (x1, x2, x3) = ϕ(x1, x3, x2) + ϕ(x2, x3, x1)
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Evolution and Asymptotic results

Both ϕ and T are scale dependent objects: they obey evolution
equations

At large scale, they both yield the so-called asymptotic DA ϕAS:
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Form Factors: Nucleon case

S. Brodsky and G. Lepage, PRD 22, (1980)
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Form Factors: Nucleon case

S. Brodsky and G. Lepage, PRD 22, (1980)
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Some previous studies of DA

QCD Sum Rules
I V. Chernyak and I. Zhitnitsky, Nucl. Phys. B 246 (1984)

Relativistic quark model
I Z. Dziembowski, PRD 37 (1988)

Scalar diquark clustering
I Z. Dziembowski and J. Franklin, PRD 42 (1990)

Phenomenological fit
I J. Bolz and P. Kroll, Z. Phys. A 356 (1996)

Lightcone quark model
I B. Pasquini et al., PRD 80 (2009)

Lightcone sum rules
I I. Anikin et al., PRD 88 (2013)

Lattice Mellin moment computation (See F. Hutzler talk)
I G. Bali et al., JHEP 2016 02
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Faddeev Equation and diquark picture

The Faddeev equation provides a covariant framework to describe the
nucleon as a bound state of three dressed quarks.

It predicts the existence of strong diquarks correlations inside the
nucleon.

=
a

Ψ
P

p
q

p
d

Γb

Γ
−a

p
d

p
q

b
Ψ

P
q

Mostly two types of diquark are dynamically generated by the Faddeev
equation:

I Scalar diquarks, whose mass is roughly 2/3 of the nucleon mass,
I Axial-Vector (AV) diquarks, whose mass is around 3/4 of the nucleon

one.
Can we understand the nucleon DA in terms of quark-diquarks
correlations?
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Nucleon DA and DSE

Operator point of view for every DA (and at every twist):

〈0|εijk
(
ui
↑(z1)C/nuj

↓(z2)
)
/ndk
↑ (z3)|P, λ〉 → ϕ(xi )→ Oϕ,

〈0|εijk
(
ui
↑(z1)Ciσ⊥νnνu

j
↑(z2)

)
γ⊥/ndk

↑ (z3)|P, λ〉 → T (xi )→ OT ,

Braun et al., Nucl.Phys. B589 (2000)

We can apply it on the wave function:
The operator then selects the relevant component of the wave
function.
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Scalar diquark contribution

In the scalar diquark case, only one contribution remains (ϕ case):

Oϕ

Oϕ

=
Oϕ

Oϕ

The contraction of the Dirac indices between the single quark and the
diquark makes it hard to understand.
The way to write the nucleon Dirac structure is not unique, and can
be modified (Fierz identity):

Oϕ

Oϕ

=

Oϕ

γ · n

We recognise the leading twist DA of a scalar diquark
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AV Contributions

〈0|εijk
(
ui
↑(z1)C/nuj

↓(z2)
)
/ndk
↑ (z3)|P, λ〉 → ϕ(xi )→ Oϕ,

〈0|εijk
(
ui
↑(z1)Ciσ⊥νnνu

j
↑(z2)

)
γ⊥/ndk

↑ (z3)|P, λ〉 → T (xi )→ OT ,

Oϕ

Oϕ

=
Oϕ

Oϕ

+
Oϕ

Oϕ︸ ︷︷ ︸
Two chiral-even DAs

(longitudinal)

+
Oϕ

Oϕ︸ ︷︷ ︸
One chiral-odd DA

(transverse)

OT

OT

=
OT

OT︸ ︷︷ ︸
One chiral-odd DA

(transverse)

+
OT

OT

+
OT

OT︸ ︷︷ ︸
Two chiral-even DAs

(longitudinal)

2T (x1, x2, x3) = ϕ(x1, x3, x2) + ϕ(x2, x3, x1)
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OT
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OT
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2T (x1, x2, x3) = ϕ(x1, x3, x2) + ϕ(x2, x3, x1)
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Modeling the Diquarks
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Scalar diquark I: the point-like case

γ · n

Quark propagator:

S(q) =
−i/q + M
q2 + M2

Bethe-Salpeter amplitude (1 out of 4 structures):

Γ0+
PL(q,K ) = iγ5CN0+

This point-like case leads to a flat DA:

φPL(x) = 1
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Scalar diquark II: the Nakanishi case

γ · n

Quark propagator:

S(q) =
−i/q + M
q2 + M2

Bethe-Salpeter amplitude (1 out of 4 structures):

Γ0+
PL(q,K ) = iγ5CN0+

∫ 1

−1
dz

(1− z2)[(
q − 1−z

2 K
)2

+ Λ2
q

]
The Nakanishi case leads to a non trivial DA:

φ(x) ∝ 1− M2

K 2

ln
[
1 + K2

M2 x(1− x)
]

x(1− x)
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Scalar DA behaviour

φ(x) ∝ 1− M2

K 2

ln
[
1 + K2

M2 x(1− x)
]

x(1− x)

Scalar diquark

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

1.2

1.4

ΦHxL

Asymptotic

K^2 = 4M^2

K^2 = 16 M^2

Pion

0.0 0.25 0.50 0.75 1.0
0.0

0.5

1.0

1.5

x

Φ
Π
Hx
L

Pion figure from L. Chang et al., PRL 110 (2013)

This extended version of the DA seems promising!
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AV diquark DA

γ · n σµνnν

Quark propagator:

S(q) =
−i/q + M
q2 + M2

Bethe-Salpeter amplitude (2 out of 8 structures):

ΓµPL(q,K ) = (N1τ
µ
1 + N2τ

µ
2 ) C

∫ 1

−1
dz

(1− z2)[(
q − 1−z

2 K
)2

+ Λ2
q

]
τµ1 = i

(
γµ − Kµ /K

K 2

)
→ Chiral even

τµ2 =
K · q√

q2(K − q)2
√

K 2

(
−iτµ1 /q + i/qτ

µ
1
)
→ Chiral odd
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Comparison with the ρ meson

AV diquark

0.0 0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

1.2

1.4

ΦHxL

Τ2 DA

Τ1 HAsymptoticL DA

ρ meson

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

 

x

 longitudinal part
 transverse part
 transverse part with only a2

 pion
 asymptotic

ρ figure from F. Gao et al., PRD 90 (2014)

Same “shape ordering” → φ⊥ is flatter in both cases.
Farther apart compared to the ρ meson case.
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Modeling the Faddeev Amplitude
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Faddeev Amplitude

Scalar case:

s1(K ,P) = N1

∫ 1

−1
dz

(1− z2)[(
K − 1−z

2 P
)2

+ Λ2
N

]

AV case (2 out of 6 structures):

Aµ(K ,P) =
(
γ5γ

µ − iγ5P̂µ
)∫ 1

−1
dz

(1− z2)[(
K − 1−z

2 P
)2

+ Λ2
N

]
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Results in the scalar channel
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Comparison with lattice I

< xi >ϕ=
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Dx xiϕ(x1, x2, x3)
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Asymptotic Value

Lattice data from V.Braun et al, PRD 89 (2014)

G. Bali et al., JHEP 2016 02
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Complete results for ϕ

We use the prediction from the Faddeev equation to weight the scalar
and AV contributions 65/35:
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Comparison with lattice II
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Comparison with lattice III
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The Roper Resonnance
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Extension to the Roper

Everything done before can actually be extended to the Roper case.

The only difference holds in the Faddeev amplitude model.
In particular in the Chebychev moments:
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figures from J. Segovia et al.,PRL 115 (2015)

This behaviour can be obtained by adding a zero in the Faddeev
amplitude through:∫ 1

−1
dz

(1− z2)[(
K − 1−z

2 P
)2

+ Λ2
N

] → ∫ 1

−1
dz

(1− z2)(z − κ)[(
K − 1−z

2 P
)2

+ Λ2
R

]
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This behaviour can be obtained by adding a zero in the Faddeev
amplitude through:∫ 1

−1
dz

(1− z2)[(
K − 1−z

2 P
)2

+ Λ2
N

] → ∫ 1

−1
dz

(1− z2)(z − κ)[(
K − 1−z

2 P
)2

+ Λ2
R

]
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Scalar and AV components
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Complete results for ϕR
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Summary of Chapter 1

Both nucleon DAs ϕ and T can be described using a quark-diquark
approximation.
We show how the diquark types and diquarks polarisations were
selected.
The comparison with lattice computation explains how the different
diquarks contribute to the total DAs, and the respective sensitivity of
the latter to the AV-diquarks.
The comparison with the lattice data is encouraging.
It is possible to extend the work on the nucleon to the Roper case.
In the Roper case, the results of individual diquarks contributions seem
to be consistent with a n = 1 excited state.
Working on an Evolution code.
Computations of the Form Factors are in progress.
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Chapter 2:

Generalised Parton Distributions

and Lightfront Wave Functions

N. Chouika, C. Mezrag, H. Moutarde, J. Rodriguez-Quintero
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A quick reminder on GPDs

Generalised Parton Distributions (GPDs):

I are defined according to a non-local matrix element,
I depend on three variables (x , ξ, t),
I can split in terms of quark flavour and gluon contributions,
I can be related to the 2+1D parton number density when ξ → 0.
I are univeral, i.e. are related to the Compton Form Factors (CFFs) of

various exclusive processes through convolutions:

H(ξ, t) =

∫
dx C (x , ξ)H(x , ξ, t)
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A quick reminder on GPDs

Generalised Parton Distributions (GPDs):
I are defined according to a non-local matrix element,

1
2

∫
e ixP+z−

2π
〈P +

∆

2
|ψ̄q(−z

2
)γ+ψq(

z
2

)|P − ∆

2
〉dz−|z+=0,z=0

=
1

2P+

[
Hq(x , ξ, t)ūγ+u + Eq(x , ξ, t)ū

iσ+α∆α

2M
u
]
.

1
2

∫
e ixP+z−

2π
〈P +

∆

2
|ψ̄q(−z

2
)γ+γ5ψ

q(
z
2

)|P − ∆

2
〉dz−|z+=0,z=0

=
1

2P+

[
H̃q(x , ξ, t)ūγ+γ5u + Ẽq(x , ξ, t)ū

γ5∆+

2M
u
]
.

D. Müller et al., Fortsch. Phy. 42 101 (1994)
X. Ji, Phys. Rev. Lett. 78, 610 (1997)

A. Radyushkin, Phys. Lett. B380, 417 (1996)

4 GPDs without helicity transfer + 4 helicity flip GPDs

I depend on three variables (x , ξ, t),
I can split in terms of quark flavour and gluon contributions,
I can be related to the 2+1D parton number density when ξ → 0.
I are univeral, i.e. are related to the Compton Form Factors (CFFs) of

various exclusive processes through convolutions:

H(ξ, t) =

∫
dx C (x , ξ)H(x , ξ, t)
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Generalised Parton Distributions (GPDs):
I are defined according to a non-local matrix element,
I depend on three variables (x , ξ, t),
I can split in terms of quark flavour and gluon contributions,
I can be related to the 2+1D parton number density when ξ → 0.

M. Burkardt, Phys. Rev. D62, 071503 (2000)

0.

0.5

1

-0.5

0.

0.5

b
¦

M

0.

0.5

1.

1.5

2.

q Hx, b
¦
L

M2

x

Pion GPD in Impact
parameter space from:
CM et al., Phys. Lett. B741,
190-196 (2015)

I are univeral, i.e. are related to the Compton Form Factors (CFFs) of
various exclusive processes through convolutions:

H(ξ, t) =

∫
dx C (x , ξ)H(x , ξ, t)
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GPDs: Theoretical Constraints

Polynomiality Property:

∫ 1

−1
dx xmHq(x , ξ, t) =

[m
2 ]∑

j=0

ξ2jCq
2j(t) + mod(m, 2)ξm+1Cq

m+1(t)

Lorentz Covariance

Positivity property:
Positivity of Hilbert space norm

Support property:
Relativistic quantum mechanics

Soft pion theorem (pion GPDs only)
Dynamical Chiral Symmetry Breaking
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Polynomiality Property:
Lorentz Covariance

Positivity property:

∣∣∣∣Hq(x , ξ, t)− ξ2

1− ξ2 Eq(x , ξ, t)

∣∣∣∣ ≤
√√√√q

(
x+ξ
1+ξ

)
q
(

x−ξ
1−ξ

)
1− ξ2

A. Radysuhkin, Phys. Rev. D59, 014030 (1999)
B. Pire et al., Eur. Phys. J. C8, 103 (1999)

M. Diehl et al., Nucl. Phys. B596, 33 (2001)
P.V. Pobilitsa, Phys. Rev. D65, 114015 (2002)

Positivity of Hilbert space norm

Support property:
Relativistic quantum mechanics

Soft pion theorem (pion GPDs only)
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GPDs: Theoretical Constraints

Polynomiality Property:
Lorentz Covariance

Positivity property:
Positivity of Hilbert space norm

Support property:
x ∈ [−1; 1]

M. Diehl and T. Gousset, Phys. Lett. B428, 359 (1998)

Relativistic quantum mechanics

Soft pion theorem (pion GPDs only)
Dynamical Chiral Symmetry Breaking
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GPDs: Theoretical Constraints

Polynomiality Property:
Lorentz Covariance

Positivity property:
Positivity of Hilbert space norm

Support property:
Relativistic quantum mechanics

Soft pion theorem (pion GPDs only)
M.V. Polyakov, Nucl. Phys. B555, 231 (1999)

CM et al., Phys. Lett. B741, 190 (2015)

Dynamical Chiral Symmetry Breaking
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Hadrons seen as Fock States

Lightfront quantization allows to expand hadrons on a Fock basis:

|P, π〉 ∝
∑
β

Ψqq̄
β |qq̄〉+

∑
β

Ψqq̄,qq̄
β |qq̄, qq̄〉+ . . .

|P,N〉 ∝
∑
β

Ψqqq
β |qqq〉+

∑
β

Ψqqq,qq̄
β |qqq, qq̄〉+ . . .

Non-perturbative physics is contained in the N-particles
Lightfront-Wave Functions (LFWF) ΨN

Schematically a distribution amplitude ϕ is related to the LFWF
through:

ϕ(x) ∝
∫

d2k⊥
(2π)2 Ψ(x , k⊥)

S. Brodsky and G. Lepage, PRD 22, (1980)
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GPDs as overlap of LFWFs
DGLAP: |x | > |ξ|

Same N LFWFs
Truncation unambiguous

ERBL: |x | < |ξ|

N and N + 2 LFWFs
Ambiguity in truncation

LFWFs formalism has the positivity property inbuilt but polynomiality is
lost by truncating both in DGLAP and ERBL sectors.

Covariant extension of the DGLAP region (see Nabil Chouika talk).
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Chapter 3:

The Project

B. Berthou et al. arXiv:1512.06174
Will be updated soon
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Why PARTONS?

From GPDs to observables
I Flexibility in the choice of models
I Flexibility in the scale of GPDs (evolution)
I Computation of CFFs
I Flexibility in the choice of pertubative approximation (αs)
I Flexibility in changing twist approximations (1/Q)
I Computations of a given set of observables

PARTONS contains the tools to compare your GPD model to available data

From observables to GPDs:
I Flexibility in the choice of observables
I Extraction of CFFs
I Flexibility in changing twist approximations (1/Q)
I Extraction of GPDs from CFFs at a given scale (evolution)
I Flexibility in the choice of pertubative approximation (αs)

PARTONS allows you to extract GPDs from your favourite data set.
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Recipes on xml
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Provided Examples

At GPD level:
I How to get a given set of GPD at one defined (x , ξ, t, µR , µF )

kinematics
I How to get a list of results from a file containing multiples kinematics.
I How to plot the results stored in the data base.
I How to use evolution equations
I How to change integration routines

at CFF level:
I How to get a set of CFF at one defined (xB , t,Q2) kinematics
I How to get multiple results from multiple kinematic stored in a given

file.
I How to plot the results from the database.
I How to change integration routines

at Observable level:
I Same thing than CFF with additionnal angular dependence.
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A live show
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C++ Users
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Website

www.partons.cea.fr
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A tribute to our postdocs and student

P. Sznajder
NCJB Warsaw

N. Chouika
IRFU/DPhN

L. Colaneri
IPNO
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Conclusion
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Conclusion

Our results on the Baryon PDA are very encouraging within our simple
assumptions as they almost match the lattice one. This bring us
confidence in the computations of LFWFs.
There is now a clear path to compute GPDs fulfilling all the required
theoretical constraints through continuum QCD techniques:

I Solve the Dyson-Schwinger and Faddeev equations
I Parametrise the solutions using the Nakanishi representation
I Project the results to get LFWFs
I Use the overlap representation to compute the GPDs in the DGLAP

region
I Extend to the ERBL region through the Radon Inverse transform
I Use PARTONS to compute observables related to different channel

Even if we know the path, every step remains difficult and technical,
and it will still probably take several years before we achieve it.
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Thank you for your attention
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Back up slides
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Pion distribution amplitude

φAs(x) = 6x(1− x)
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Broad DSE pion DA is much more consistent with the form factor
than the asymptotic one.
The scale when the asymptotic DA become relevant is huge.
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Beyond the Form Factors

The form factor is only the first Mellin Moment of GPDs and GDAs.
The perturbative formula have been generalised to GPDs at large t
and GDAs at large s for mesons and baryons.

M. Diehl et al., PRD 61, (2000) 074029
C. Vogt, PRD 64, (2001), 057501

P. Hoodboy et al., PRL 92 (2004) 012003
B. Pire et al., PLB 639, (2006) 642-651

Can we use our DA models to get relevant
information on GPDs and GDAs for mesons and baryons?
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Issues with the impulse approximation

Violation of Positivity
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These issues might be related, but no solution has been found yet.
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