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Motivation
Our physical space-time = Minkowski space 

LQCD Euclidean space-time: t→-i 

Continuous Bethe-Salpeter/ Dysons-Schwinger for QCD:   
                                                   Wick-rotation k0    → -ik0

E
  

Euclidean & Wick-Rotation ~  k . x → -ik0  -ik0
E

 t

Observables: spectrum and space-like momentum region 

                                                                                   q2  < 0
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Problems:

Observables associated with the hadron structure in Minkowski:

  parton distributions (pdfs) 

  generalized parton distributions 
                                                   

  transverse momentum distributions (TMDs) 

 Lattice QCD 
first moments; Feynman-Hellman (talk by R. Young); 
LQCD quasi-pdfs (talk by M. Constantinou) 
[X. Ji PRL 110 (2013) 262002 
                           see also critique Rossi&Testa PRD 96 (2017) 014507] 

time-like form factors    (q2 >0)  
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Valence Light-Front WF (LFWF)

 basic ingredient in PDFs, GPDs and TMDs 

● not directly obtained by Euclidean approaches. 
 

● Nakanishi Integral Representation (NIR) 
of  the Euclidean BS amplitude 
[C. D. Roberts, I. Cloet and collaborators] 

● Inversion NIR: Carbonell, TF, Karmanov EPJC C77 (2017)  58
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NUCLEON TOMOGRAPHY (Map 3D structure)

DIS (deeply virtual inclusive electron scattering) (PDFs)

DVCS (GPD's)

Semi Inclusive DIS…    
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TMDs  &  PDFs 
FSI gluon exchange: T-odd

DIS
Bethe-Salpeter

 Amplitude @ x+=0 

q+=q0+q3 q--=q0-q3
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Yes!
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Beyond the valence ….
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“Parametric representation for any Feynman diagram for 
interacting bosons, with a denominator carrying the overall 
analytical behavior in Minkowski space” (Nakanishi 1962)

                  Kusaka and Williams, PRD 51 (1995) 7026 

Bethe-Salpeter amplitude

BSE in Minkowski space with NIR for   bosons 

Nakanishi Integral Representation (NIR)
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Carbonell, TF, Karmanov, PLB769 (2017) 418
          Stieljes transform
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131
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Light-front valence wave function: L+ XL

Gigante, Nogueira, Ydrefors, Gutierrez, Karmanov, TF, PRD95(2017)056012.

k
T
)2
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Vertex Form-Factor 

Ladder approximation (L): suppression of XL for Large Nc 
[Alvarenga Nogueira, TF, CR Ji in preparation] 

Carbonell and Karmanov EPJA 46 (2010) 387; 
 de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901

Scalar

 Pseudo-scalar

 Vector

BSE for qqbar: mesons
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Multiplying BSE by Si and taking the trace

BS amplitude

NIR for fermion-antifermion: 0-  (pion) 
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We project onto the null plane

Using the NIR  

System of coupled integral equations

B is the Binding energy

Light-Front projection
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For two-fermion BSE

with j=1,2,3 and in the worst case

Then one can not close the arc at the infinity .

The singularities (power j) does not depend on the NIR

We obtain the singular contribution using 

Yan PRD 7 (1973) 1780

Differently, Carbonell and Karmanov introduced a smoothing 
function to perform the integration (EPJA 46, 387 (2010)).

LF singularities



21



22

Massless vector exchange:  high-momentum tails

Power one is expected for the pion valence amplitude: 

X Ji et al, PRL 90 (2003) 241601. 
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MOCK PION
W. de Paula, TF, Pimentel, Salmè, Viviani

  Gluon effective mass ~ 500 MeV – Landau Gauge LQCD
[Oliveira, Bicudo, JPG 38 (2011) 045003;  
Duarte, Oliveira, Silva,  Phys. Rev. D 94 (2016) 01450240]

 Mquark = 250 MeV
 [Parappilly, et al, PR D73 (2006) 054504]

  Λ/m = 3 and Λ/m = 8
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• A method for solving the fermionic BSE: singularities
LF framework to investigate the fermionic bound state system

• Our numerical results confirm the robustness of the Nakanishi 
Integral Representation for solving the BSE. 

• More realism: self-energies, vertex corrections, Landau gauge,   
ingredients from LQCD….

•  Confinement? 

• Beyond the pion, kaon, D, B, rho…, and the nucleon

•  Form-Factors, PDFs, TMDs, Fragmentation Functions...

Conclusions and Perspectives
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THANK YOU!
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