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DOUBLE BETA DEC#

® nuclear matrix element must be calculated from nuclear
structure model
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® it constitutes of a nuclear transition:
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harmonic oscillator approach
it is as good approximation as well HO approximates a given hamiltonian
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NONLINEAR QRPA
MULTIPHONON

® our goal is to formulate QRPA system which allows for
simultaneous description of states of multiphonon origin
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@ for that the phonon operator must be nonlinear
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novel approach

nonlinear phonon operators have been used to better describe the same-nucleus
excited states
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Closer look to QRPA

Derivation of QRPA starts with...
» the Schrodinger equation

H|n) = Eq|[n)

» The hamiltonian is

where the state |) is the corresponding 'unperturbed’ vacuum.
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Phonon operator in QRPA

...derivation of QRPA continues with...
» introducing the nth phonon operator Q,T, = Q,T,(X(”), Y(”))

Qho) = |n)
Qn[0) = 0

which creates nth excited state |n) from the ground state |0)

» This "QRPA’ equation is fully equivalent to the Schrodinger
equation

(0] [6Q. H, QI]10) = (E, — Eo) (0] [6Q, Q}] [0)

where §Q is some operator.
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QRPApproximation

What makes the QRPA to be an approximation?

1. Truncation of the phonon operator
Qi =Pi(AAT...) — XA — YA standard QRPA
QI =Py(AAT,...) — Q multiphonon approach
2. Approximation of the true ground state
0) = Po(AAT,..) ) — [rpa) =)
— frpa) = NeA))

3. Quasi-boson approximation = violation of Pauli Exclusion
Principle (PEP)

4. Not-satisfying the ground state condition:
Qn [rpa) # 0
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QRPA equation

(0/16Q, H, Qf]10) = (En — Eo) (0 [0Q, Q]] |0)

Example
» phonon operator Qf = XAT— VYA
5Q e {AT A}
» RPA ground state lrpa) = |)

» QRPA equation

(5 5)(F)=@-=(c 5)(7)

A = (rpal [A H, AT] rpa)
B = — (ipal[A H, Al [rpa)
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Can (Q)RPA give us the exact solution?

Yes, of course!

but only for simple models

2 examples in the following
1 example by Jun Terasaki
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exactly solvable model to test quality of our approach

@ pn-Lipkin model [Hirsch,Hess, Civitarese 1996]
it has the structure of the realistic hamiltonian
it is defined on a single J-shell with semidegeneracy £}

Hp =cC + MATA + (AT AT + 44)

where
— — 00
C= Z a;r)mapm + Z ah G 5 At = [a;ail]
m m
satisfying the algebra

(A, AT] =1 - C/(20) [C, AT] = 24T

/ 3 3 ; : 2
Hlparametnzes particle-particle interactions ), = 20 (uzvp + viul) — K/ (udul + vyvy)
‘X parametrizes particle-hole interactions Ao = 20X + K )upvptinvn
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pn-Lipkin model

Hr = eC + MATA + X (ATAT + AA)

» decoupled systems of Q odd and Q even excited states
» finite number of excited states due to the Pauli exclusion principle

AlCo+1) — g
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Marumorl mapping

HF — HB]VI = Z OéijBiBTj
i+j<max
@ bosonic model
It is excellent approximation for first 2() eigenstates

already for max = 4,
for moderate values of &', ¥/, 2,

up to quadratic terms
good approximation only for ) — oo

Hp = (2 + \1)B'B+ X\o(B'B + BB)
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SIMPLISTIC MC

is in fact equivalent to the Harmomc Osc111ator

g=E4E, p=iB3B,
2
P 1 lg.p] =1
Hp = — 4+ —mw?¢? + const. 1
2m 2 Pl C P R AV
mw® = (2e+ A +20)

® it has a text-book solution:

E,— Ey=nE, E=w=/(2+\)? - 4}

'E,

colapse of QRPA
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PN

STANDARD OR

@ define a linear phonon operator

Ql =x,B'-vB

@ set an Ansatz for the ground state
0y = NedB'B ) - A% = /1 4d2

@ annihilation condition determines the ground state parameter
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STANDARD QRPA

RPA equation of motion

(5 4 ) (Gi)-2( 5)(50)

Ay = (0][B, Hg, BY|0) =2 + A1, By =—{0]|B, Hp,B]|0) =2\

@ RPA eq. has an analytic solution

E = JA&2-B
X A1+ E E = \/(26+A1)2—4A%
1= (A1 + E)? - B2 J - (2e+ M) - E
Y,l . —Bl 4A2
(A1 + E)? — B% Exact solution reproduced!

Adam Smetana Nonlinear QRPA 16/28



THE 2ND EXCITED

@ define a nonlinear phonon operator

Q= Xo(B'B! + ) — Ya(BB + ¢»)

@ keep the Ansatz for the ground state

0) = Ne2B'B" ) | N2 = /1 — 4d?

® RPA eq. gets little bit more complicated
./42 BQ X2 - UZ 0 Xz
By A Y, Lo U Y,
A; = (0| [BB, Hp, B'B'|0) , By = —(0|[BB, Hg, BB]|0) , Uz = (0|[BB, B'B']|0)

® annihilation condition

Q2|0>:0 — dg, Co
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L,// A\ ; \

unexpected solutlon

@ an analytic solution is available

d B lzé __(28+)\1)
2 2V X, 4o
o)

2T (22— 1
By = 2y/(2s + M) —4)

RPA ground state and exact solution reproduced!
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D EXCITED

Ql = X3(B' + ¢3BY) — Y3(B® + ¢3B)

0) = N BB )

@ follow the same procedure

1,/Y: 264+ N) - F
dz3 = = = 7(€+ 1) d2—11/Y2 d1=1£
X3 4)\2 X2 2X1

- 3(2(12) _ (2d2)
T Rdy)?—1 " Ry -
By = 3/(2e+\)? — 4\

RPA ground state and exact solution reproduced!
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PA FOR EVERY EXCITED STATE

A phonon operator with just two amplitudes X and Y

OR

private to the nth excited state

||rpa> — NedBTBT |>

® where
P =01
n;] B—I—
"= (B2 4 o)
n=3

(
(B™ + 3¢BY)
"=t (B™ 4+ 6¢B™ + 3c%)

(B +10c¢B™ 4 15¢*BT)

(BT6 + 15¢B™ + 45¢* B2 4 15¢3)
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)US DESCRIPTION FOR

JL«E D!(” HT D STATES

@ (dim of RPA matrix)/2 = # of states described

® for simultaneous description of more states we need more
forward and backward amplitudes

e.g.
Q. = X3B™ + X,B! —v3B® + VB

or in general

Mmax

Tmax Z (Xth _ YTB'L) |0> _ NedBTBT |>

=1

Qf

@ it reproduces the correct spectrum of first n.,,x excited states

Bi=i2e+M)2 =403 for =1, mua
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Q2 = 3 pn-Lipkin model

Hr = eC + MATA + X (ATAT + AA)

E3
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Exact QRPA for 2 = 3 pn-Lipkin model

» we use full basis of operators for both Q and |rpa):

Q135 = X1AT — 1A + XA — Y3A3 + XA — Y5 A°
rpa) = (ag + AT + g AT + a6AT®) |)

» we satisfy the ground state condition:

|
Quzsrpa) =0 = 246 = fra6(X1, X3, X5, Y1, Y3, Y5)0

» we does not make bosonization

» we satisfy the Pauli exclusion principle

We reproduce the exact solution!

Adam Smetana Nonlinear QRPA 23/28



Towards realistic calculation

» truncation of the phonon operator:

Qlis = XAT— VIA+ XA — V343 4 X5AT — ysA°
Ql; = XIAT - ViA + XA — v343
I = XA'— YA « PEP QRPA with Q|rpa) =0

Adam Smetana Nonlinear QRPA 24/28



Energies

j=3/2, =3, 2=4, N=4, x' =0,
' I ' I ' I

10 -

i E5 |
— QI35 QRPA = EXACT

87 |— QI3 QRPA n

| |— Qiqrea ]

En - E0

kappa’

No colapse in the range of x’ ~ 1.0
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Beta transitions

j=3/2, =3, 2=4, N=4, x' =0,

B = (rpal [, B_]Irpa) ,  B_ = VEUupvaAl + unvpAl

T T T
L5 _
B1
e — Q135 QRPA = EXACT
£ | |— QI3QRPA _
B — QI QRPA
£
=
Nt i
2 B3
0.5
L]
0 L L | L
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kappa’
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Conclusions

v

Quality of QRPA approach depends on choice of Q and |rpa)

For simple models with small configuration space the exact
solution from QRPA is accessible

For realistic calculation the configuration space must be
truncated or approximated for both Q and |rpa)

We want to go beyond the truncation of the level of linear
phonon operator by including non-linear terms

We have demonstrated the improvement from the phonon
operator already with the next-order nonlinearities

Our goal is to formulate and solve the realistic QRPA system
with nonlinear phonon operator relevant for Ov33

We are now trying to understand the difficulties in numerical
calculations
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Towards realistic calculation

» hamiltonian

H= geaa,—i— E ,j7k/aaa,ak

ijkl
» phonon operator
T _ k
k = Ck+ Z ha ap + Z XP1h1P2hza;rilahla;r722h2
(p1h1)>(p2h2)
k T T
+ Z Y hahap + Z YP1/"1P2h2 Fp,9p23p, 9y
ph (p1h1)>(p2h2)
» ground state
1
[rpa) = N P [ Z Cplhlpzhzazlahla};ahz
(p1h1)>(p2h2)
+ Z CP1h1P2h2P3/"3a;rzl am a;ryg ahy 32;2 ah, D
(p1h1)>(p2h2)>(p3hs)
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