Description of few-nucleon collisions

by EY eq’s approach
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Introduction

Collistons How to take care of the bowndary condition?
* In conflguration space wave v Conceptual difficulties to uncouple
fuwctwms extendl to M{MUCU! O(L{—feremt PO vtlele chanmel, to constrain

assymptotes of the solutions in all
divections and thus get unioue (ph@gécat)
solution to the Schrodinger eq.

*  nereasingly complex asymeptotic
behaviour for A>2 systems!!

¢ ( 2 o ® * [tis ok, as long as there Ls single
particle channel (elastic plus target
excltatlong)
®e
. Matmmaticm% (LL-conditloned
P o — problem whew several particle
® channels are open

v Faddeev-Yakubovsky equations
efficlently separates asymeptotes of the
béma% channels

L. D. Faddeev, Zh. Eksp. Teor. fiz. 39, 1459 (1960,). [Sev. Phys. JETP 12, 1014(1961)].
0. A. Yakebovsky, Sev. J. Muel. Phys. 5, 937 (1967)).

3



http://www.krys-delanne.com/photos/tele3.jpg
http://www.krys-delanne.com/photos/tele3.jpg

Faddeev-Yakubovsky eq

3-body 4-body
(Faddeev eq.) (Faddeev-Yakubovsky eq )
2 1

3
\>/ b1y = GoVigW \>>/ \</
3 2
1
K-type H-type
Qo3 = GolVozW (12 componen‘rs) (6 componen‘rs)

bk = GoVi¥
1 =2
2\>/ Kiii = GijVij(bjx + du);  Hi = GijVijbra
$31 = GoV31¥Y
Kl
V=12 + P23 + P31 ¥ Z¢‘J Z( actKij + Hi
i<j i<j

Equations for short-ranged pairwise interactions
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5-body Faddeev-Yakubovski eq

Ti2.3

= Vig (Kizp + Koy + K734 + K35 4 +KT5 4 + Koz
+T13,4 + T34
+Hi3 + Hag + Stz +Sp3 + Fis + Fo3)
(E—Ho—Vio)Hiy = Via (H3] + K34 +Kgpp + K3, 1+K3, 5
+T34,1 + T34,2)
(E—Ho—Vi2)Tiaz = Via(Tizo+ Tass

(E—Ho—Vi2) Sy = Vio (Fai +Sai + 837
+F3; + Fas
+Hzg + H31)
(E—Ho—Via) Fis = Via (831 +Kiys5+K3y5+ Taus)
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Faddeev-Yakubovsky eq

Ti2.3 S
Merits:

v Handling of symmetries

v Boundary conditions for binary channels

v’ Easy reduction to subsystems

Price Problem Number eq. Number eq.
v OVEr oM _P L e it 6 (identical particles) (different particles)

A=2 1 1

A=3 1 3

A=4 2 18

A=H5 5 180

T T A6 T T T T T lam — = | 27000 T T T
A=N N!(N — 1)! 0
T gN-1 )WL waaterhouse : « Pandora »
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5-body Faddeev-Yakubovski eq

NUMERICAL SOLUTION

*R.L., PhD Thesis, Université Joseph Fourier, Grenchle (2003,

* PW decomposition of the components K, H,T,S,F

* Radial parts expanded using Lagrange-mesh method

D. Baye, Physics Reperts 565 (2015 1

* Resulting linear algebra problem solved using tterative methods

* Observables extracted using tntegral velations

7



Numerical costs

Problem Number eq. Number eq. PW basis. Radial
(ident particles) (diff. particles) disc.
2N 1 1 2 ~N
3N 1 3 ~100 ~N?2
4N 2 18 ~104 ~N3
NUMERICAL SOLUTION 5N 5 180 =l{F ~N*

*R.L., PhD Thesis, Université Joseph Fourier, Grenchle (2003).
* PW decomposition of the components K, H,T,S,F

* Radial parts expanded using Lagrange-mesh method
D. Bage, P"\gsics Reports 565 (2015) 1
* Resulting linear algebra problem solved using iterative wmethods

* Observables extracted using tntegral velations
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Short overview of nuclear problems by FY eq’s
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"o o FIG. 5:  (Color online) Differential cross sections (upper panels) and proton analyzing powers A,p (lower panels) for p-*H
M' Viviani et elastic scattering at E, = 2.5, 3.5, and 4.15 MeV proton energies obtained using the N3LO500 potential. The lines show the
results obtained using the AGS (blue solid lines), FY (red dot-dash lines), and the HH (green dashed lines) methods. In many
cases, the curves overlap and cannot be distinguished. The experimental data in panel (a) are from Refs. [36] (circles) and [35]
(squares), in panel (b) from Refs. [36] (circles), [39] (squares), and [40] (triangles), in panel (¢) from Refs. [41] (circles) and [40]
(squares), and finally in panel (f) from Ref. [41] (circles).
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5N problem: n-*He scattering

MT I-lll S-wave potential
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n-*He scattering

120_ I AAI‘AAA‘AAAAA“‘AAI A AI A AI I I 7]
J AAA A X & TN i A
904 . * 2p -
] . A X A 3/2)
_ N = X _
60 A A « ° Do I
30 & a4 e ’p |
/ - ¢ ..o' —
< {1 Aees ) 12
Yo O JestsctennD * o A N3LO Idaho
< AV18 _
IO{W/IO NB‘ g--. O INOY L T 11 L
-30 - 'Q-..g_ . i
120 F o . 2. 2g | ]
: _T _________ _60_ ....S< . .Q 1/2_
I " L] " - —]
90 j 1 i " . Q o _
o0 60 I : e -90 I I I I I I I I I —_ = ]
g ooty e 0 M ¥ ]
= [ E _(MeV) :
8 30} cm .- e
. i o U u B AVIS+UIX |
_am 0 s [ ® AVIS#IL2 |
? o — R-Matrix
= i :
2, -30 I 60
-60
i 30
_90 i 1 1 I 1 1 I I 1 I I 1 | I P - |
D 4 8 12 16 0 I T | I I | I T | I T 1
. center-of-mass energy [MeV] 0 1 2 3 4 5
LEIY E_. (MeV)
P. Nawafﬂ, INT, Nuclear phs'vcs from Lattice GCD, March 21 - May 27, 2016 K.M. Nollett et. a]., P‘wgs.Rev,Leﬂ,??:OZZSOZ,ZO(ﬁ

R. Lazauskas



http://www.int.washington.edu/PROGRAMS/16-1/

n-3H total cross section

2.5 ' '
2.0
3 151
g
o}
1.0 —— MT Il
—a— Av.18
o54 v Av.18+UIX
""" +— INOY
0.0 ———— - -
0.01 0.1 1 E (MEV)

R. Lazauskas

I-N3LO+3BF(N2LO)

--¢-NLO
==~ Av.18+UIX ]
-+ INOY
1.0 ——r —
0.1 1 E (MeV)



Contents

* Solution of the 3-5 body Faddeev-Yakubovsky equations
for nuclear systems

* Application of the complex-scaling method to solve
complicated scattering problems using trivial boundary
conaditions

R. Lazauskas



Introduction

Collistons What to do?

I conflguration space wave Toke cave of the boundary condition
functions extend to infinity!

v Faddeev-Yakubovsky equations
ncreasingly complex assymptotic efficlently separates assymptotes of the

behavior for A>2 systems!! binary channels

Py ° BUT

O O , ,

v Nuniber 0{ the veactlon channels tncreases
mpio(tzd with A

¢ ® v’ Bven for 2-body) systems there may) exist
®9 Lnfinite number of binary channels
e+ H—->etH(W=1,2,...,0)

v Complex behavior of the breakup
aggg mptot@g

FIND SOME TRICKS TO AVOID
PROBLEMS AT BOUNDARY'!

14
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A dream: to solve scattering problems with a similar ease as bound state one
(avoiding complex singularities or boundary conditions)

A. Delrava, RL. et al,/PHP 74 (2014)

e “Calculable” R-matrix .,. wigrer, Phys. Rev. 70 (1946) 15; P. Descowvement, D. Baye, RPP 73 (2010, 636301,
* Lorentz integral transform v. o s, w. Leiderarr, and G. Orlrdini, Phys. Rer. Letr. 78, 4015 (1997,

* Complex energy method £ A #csuals ard J. #utesl, 7RL 25 361 (1969) (confiy. space): & Umu, K. Kamach, and V. Koike,
Phys. Rev. C 66, 061001 (2003).; A. Deltra and A. C. Forseca, /hys. Rev. C 88, 011001(2012).

* Momentum lattice technique o. A Rtscra, v. 4. Pemerartser, and V. 1. Kuklir, Phys. Rer. C 78, 064602 (2009).
e Continuum discretization A. Kewst, 1. Vaiari, and L. & #arcucei, Phys. Rer, C 85, 014001 (2012),
* Complex scaling method & Giau, Kkato ard A. ohrishi, T. of Phys. A37, 11575 (2004) (passing via spectral function);

Y. Suzubi, W.Horiuchi, D.Faye, TP 123 (2010, (}Jassr'ny via spectral function): A. T Kruppa et al., /hys. Rev. C 75 (2007);
RL &J. Carborell Phys. Rer. C. 84, 054002 (20171,



Complex Scaling: resonances, reactions & bound states in an unified formalism

In Quantuwm-Mechanics problem of N-particle dynamics may be often
formulated in time-inaependent formalism and for the wave functions
whese asymptotes contain only nontrivial outgolng waves

(Esc — Hy — Z Vij(rij)> Y(ry) =50y) ki

i>j

*  Bound state problem: S(r;) = 0 B. States
Scattering
o wResonances: S(ry) =0 %
R
*  Reactlons due to external probe: S(p > ) =0 Resonances -
kTES = kR - lkI: |kresle Hires
P(p > o) o et

o Collistons: S(r;) =0

Pee(p > @) & Yin(r) + ) Ac(Re) eflielr



Complex Scaling: resonances, reactions & bound states in an unified formalism

R Hartree , J.G. L. Michel. P. Mieolson /7?45)
T Wattal ard K. L. Coben, Phus. Rev. 188 (1989) 1542

Complex sealing Rills outgoing waves in the assywptote

r—re' Y (p - ) x eikarxe’ = el.erxcm@




Complex Scaling: resonances, reactions & bound states in an unified formalism

In Quantuwm-Mechanics problem of N-particle dynamics may be often
formulated in time-inaependent formalism and for the wave functions
whese asymptotes contain only nontrivial outgolng waves

(Esc — Hy — Z Vij(rij)> Y(r;) =S(r;)

i>]

*  Bound state problem: S(r;) = 0
o wResonances: S(ry) =0

, _ Vﬁ%
*  Reactlons due to external probe: S(p — oo &

Y(p = ©) gthxTx

o Collistons: S(r;) =0
Pee(p = @) & YT + ) A (k) eflielr
Diverges €



Complex Scaling: resonances, reactions & bound states in an unified formalism

R. Hartree, ).&. L. Michel, P. Nicolson (194&)
. Nuttal and H. L. Cohen, Phys. Rev. 188 (1969) 1542

Complex scaling Rills outgoing waves tn the assymptote

r__>rei9 ¢~ (p N OO) o eierxeie _ eierxcos@ exp. bound '!{ 0<B<m

*  Schrbdinger equation in a driven form:

r¥(r) = F, in(r) + F; Sc(r)

h2< d? l(l+1)_k2>F in(r)_o
l —

21  dr? r2
%(_ dd:Z + l(l:;l) +V,(r) — kz) F, sc(r) —V,(r) F, in(r)
Complex sealing r—re'"
(s + 4 ) - )

exp. bound ](or ﬂne short
range pot. term Vs



Complex Scaling: guide for pedestrians

* Solution (using standard bound state techniques)

1. Expand c.s. outgoing wave in your favorite basis

N Complex coefficients
Gy SC -
P (r) = E ¢ Pi(r)
i=1 square integrable basis functions

2. Convert c.s. Schrodinger equation into linear algebra problem

(r)dr: h? d? I(1+1 i =~ ¢ S fvni in gy
.f Vi 2u\ e¥?dr? + e(2i9r2) +V (re'”) —k* W (r) = -V (re") ¥ (re")
j=1,..N

Hjici = b;

4.  Solve linear algebra problem to determine coefficients c;
i.  Spectral expansion (Y.Suzuki, W.Horiuchi, K. Kato): determine all
eigenvalues/eigenvectors limit 10° basis st.
ii.  (lterative) linear algebra methods upto 1010 basis st.

5.  Extract scattering observables from obtained solution(s) :



Review of the method*

+  Complex scaling method is very functional, adaptable to almost any b.s. technique.
Already successfully applied using:
v’ Spline basis
v Laguerre, HO, Gausstan, correlated Gaussian, Stwrmian basts functions
v Lagrange mesh wmethod
T. Myo, Y. Kikuchi, and K. Katd, Phys. Rev. C 85, (34338 (2012) , Attila Csét, Phys. Rev. C 49, 2244 (1994 ), B. Guarmati and A. T. Kruppa, Phys. Rev. C 34, 95
(1986)

* External probes
v 2-body, =-body,4-body systems, including repulsive Coulomb
T.M, K. Kate, S. Aeyara and K. Tkeds PRCE3(2001) 054313, T.Mye, K. Kate, H. Teki, K. Tkeds, PRCT6(2007) 024305

 Collisions, demonstrated to work for:

2-body collisions tncluding Coulomb interaction, Optical potentials, rinpct@wtéms with n=4
2-body scattering including the break-up

2-body scattering tncluding non-local, Optical potential, attractive/vepulsive Coulomb interactions
2-body break-up anmplitude for n-d § p-d scattering

4-body scattering tn 4N systems, including Coulomb

DN NI NI NN

RL &J. Carborell Phys. Rev. C 8%, 034002 (2011): A Deltwa, RL., A.C. Forseca, “Clusters in Nuclei Vol.3 -LNP 875, 1 (2013); A. Delrwa, RL. et al.,/PHP
74 (2014) : RL., Phys. Rer. € 21, OK1001(R) (2015)),..

R. Lazauskas



n-d scattering for MT I-III potential

TABLE V: Neutron-deuteron *Sy break-up amplitude calculated at Ej,,=42 MeV as a function of the break-up angle .

L=}
[

10° 20° 30° 40° 507 60° 70° 807 00"
This work Re("Sy)  1.49[-2] 8.84[-4] -3.40[-2] -3.33[-2] 7.70[-2] 2.52[-1] 447[1] 6.47-1] 6.30F1]  1.62[-1]
This work Im(*S1)  1.69[0] 1.74[0] L.87[0] 1.92[0] 1.80[0] L.G8[0] 1.70[0] 1.96[0] 2.23[0] 3.17[0]
Ref. [23] Re("Sy)  1.48[-2] 9.22[-4] -3.21[-2] -3.09[-2] 7.70[-2] 2.52[-1] 451F1] 6.53[-1] 6.93[-1  1.05[-1]
Ref. [23] Im(*S4) 1.69[0]  1.74[0] L.87[0] 1.92[0] 1.80[0] L.67[0] 1.70[0] L.95[0]  2.52[0] 3.06[0]

/(’e/{[Z;]I L. Friar et al.:, /)/ys, Rev. C 57 /7?95/ 7356,



‘H+?Cop+13C scattering within 3-body model
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p-°He scattering/realistic NN interactions

T T T T
INOY AV18 0.8

= = Deltuva = = Deltuva
—— This Work —— This Work
=100
(2]
2 0.41
E .
<
g 104 0.0
O
o
E =30 MeV 04 =% E =30 MeV
14 ° E . p
0 30 60 9 120 150 180 30 60 90 120 150 180
c.m. 0

"A. Deltwva and A.C. Forseca, /) bys. Rev. CE7 /Z' 073) 054002
“Cop: BT Mudoch et al., Phus. Rev. C21(1964) 2001 J. Eirchall, Phys. Rev. C29(1964) 2009,

ptpt ptpt
p+°He 2H  n+p
vy,
0 55 7.7 g(z)g Ecm (MeV)

E, (MeV)



V (MeV)

100
120

R. Lazauskas

* C.S. outgoung waves asymtoticaly converges os e
¢ sSlow comvergence for small ke, difficulties tn close-threshold reglon

© convergence Ls faster for Large 0
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Conclusion

* FY eq. formalism remains reference in few-body scattering calculations. Four-nucleon
scattering problem approaches fixed status. The first solution of 5-body FY equations is
presented.

* At the same time several promising methods emerge to solve scattering problems
based on trivial boundary conditions.

*In particular, complex-scaling method has been revived in nuclear physics.
This method enables to solve few-body scattering problem employing standard
bound state techniques (feasible by almost any config. space bound state
technique and requires very limited effort to be implemented)

* Simple extension of the formalism to many-body scattering case

* Very accurate results are already obtained for 3-body and 4-body elastic and

breakup scattering
Acknowledgements: The numerical calculations have been performed at IDRIS (CNRS, France). We
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