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Principle of R-matrix methods

Calculable
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Phenomenological
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Nuclear physics:
Resonances
Fit of cross sections

Atomic physics

Nuclear physics

Many misconceptions !



Short history of R-matrix methods

Phenomenological R matrix

- Fit of resonances (Wigner and Eisenbud 1947)
- Fit of low-energy cross sections
- Mostly used in nuclear physics (Lane and Thomas 1958)

Calculable R matrix

- Numerical solution of Schrodinger equation

- Convergence problems — Buttle correction (1967)
- Use of Bloch operator (Bloch 1957)

- Mostly used in atomic physics

- Convergence problems due to use of a common boundary condition

for all basis states — solved by bases without that constraint
(also valid for Dirac equation)

Review: P. Descouvemont, D.B., Rep. Prog. Phys. 73 (2010) 036301



Some key steps

1938: original but not practical idea by Kapur and Peierls

1947: (Phenomenological) R matrix (PRM) introduced by Wigner and Eisenbud
1957: Bloch operator

1958: Rev. Mod. Phys. paper on PRM by Lane and Thomas

1965: idea of Calculable R matrix (CRM) by Haglund and Robson

1967: first application of CRM by Buttle

1973: introduction of CRM in atomic physics by Burke

1974: microscopic R matrix (D.B. and Heenen)

1976: propagation (Light and Walker)

1994: CRM on a Lagrange mesh (Malegat)

But many misunderstandings till now

- Choice of channel radius (PRM versus CRM)
- Choice of boundary condition parameter

- Choice of basis in CRM

- Utility of Bloch operator (underestimated)



Calculable R matrix

Principle for Schrodinger equation:
Division of the configuration space into two regions at channel radius a

Internal region External region

1% V=1,

0 p "

e internal region: r<a
expansion of solution of Schrodinger equation on [0, a] interval
with N (not necessarily orthogonal) basis functions

mt
;™ ( Z iP5

e external region: r > a
exact asymptotic expression for Coulomb potential V.

us* (r) = cos & Fi(kr) + sin oy Gy kr)



Schrodinger equation for Ith partial wave

2/ 9
(H; — E)u; =0 Hy =1+ V(r) 1T = I i L + D
2u \ dr? r?

Bloch operator
— H, not Hermitian over finite interval

2
£B) = =50 — a) ( ‘_ E)

( _
21 dr 7

— H, + £ Hermitian over (0,a)
— and more...
Bloch-Schrddinger equation
(H, + L(B) — E)u™ = L(B)uf™

Continuity u™(a) = uf(a)

- /
Important role of Bloch operator ;" (a) = u;™" (a)



Calculation of R matrix u™(r) =) cjp4(r)

N
(Hi+L(B) = E) Y ¢jp,(r) = L(B)ui(r)
Matrix elements (integral from O to a)
Cy(E.B) = (@i|Ti + L(B) +V — Elp;)

Internal solution
hZ

.. - ext/ ext
;Ow(E?B) 2 2#&*9@( ){aul (a) — Bui™(a )}
c; = I {a uX"(a) — But™(a } i 0
! 2,ua : pat )ii i
Continuit
y U?Xt(a- _ U}nt a ZCJQJ
R matrix
R 1
( Qﬂa 2‘}2:1 \’D 5“1‘93( )

u(a) = Ry(E, B) [auf™ (a) — Bug*(a)



Interpretation of R matrix

aut" (a 1 1
,l " ( ) — + B — T
U'f\ ((I) H((E B) R[(E (])
— inverse of logarithmic derivative at channel radius
— calculated in the internal region
— used in the external region to determine the phase shift

— depends on channel radius

Phase shift o™ (r) = cos o Fi(kr) + sino; Gi(kr)
~ hi(ka) = kaRy(E,0)F/(ka)
Gi(ka) — kaR)(E,0)G)(ka)

tand; =

— independent of B !
— weakly dependent on a (if a large enough)

Calculable / phenomenological R matrix

7] 2 N . N - 9 E
R(E,B) = — pi(a)(Cipi(a) =Y =
! | = (@C Jigeale) i Eu—E
CRM PRM

N =10 N<3
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2 parameters per resonance

a=4-6fm

PRM example:

12C + p below 2 MeV
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Cross section fitted between resonances!
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Various misconceptions about CRM

e Depends on the channel radius!

The independence on the channel radius is a test of accuracy

- ,J_'

e Choice of basis functions — basis states must satisfy: “:’:J{_ﬁ)
(see Wigner and Eisenbud) pila)

Wrong !: lim u}“tf{r) — u.fx“{n) + u}“ti(n)

r—a

On the contrary, basis functions must provide a variety of values

e Bloch operator is not really necessary!

- restores Hermiticity

- Imposes the continuity of the logarithmic derivative
(Wigner-Eisenbud condition unnecessary)

e Optimization of boundary parameter B

1 1
Useless ! The result not nd on B: — B
e results do not depend o RED)  R(E.D) +




Matching at the boundary: Lagrange and sine bases

Ug(r) (fm™")

a + 3He potential, s wave, E = 8 MeV
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— indistinguishable
from exact solution

(r) = sin[(j — Yymr/a
wila) _
“?"j{“)

— bad matching,
— poor phase shift



Lagrange-mesh simplification

Lagrange mesh and Lagrange basis
N mesh points x; associated Wlth Gauss quadrature

b
[ (x deZ)\LLJIk

k=1
N functions f;(x) satisfying Lagrange conditions
fia) = A2,
Lagrange functions orthonormal at the Gauss approximation

b N
/ filz) fi(x)de = Y Mefi(wr) fi(zx) = 0
a k=1

Potential matrix elements diagonal at the Gauss approximation

fi“ |f_;r Z)\sz (k) (Ik)fj(Igg) = I-?{'.J'!-:I{ﬂ_j-

D. B., P.-H. Heenen, J. Phys. A 19 (1986) 2041
D. B., Phys. Reports 565 (2015) 1



Shifted Legendre mesh
Phr(g;l.'i — 1) = [:'
Regularized Lagrange-Legendre functions over [0,1]

1 — L L/ CEPN(QI — 1)
L — T,

fio) = (0

L
Non-orthogonal but orthonormal at the Gauss approximation

4
.II-J'

2.

-

=
-

Ol I L
I 02 { y’p/ Ny

e

D.B., Phys. Reports 565 (2015) 1



,"!,"."
Internal wave function ™ (r) =Y ¢ fi(r)

=1
Shifted Lagrange-Legendre mesh on [0,1]: Py(2z; — 1) =
Regularized Lagrange basis (treated as orthonormal)

| | 1 — 7 Uer (2r/a — 1)
filr) = (=) (=) .
ar; r— ar;
Matrix elements of H; + L
v RE o l(l+1).
C_Lj — —m (E} -+ I—?OL‘? + VA | (A5 ”

Matrix elements T;; =

Properties:
- no calculations of integrals
- no loss of accuracy due to Gauss quadrature

L.Malegat, J. Phys. B 27 (1994) L691

(fi|T + L| f;) are simple functions of x; and X;

M. Hesse, J.-M. Sparenberg, F. Van Raemdonck, D. B., Nucl. Phys. A 640 (1998) 37

Recent improvement for high | values: Lagrange-Jacobi mesh



Applications

* Resonating-group method (RGM)

« Continuum-discretized coupled-channel
method (CDCC)

* Three-body scattering



Resonating-group method

e antisymmetrized wave functions
e non-local RGM equation (with forbidden states)

2 2 >
{ h ( d= U1+ 1)) 1 p’(r)] w(r) + [n Wi(r, " )w(r')dr' = Ew(r)

200 \ dr? 72

e equivalent to microscopic cluster model (MCM)
+ microscopic R-matrix method (MRM)
D.B., P.-H. Heenen, Nucl. Phys. A233 (1974) 304

o + p scattering (s wave)

E CRM + Lagrange | MCM + MRM
(MeV) | a N o N 0o

| § 10 —15.466 9 —15.482
10 20 —15.4826 | 10 —15.481

100 8 15  21.142 9 21.089
10 25 21.1339 | 10 21.134

M. Hesse, J. Roland, D.B., Nucl. Phys. A709 (2002) 184



Continuum-discretized coupled-channel method (CDCC)

A A,
H = Ho+ T+ Vre (R-Jr?f?") + Vs (R— —T‘) Hy=T,+V.

Continuum represented by square-integrable functions
(pseudostates or bins = averages of continuum states)
CDCC expansion

ll,fjﬂ'fﬁ(R_ r) = L [}E{Elv) X }i(ﬂlﬂ)]iu EIEILT(R) r;ﬁgi{'?‘)

riR
— standard coupled-channels system of equations
[ d® L(L+1)
|:_2J,Ul ((fﬁ)z_ RQ +Eh :| +ZI”E”” U :;(R)—[}

Double use of Lagrange-mesh R-matrix method
- Construction of bins
- Resolution of coupled system of equations

Need for propagation (several intervals, easy with Lagrange mesh)

Application to elastic scattering and breakup
T. Druet, D.B., P. Descouvemont, J.-M. Sparenberg, Nucl. Phys. A 845 (2010) 88

7(r)



c + n+n three-body scattering

1
Hyperspherical coordinates
1
p=dgrn y=\Tra 2
‘ y C
) = \/x? 4+ y? v = arctan —
f Y C "

Qs = (Q,. Q. )

Expansion in hyperspherical harmonics ~ = (Iz,ly, L, S)

T (5, Q5) = p75 3 IR () V()
~K

Infinite system of coupled equations (truncated at K..,)

nto(d? (K +3/2)(K+5/2) T
{_QTT?N (dpz N 192 - E \ ;K ;G' +}(Z—~;1 v, KA ’(JG) XA *’K’(p) =0




N

Lagrange-mesh R-matrix . in(P) Z.:- xili(p)
=1

\::f;rf-.ext('g) = Hy +‘2“"f) )J'Ef"tf'w ‘"jﬁ'ﬁ';.,- - {:Jﬂ e Ko Hf_{HUfﬂ)

Hﬂ?(i) +i(wx )Ug[fh( ) £ Yk ()]

Difficulties

e Collision matrix infinite in principle — many channels after truncation
e Asymptotic at very large distances a (250 — 300 fm)
— propagation:
- internal region from 0 to a, = 25 - 30 fm
- propagation from a, to a
- external region beyond a

Advantages

e Simplicity and accuracy of Lagrange mesh
No integration over the hyperradius

e Small hyperradial basis (N = 30)

e Analytical wave functions available for applications
(breakup)
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E.C. Pinilla, P. Descouvemont, D.B., Phys. Rev. C 85 (2012) 054610



R matrix for Dirac equation

A controversy existed about the accuracy of the R-matrix method
for the Dirac equation. The origin of the problem was the same as
for the Schrodinger equation.

Accurate calculable R-matrix method for the Dirac equation

- Relativistic matrix Bloch operator (3 parameters)

- Use of bases without constraint at boundary

- No restriction on parameters of Bloch operator (contrary to literature)

Facultative simplification:

- Lagrange-mesh technique

- Very simple: no analytical calculation of matrix elements
- Very accurate

Applied to:
- Determination of phase shifts and scattering wave functions
- Determination of bound-state energies and wave functions

D.B., Phys. Rev. A 92 (2015) 042112



Dirac equation

[CO{ . p + 577102 + V(T)}qjmn('r) — (E + ‘TT?,CQ)\Ijmn (T)

L[ P.r)Xem
Wy (1) = r ( 1Qr (1) X =rm )

Dirac spinor

Quantum numbers
P — -~ 1 — 1 e g
J—\h\+§, l—l]+§bgnh,

Coupled radial equations

2 X 2 matrix radial Hamiltonian

V(r) hic (—5 + 1 ) )

H, = ( ﬁC(di+%) V(r) — 2mec?



Bloch — Dirac equations

2 x 2 Bloch operator (no derivative!)

ﬂ 0 1 bi1 D12
ﬁz%h.c(J+B)0(7“—(l-) J:(_l 0) B:(bm )

622

Internal Bloch - Dirac equation

Pmt (7") Pext (7“)
(H + £’ E) ( th(,r.) ) ﬁ( Qext(r) )

External Bloch - Dirac equation
Pext (7”) Pi_nt (?")
H —L—FE ex =L ?n
( (Gt ) =€ Gt
Hermiticity over finite intervals

a

/ (I) (H.+ L) Mdr:/ [(HH+£)<I>H,1]T<I>&Qd?"

0

/ OT(H, — LD, odr = /OO[(HH L), T, odr

G, i(r) = (Pei(r), Quilr)?*



Continuum with R-matrix method:
Short-range potential

Solution in the external region: vanishing potential

P& (r) = Ckrlji(kr) cos o, + ny(kr)sin o,

E i i
Q' (r) = sgn fa;\/ o ome Ckrji(kr) cos 0, + ng(kr)sin d,]
k= \/E(E + 2mc?) /he [ =1—sgnk

Solution in the internal region: expansion over an orthonormal basis

S0 (=1 N) £1(0) =0
. N o | N
PR =Y per) Q)= Y de
P, = (pﬁlvpﬁgv s aph‘:N)Ta q, — (q:"{lz\ Ar2s - - a(Jh:N)T

No constraintimposed atr = a !



Internal Bloch-Dirac equation

Pu(r)\ . ( PoY(r)
(Hit £ E)(@m%r))":(@zm(r>)

Expansion on an orthonormal basis (B = ()

int P\ 1 Q" (a)
(Mﬁ, _EI) ( qmt ) — QhCF( _P::xt(al)

K

Matrix elements

Mint_ Mi?t(l’l) Mi?t(ljg)
i\ pgint(21) 0 p pint(2,2)

int(1,1 in ‘
M = (Vo) MG = (@ilV(r) — 2mcp;)

Myt = el = d/dr + k/r + 35(r = a)li;)

A[mt(z 1) A[mt(l ,2)

K] KJt

Fip=Fyniio = pila), Fio=Fnyir =0, 1=1,...,N



R matrix and phase shifts for B =0

P\ int gy Q" (a)
( ant ) — QhC(Mh EI) F( —PEXE((L)

Continuity PR (q) = P=t(q), Q™ (q) = Q*(a)
Generalized R matrix

PEa) \ oy Q)
Q¥ a) ) T\ =P a)
Ry = theF" (MM — EI)'F
Compatibility det Ry = —1

R matrix P (a) = R,Q (a)

_ Ro11 N Roi2 — 1
Roi2 +1 Ro.22

Phase shift (should be essentially independent of a)

Ry,

N, -
fan 6. = — Jilka) — AR, ji(ka) \ = sk \/

ni(ka) — AR.n;(ka) E 4+ 2mc?



R matrix for arbitrary B

Bloch operator

1 0 1 D11 b2 \| ¢,
L = she K 10 ) +- ( Do Doy o(r —a)

Generalized R matrix . X
R = ’Ra + B

Continuity P*(a) \ P™(a)
( Q2 (a) ) = R+ 5) ( Qo) )

Compatibilit
P 4 (det B+1)detR —TrBR = —1

General forms of R matrix (14 D12)Ri1 + b2aRio
T 1= bRy + (1= b12)Rao
1= (1 +bi2)Ri2 — bRy
bR — (1= b12)Rae

- converges for any B
- speed of convergence depends on choice of B



Lagrange-Legendre basis in internal region:  ¢;(r) = a~/%f,(r/a)

1. . N A
[] filx)V(z)fi(x)de = Y Mefil@n) V(@) fi(2r) = V(24)0;
* k=1
Lagrange-mesh ‘Hamiltonian + Bloch operator’ matrix
U:zl;(l Y= = V(ax;)d;; U:,,Izl;(g ? = [V(ax;) — 2'77102]5ij
int(2,1) 4 sint(1, 2) hC 1. l‘i
T\[hlj o 7uhjfz — <f ‘_517 o 50(2’} o 1)‘fj> T ?J
- | A i T, + T — 20,0
(fil7= = 58(e = DIfy) = (=) T

2\/5{71(1 i) (1 —a;) (@ — ;)

e No calculation of integrals — potential values at mesh points



Examples of phase-shift calculations

Square well

Viir)==Vo, r<a V(@)=0, r>a

Exact R matrix

Ji(pa)
hep ji(pa)

p = (Vo + E)2me + Vi + E)/he

R,. =sgnk (2me +Vy + E)

Woods-Saxon potential

) Vo
I+ expl(r — R)/ag

V(r) =



Square well (a = 1, V, = 4): Examples of choice of B
h=c=1

E=1withN=12

biy bis bee condition 0_1 (first) d_1 (second)
0 0 0 —0.9999995012 64.714757 64.7147757
0 1 0 —1.0000011585 64.714777718163
0 -1 0 —0.9999998874 64. 714777718165
1 0 1 —0.9999999055 64.714780 64.7147766
1 1 1 —0.9999998703 64.7147798 64.71470
exact —1 64. 714777718179  64.714777718179

Simplest cases




Square well: Examples of convergence

Kk =-1(s1/2)

E N (b]_l: bls_)_, bgg) = (0_._ 0: 0) (bl]_: 612: bgg) = (O, —1_, 0)

1 6 64.93 64.67

8 64.707 64.71471

10 64.71492 064.71477767

12 64.714775720 04.714777718165

15 64.7147777185 04. 714777718179
exact 04. 71477771818 04.714777718179
100 60 49.02 49.01

65 49.1689 49.1683

70  49.168654 49.16866386

75 49.16866389 49.168664041763
exact 49.168664041791 49.168664041791

h=c=1



Woods-Saxon potential

Potential from Halderson 1988
E =49.3 MeV

a N=10 N=20 N=30 N =40

k= —1
1.346494  1.346637 1.346637 1.346637
1.346965 1.348382 1.348382 1.348382
1.330724  1.349453 1.349454 1.349454
1.349513 1.349499 1.349499
1.349468 1.349527 1.349527

O 00 =1 &Y Ot

- Stable results
- Fast convergence with respectto N
- Slower convergence with respect to a



Bound states with R-matrix method

N; basis functions in the internal region:  ¢;(r)

N, basis functions in the external region: X, (1)

N.
Pt (y pr’jtxj Qe (r) =>_ a3 x;(r)
7=1
Internal matrix equations

) int ext
(Mgm — ET) ( Zﬁlt ) =L ( ggxt )

External matrix equations

ext int
(Mi;Xt _EI) ( Iq)gxt ) — L ( Iq)ﬁlt )

L = %hCFint(J 4 B)(Fext)T



External non-linear equations

ext

_ - ext
M- LT (M- BI) L ( o ) = E ( e )

piflt piflt
e | = L

Regularized Lagrange-Legendre functions in the internal region
Shifted Lagrange-Laguerre functions in the external region

Internal non-linear equations

M~ L (M- EI) L

Resolution by iteration

2 -




Example: Ground-state of Coulomb potential forZ =1

Lagrange-Legendre functions in internal region
Lagrange-Laguerre functions in external region
- No need for analytical expression

- No need for evaluation of matrix elements

A"} A‘re a E[]__l a E()!_l
10 10 3 —=0.50000665659458 5 —0.50000665658562
1020 —0.50000665659451 —0.50000665658534
10 30 —0.50000665659447 —0.50000665658520
20 10 —0.50000665659639 —0.50000665659619
20 20 —0.50000665659638 —0.50000665659616
20 30 —0.50000665659637 —0.50000665659616
30 10 —0.50000665659646 —0.50000665659645
30 20 —0.50000665659649 —0.50000665659645
30 30 —0.50000665659648 —0.50000665659645
exact —0.50000665659655 —0.50000665659655

Fast convergence with respect to N, and N, for both a values



Example: potential — erf(r) / r

N, N, h a=23 a=>5 N h Laguerre mesh
n=>0

10 10 04 —=0.3311413562 —0.3311398 60 0.4 —0.331141353619722
10 20 —0.3311413562 —0.3311398 0.5 —0.331141353619743
20 10 —0.3311413536179 —0.33114135361966 70 0.4 —0.331141353619718
20 20 —0.331141353619727 —0.331141353619735 0.5 —0.331141353619716
n=1

10 10 0.8 —=0.1014472097 —0.1014468 60 0.5 —0.101447208869135
20 20 —0.1014472088686 —0.101447208869143 70 0.5 —0.101447208869125
30 30 —0.101447208869150 —0.101447208869172

n==2

10 10 1.1 —0.04827838 —0.04827825 60 0.5 —0.048278412436445
20 20 —0.048278412440 —0.048278412436461 70 0.5 —0.048278412436438
30 30 —0.048278412436378  —0.048278412436470

Comparison with Lagrange-Laguerre calculation on (0,«)



Conclusion

R-matrix description of Schrédinger or Dirac continuum
Accurate phase shifts (no condition at boundary)
Lagrange-mesh simplification

Wave functions available

Fast convergence

P. Descouvemont, D. B., Rep. Prog. Phys. 73 (2010) 036301

R-matrix description of Dirac bound-states

- New approach with internal and external R-matrices
- Iteration

- Accurate bound-state energies

- Wave functions available

D. B., Phys. Rev. A 92 (2015) 042112



Comparison of PRM and CRM

Phenomenological:

single pole
(dotted: a =4 fm,
dashed: a =5 fm)

Calculable:
microscopic cluster model
(RGM, full line)

a>8fm
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D.B., P. Descouvemont, F. Leo, Phys. Rev. C 72 (2005) 024309
Exp: V.Z. Goldberg et al, Phys. Rev. C 69 (2004) 031302



