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• Cumulants evolution: universality lost.

                             S. Mukherjee,  R.  Venugopalan and YY, 1506.00645, PRC;                                                                                          
1512.08022, QM proceedings. 

• Kibble-Zurek dynamics: universality regained!

                                 S. Mukherjee,  R.  Venugopalan and  YY,1605.09341.

• New development: Hydro + +. 

M. Stephanov and YY, in preparation.



Cumulants evolution



• Enhanced non-Gaussian fluctuations.

• Universal pattern in sign.

(equilibrium kurtosis)

Observables:

Universality:



Critical dynamics matters

• Critical cumulants are unavoidably out of equilibrium :

• Non-equilibrium evolution of correlation length (Gaussian 
cumulants): Berdinkov-Rajagopal, 1999.  

• Open question (as of 2014): evolution of non-Gaussian 
cumulants along trajectories passing the QCD critical regime . 



Evolution equations for cumulants

• Critical mode receives “random kicks” from thermalized hard 
modes  =>  Generalized Langevin equation.

• Averaging out the noise => A set of novel evolution equations 
for cumulants (S. Mukherjee,  R. Venugopalan and YY, 
1506.00645, PRC).



Equilibrium non-equilibrium

• “Sign puzzle” of skewness: “remembrance of 
things past”. 

Time evolution of cumulants (memory)

Critical slowing down.
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• Evolution depends on many non-universal 
inputs:

• mapping, location of critical point, 
width of critical regime.  

• relaxation time.

• Trajectories in phase diagram.

• The non-equilibrium cumulants look 
complicated. 

 Complexity



• Is universality lost in complexity?

• Which non-universal inputs (collectively denoted by     ) 
dominate the dynamics?

• What has been “memorized”?

     Answers to those questions are connected by: 

                       Kibble-Zurek dynamics



Kibble-Zurek dynamics



The formation and evolution of topological defects in cosmological 
phase transitions. (T.W. Kibble, Physics Reports 67, 183 (1980) )

Generalized to vortex generation in superfluids. ( W. H. Zurek, 
“Cosmological experiments in superfluid helium?”, Nature 317, 505 (1985) )

Kibble-Zurek dynamics in a little bang?



Consider a trajectory passing the critical point. 

3d Ising model (r,h)



Comparing relaxation time and  
“quench” time.

• An emergent time scale for 
non-equilibrium dynamics. 

The evolution is frozen .                               



• Kibble-Zurek dynamics: non-equilibrium critical evolutions are 
characterized by                . 

• Given bulk evolution and critical equation of state,          can be 
determined from the definition:

• An illustrative example: Berdnikov-Rajagopal model revisited. 



• Rescale Gaussian cumulants determined from Berdnikov-Rajagopal 
model by          . 

• The peak value looks universal, but time-dependence does not.

• A step forward: let us rescale time by         ! 

Scaling with length is not enough



• We illustrated the existence of a scaling function:

• NB: the study of non-equilibrium scaling function is a new 
frontier in condensed matter cummunity: new physics in an old 
paper! 

(   : non-universal inputs)





New ingredients when applied to heavy-ion collisions:

• Extending scaling hypothesis for non-Gaussian 
cumulants.

• Applying non-equilibrium scaling for trajectories away 
from the critical point:



A new realization of KZ dynamics

• For a generic trajectory near the cross-
over line,          flips sign.  

• Relaxation time remains finite, but       changes too fast!



• A n e w n o n - e q u i l i b r i u m s c a l i n g v a r i a b l e :                             
(“memory of sign”).  

• Non-equilibrium skewness: 

• Generalized scaling hypothesis (S. Mukherjee,  R. Venugopalan 
and YY, 1605.09341 ):  



• Testing scaling hypothesis: different 
trajectories, same            .

• Equilibrium cumulants,        are 
different for those trajectories. 

• Expectation from the scaling 
hypothesis: scaling functions are 
independent of trajectories. 



“Trilogy of Universality”: universality lost, universality regained, 
universality discovered (to be composed)



Hydro++
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2. Quantum Chromodynamics: The Fundamental Description of the Heart of Visible Matter

The trends and features in BES-I data provide compelling 

motivation for a strong and concerted theoretical 

response, as well as for the experimental measurements 

with higher statistical precision from BES-II. The goal 

of BES-II is to turn trends and features into definitive 

conclusions and new understanding. This theoretical 

research program will require a quantitative framework 

for modeling the salient features of these lower energy 

heavy-ion collisions and will require knitting together 

components from different groups with experience 

in varied techniques, including LQCD, hydrodynamic 

modeling of doped QGP, incorporating critical 

fluctuations in a dynamically evolving medium, and more.

Experimental discovery of a critical point on the QCD 

phase diagram would be a landmark achievement. The 

goals of the BES program also focus on obtaining a 

quantitative understanding of the properties of matter 

in the crossover region of the phase diagram, where it 

is neither QGP nor hadrons nor a mixture of the two, as 

these properties change with doping.

Additional questions that will be addressed in this 

regime include the quantitative study of the onset 

of various signatures of the presence of QGP. For 

example, the chiral symmetry that defines distinct 

left- and right-handed quarks is broken in hadronic 

matter but restored in QGP. One way to access the 

onset of chiral symmetry restoration comes via BES-II 

measurements of electron-positron pair production in 

collisions at and below 20 GeV. Another way to access 

this, while simultaneously seeing quantum properties 

of QGP that are activated by magnetic fields present 

early in heavy collisions, may be provided by the slight 

observed preference for like-sign particles to emerge 

in the same direction with respect to the magnetic field. 

Such an effect was predicted to arise in matter where 

chiral symmetry is restored. Understanding the origin 

of this effect, for example by confirming indications that 

it goes away at the lowest BES-I energies, requires the 

substantially increased statistics of BES-II.

NEW MICROSCOPES ON THE INNER 
WORKINGS OF QGP
To understand the workings of QGP, there is no 

substitute for microscopy. We know that if we had a 

sufficiently powerful microscope that could resolve the 

structure of QGP on length scales, say a thousand times 

smaller than the size of a proton, what we would see 

Figure 2.10: The top panel shows the increased statistics anticipated 
at BES-II; all three lower panels show the anticipated reduction in 
the uncertainty of key measurements. RHIC BES-I results indicate 
nonmonotonic behavior of a number of observables; two are shown in 
the middle panels. The second panel shows a directed flow observable that 
can encode information about a reduction in pressure, as occurs near a 
transition. The third panel shows the fluctuation observable understood 
to be the most sensitive among those measured to date to the fluctuations 
near a critical point. The fourth panel shows, as expected, the measured 
fluctuations growing in magnitude as more particles in each event are 
added into the analysis.

are quarks and gluons interacting only weakly with each 

other. The grand challenge for this field in the decade 

to come is to understand how these quarks and gluons 

conspire to form a nearly perfect liquid.

Microscopy requires suitable messengers that reveal 

what is happening deep within QGP, playing a role 

analogous to light in an ordinary microscope. The 

A consistent description of flow and fluctuation 
observables is required.  



• Hydro + + : a general framework for hydro with a slow mode 
(e.g. hydro + axial charge density, M. Stephanov, Ho-Ung Yee and 
YY 1501.00222).



• Applications to critical dynamics: the additional slow mode is 
the critical mode. 

• Generalized entropy can be constructed as:    

(completely fixed by Ising model and mapping relation)

• The 6th equation (can be matched to evolution equation for 
the first cumulant): 

• Illustrative example: Bjorken expansion (M.Stephanov and YY 
in preparation).                                          



Hydro ++: next stage, new physics, let us do it together!

Equilibrium, 11’ non-equilibrium, 15’

From better cartoon towards quantitive 
studies

Scaling, 16’


