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Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M⊙, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M⊙, and are therefore ruled out.
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Fig. 17.— Figure showing the constraint on the dEoS imposed by the radius measurement obtained in this work: RNS = 9.1+1.3
−1.5 km

(90%-confidence). The dark and light shaded areas show the 90%-confidence and 99%-confidence constraints of the RNS measurement,
respectively. The mass measurement of PSR J1614-2230 is shown as the horizontal band (Demorest et al. 2010). “Normal matter” EoSs
are the colored solid lines. Other types of EoSs, such as the hybrid or quark-matter EoSs are included for comparison, with dashed lines.
As mentioned in Section 5, the present analysis only places constraints on the “normal matter” EoSs since they are the only family of EoSs
included in our assumptions. Among them, only the very soft dEoSs (such as WFF1, Wiringa et al. 1988) are consistent with the radius
obtained here. The EoS are obtained from Lattimer & Prakash (2001, 2007).

distribution, i.e., with the fewest assumptions, that can
be produced. Also, the progressive relaxation of the as-
sumptions throughout the analysis demonstrated that no
unexpected behavior was present in the final MNS–RNS
distributions of Run #7 and that the resulting low-value
of RNS was not affected by systematics.
Previous works reported low values of NS radii, but

these measurements have high uncertainties due to low
S/N, leading to poorly constrainedRNS andMNS (e.g., in
NGC 2808, Webb & Barret 2007; Servillat et al. 2008).
Another qLMXB in NGC 6553 was identified with a
small radius, RNS = 6.3+2.3

−0.8 km (90%-confidence) for
MNS = 1.4M⊙ (Guillot et al. 2011b). However, low-
S/N Chandra observations demonstrated that the XMM
spectra of the source was affected by hard X-ray contami-
nation from a marginally resolved nearby source. Higher-
S/N observations with Chandra are necessary to confirm
the qLMXB classification and produce the uncontami-
nated spectrum necessary for its use in the present anal-
ysis.
In addition to qLMXB RNS measurements, low radii

were found from the analysis of photospheric radius ex-
pansion type-I X-ray bursts. A review of the method
used to determine RNS from these sources can be found
in the literature (Özel 2006; Suleimanov et al. 2011b).
The LMXBs EXO 1745-248, 4U 1608-52, and 4U 1820-
30 were found to have respective radii in the 2σ ranges
RNS = [7.5 − 11.0] km (Özel et al. 2009), RNS = [7.5 −
11.5] km (Güver et al. 2010a) and RNS = [8.5 − 9.5] km
(Güver et al. 2010b), respectively. While these results
are on a par with what is found in this paper, controversy
emerged with the realization that the analysis presented
in the cited works was not internally consistent because
the most probable observables (from Monte-Carlo sam-

pling) led to imaginary masses and radii (Steiner et al.
2010). Relaxing the assumption that the photospheric
radius equals the physical radius RNS at touchdown led
to real-valued solutions of MNS and RNS, and to larger
upper limits for the radius. Furthermore, it is argued
in a later work that the short bursts from EXO 1745-
248, 4U 1608-52 and 4U 1820-30 are not appropriate for
such analysis because the post-burst cooling evolution
of these sources does not match the theory of passively
cooling NSs (Suleimanov et al. 2011a). Therefore, the
MNS–RNS constraints from type I X-ray bursts should
be considered with these results in mind.
More recently, distance independent constraints in

MNS–RNS space were produced from the analysis
of the sub-Eddington X-ray bursts from the type I
X-ray burster GS 1826-24 (Zamfir et al. 2012). That
analysis, performed for a range of surface gravities
(log10 (g) = 14.0, 14.3, 14.6) and a range of H/He abun-
dances (0.01 Z⊙, 0.1 Z⊙ and Z⊙) led to radii RNS ∼<
11.5 km. While distance-independent, the results are
highly influenced by the atmosphere composition and
metallicity. For pure He composition, the upper limit
of RNS becomes RNS ∼< 15.5 km (Zamfir et al. 2012).
Finally, the multiwavelength spectral energy distri-

bution of the isolated neutron star RX J185635-3754
was analyzed to produce small values of RNS and MNS
with no plausible dEoS consistent with these values:
RNS ∼ 6 km and MNS ∼ 0.9M⊙ for d = 61 pc
(Pons et al. 2002). A recent distance estimation to the
source d = 123+11

−15 pc (Walter et al. 2010) led to revised
values: RNS = 11.5±1.2 km and MNS = 1.7±1.3M⊙
(Steiner et al. 2012). While this result is consistent with
the RNS measurement obtained in this paper and with
the other works reporting low-RNS values, it has to
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Phases of Dense Matter in Neutron Stars  
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Nuclear Many Body Theory



Nuclear Many Body Theory

two-body nucleon-
nucleon potential is 
well constrained by 
scattering data. 
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E(⇢n, ⇢p) : Energy per particle
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Effective Field Theory: Chiral NN & NNN Forces 
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6ROLG DQG GDVKHG OLQHV GHQRWH QXFOHRQV DQG SLRQV� UHVSHFWLYHO\� 6ROLG GRWHV� ILOOHG FLUFOHV DQG ILOOHG
VTXDUHV DQG FURVVHG VTXDUHV UHIHU WR YHUWLFHV ZLWK ∆i = 0, 1, 2 DQG 4� UHVSHFWLYHO\�

7KH TXDQWLW\ κi ZKLFK HQWHUV WKLV H[SUHVVLRQ LV QRWKLQJ EXW WKH FDQRQLFDO ILHOG GLPHQVLRQ RI D YHUWH[ RI
W\SH i �XS WR WKH DGGLWLRQDO FRQVWDQW −4� DQG JLYHV WKH LQYHUVH PDVV GLPHQVLRQ RI WKH FRUUHVSRQGLQJ
FRXSOLQJ FRQVWDQW� ,Q IDFW� WKLV UHVXOW FDQ EH REWDLQHG LPPHGLDWHO\ E\ FRXQWLQJ LQYHUVH SRZHUV RI WKH
KDUG VFDOH Λχ UDWKHU WKDQ SRZHUV RI WKH VRIW VFDOH Q �ZKLFK LV� RI FRXUVH� FRPSOHWHO\ HTXLYDOHQW��
,QGHHG� VLQFH WKH RQO\ ZD\ IRU WKH KDUG VFDOH WR EH JHQHUDWHG LV WKURXJK WKH SK\VLFV EHKLQG WKH /(&V�
WKH SRZHU ν LV MXVW WKH QHJDWLYH RI WKH RYHUDOO PDVV GLPHQVLRQ RI DOO /(&V� 7KH DGGLWLRQDO IDFWRU −2
LQ (T� ������� LV D FRQYHQWLRQ WR HQVXUH WKDW WKH FRQWULEXWLRQV WR WKH QXFOHDU IRUFH VWDUW DW ν = 0�
, HQFRXUDJH WKH UHDGHU WR YHULI\ WKH HTXLYDOHQFH RI (TV� ������� DQG ������� IRU VSHFLILF GLDJUDPV�
2QH LPPHGLDWHO\ UHDGV RII IURP (T� ������� WKDW LQ RUGHU IRU SHUWXUEDWLRQ WKHRU\ WR ZRUN� WKH HIIHFWLYH
/DJUDQJLDQ PXVW FRQWDLQ QR UHQRUPDOL]DEOH DQG VXSHU�UHQRUPDOL]DEOH LQWHUDFWLRQV ZLWK κi = 0 DQG
κi < 0� UHVSHFWLYHO\� VLQFH RWKHUZLVH DGGLQJ QHZ YHUWLFHV ZRXOG QRW LQFUHDVH RU HYHQ ORZHU WKH FKLUDO
GLPHQVLRQ ν� 7KLV IHDWXUH LV JXDUDQWHHG E\ WKH VSRQWDQHRXVO\ EURNHQ FKLUDO V\PPHWU\ RI 4&' ZKLFK
HQVXUHV WKDW RQO\ QRQ�UHQRUPDOL]DEOH LQWHUDFWLRQV HQWHU WKH HIIHFWLYH /DJUDQJLDQ�

:KLOH (T� ������� GRHV QRW VD\ PXFK DERXW WKH WRSRORJ\ DQG LV� WKHUHIRUH� QRW SDUWLFXODUO\ XVHIXO WR
GHDO ZLWK GLDJUDPV� LW LV YHU\ FRQYHQLHQW IRU DOJHEUDLFDO FDOFXODWLRQV� ,Q IDFW� LW IRUPDOO\ UHGXFHV WKH
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Organizes the nuclear Hamiltonian in 
powers of the momentum exchange:  

Beane, Bedaque, Epelbaum, Kaplan, Meisner, Phillips, Savage, van Klock, Weinberg, Wise .. 
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Equation of State of Neutron Matter 

Energy per baryon: 

Predictions of microscopic theories:  

a = 12± 1 MeV ↵ = 0.45± 0.05

b = 4± 2 MeV � = 2.3± 0.3

2-body interactions 

2 & 3-body interactions 

En(⇢) = a

✓
n

n0

◆↵

+ b

✓
n

n0

◆�

✏(n) = n (Mn + En(n)) P (✏) = n2 @En(n)

@n

Akmal & Pandharipande 1998, Hebeler and Schwenk 2009, Gandolfi, Carlson, Reddy 2010, Tews, Kruger, 
Hebeler, Schwenk (2013), Holt Kaiser, Weise (2013), Roggero, Mukherjee, Pederiva (2014), Wlazlowski, Holt, 
Moroz, Bulgac, Roche (2014), 

(Parameterization suggested by Gandolfi, 2009) 



Neutron Matter Constraints from Nuclear Experiment 

Symmetry energy and pressure of neutron matter 
neutron matter band predicts 
symmetry energy Sv and 
its density derivative L 
 
comparison to experimental 
and observational constraints 
Lattimer, Lim, ApJ (2012), EPJA (2014) 

 
neutron matter constraints 
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G: Gandolfi et al. (2011)  

provide tight constraints! 
 
combined with Skyrme EDFs 
predicts neutron skin 
208Pb: 0.182(10) fm 
48Ca:  0.173(5) fm 
Brown, AS, PRC (2014) 
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heavy-ion phenomenology
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Neutron Star radius is sensitive to L. 

RNS = 12± 1 km

S = a+ b+ 16 MeV

L = 3(a↵+ b�)

Near nuclear density 

where  



EoS with Phenomenological Potentials 

Gandolfi, Carlson, Reddy (2012)
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Figure 4. The QMC equation of state of neutron matter for various Hamiltonians. The red (lower) curve is
obtained by including the NN (Argonne AV80 ) alone in the calculation, and the black one is obtained by adding
the Urbana IX three-body force. The green and blue bands correspond to EoSs giving the same Esym (32 and
33.7 MeV respectively), and are obtained by using several models of three-neutron force. In the inset we show
the value of L as a function of Esym obtained by fitting the EoS. The figure is taken from Ref. [23].

models giving the same symmetry energy at saturation produce an uncertainty in the EoS of about 20
MeV. The EoS obtained using QMC can be conveniently fit using the following functional [22]:

E(⇢) = a
 
⇢

⇢0

!↵
+ b

 
⇢

⇢0

!�
, (4)

where E is the energy per neutron, ⇢0 = 0.16 fm�3, and a, b, ↵ and � are free parameters. The
parametrizations of the EoS obtained from di↵erent nuclear Hamiltonians is given in Ref. [23].

At ⇢0 symmetric nuclear matter saturates, and we can extract the value of Esym and L directly from
the pure neutron matter EoS. The result of fitting the pure neutron matter EoS is shown in the inset of
Fig. 4. The error bars are obtained by taking the maximum and minimum value of L for a given Esym,
and the curves obtained with NN and NN+UIX are thus without error bars. From the plot it is clear
that within the models we consider, the correlation between L and Esym is linear and quite strong.

6 Connection to Neutron Star Masses and Radii

Neutron stars, unlike planets, are expected to be compositionally uniform, in which case their radius
is determined principally by their mass; to a good approximation all neutron stars lie on a universal
mass-radius M�R curve. When the EoS of the neutron star matter has been specified, the structure of
an idealized spherically-symmetric neutron star model can be calculated by integrating the Tolman-
Oppenheimer-Volko↵ (TOV) equations.

S (MeV)

 S

An attempt at estimating extrapolation errors in phenomenological 
models - constrained variations of three-body forces.  
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At nB=0 and finite temperature, lattice 
QCD predictions for Cs are interesting 
and different. 

Many mesonic states in the spectrum to 
access with increasing temperature.   
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Figure 7: The speed of sound squared from lattice QCD and
the HRG model versus temperature (top) and energy den-
sity (bottom). In the upper figure, our results (HISQ) are
compared with those obtained with the stout action [26].
The vertical band marks the location of the crossover region
Tc = (154±9) MeV in the upper figure and the corresponding
range in energy density , ✏c = (0.18 � 0.5) GeV/fm3, in the
lower figure. The dark line within each error band is the pre-
diction of the analytical parameterization given in Eq. (16).

ond derivative of the singular part of the free energy with
respect to the quark mass [5]. Extending that generic
scaling analysis, one may have expected that, for physi-
cal quark masses, the pseudo-critical behavior would also
lead to large fluctuations in the energy density and that
the specific heat would exhibit a peak in the crossover re-
gion controlled by the second derivative with respect to
temperature of the same singular part of the free energy.

There may be at least two reasons for the di↵erence
in behavior between the chiral susceptibility and the
specific heat, which are second derivatives of the parti-
tion function with respect to the quark mass and the
temperature, respectively. First, thermal fluctuations
are controlled by the thermal critical exponent ↵, i.e.,
CV /T

3 ⇠ |T � Tc|�↵. In the 3-d O(4) universality class,
which is relevant for the chiral phase transition, the ex-
ponent ↵ ' �0.21 is negative [52]. Consequently, unlike

Figure 8: Error bands showing the continuum extrapolation
of the specific heat and energy density and solid lines obtained
from the parametrization given in Eq. (16). Also shown are
the HRG estimates at low temperatures and the ideal gas
limit at high temperatures.

the chiral susceptibility, the specific heat stays finite at
Tc even in the chiral limit. The singular part of the free
energy [52], which gives the leading temperature depen-
dence in the vicinity of Tc, contributes only a cusp in CV .
This can be seen by examining the energy density near
Tc,

✏

T 4

= e
0

+ e
1

✓
T � Tc

Tc

◆
+O �|T � Tc|1�↵

�
, (20)

where the dominant contribution, e
0

, comes from the reg-
ular part and the singular contributions, ⇠ |T � Tc|1�↵,
are sub-dominant. From Eq. (17), we get

CV

T 3

= c
0

+
A±

↵

����
T � Tc

Tc

����
�↵

+O (T � Tc) , (21)

with c
0

= 4e
0

+e
1

and A+ (A�) are the amplitudes above
(below) Tc. The ratio of these amplitudes is universal and
positive; A+/A� = 1.842(43) in the 3-d O(4) universality
class [52]. Since ↵ is negative, the singular part gives
only a cusp, which should persist in the chiral limit but
may not be easy to detect if the regular contributions are
large.
The second reason for the lack of a peak in CV /T

3

is that the contributions from the regular part of the
free energy are large in the high temperature phase [52],
and are O(g0) at infinite temperature. Furthermore, as
discussed above, the regular terms dominate even in the
crossover region. To make this observation more explicit,
we note from Eq. (17) that CV /T

3 can be written in
terms of the energy density, ✏/T 4, and its derivative,

T
d✏/T 4

dT
⌘ CV

T 3

. (22)

The dominant singular terms are contained in the sec-
ond term (CV /T

3) or, more specifically, in the temper-
ature derivative of the trace anomaly, i.e., the second

0.15 0.30[GeV/fm3]ε
Hot QCD Collaboration (2015)
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Figure 2: Mass-Radius relation for equations of state with three-neutron interactions corre-
sponding to the bands for different Esym shown in Fig. 1. The intersection with the orange
lines show roughly the central densities realized in stars with different masses and radii. The
dot-dashed lines show the masses of typical neutron star with M= 1.4 Msolar and the recently
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the estimated error in the prediction for the neutron star radius with a canonical mass of 1.4

Msolar. The error due to the current uncertainty in the symmetry energy of ±2 MeV leads to

an uncertainty of about 3 km for the radius, while the error due to uncertainties in the short-

distance structure of the 3n force predicts a radius uncertainty of less than 1 km. The blue

band corresponds to the band of equations of state shown in Fig. 1 with same color. They all

correspond to Esym = 33.7 MeV. Similarly the green band corresponds to the green band of

equations of state shown in Fig. 1 with Esym = 32.0 MeV. The red curve is the prediction for

neutron star mass and radius obtained without 3n interaction and the black curve is one for

which the 3n is very strong with Esym = 35.1 MeV corresponding to the original Urbana IX 3n
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Upper Bounds on Neutron Star Masses & Radii

Given an EOS up to a nB=nc  the largest and most massive 
neutron stars are obtained if  p(ε > εc) = ε− (εc − pc)

Gandolfi, Carlson, Reddy (2012)
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FIG. 2. (Color online) Mass-radius relation for the EoS with
three-neutron interactions corresponding to the bands for dif-
ferent E

sym

shown in Fig. 1. The intersections with the orange
lines roughly indicate central densities realized in these stars.

for the hydrostatic structure of a spherical non rotating
star using the QMC equation of state for neutron matter
[30, 31]. The QMC EoS we use is for ⇢ � ⇢

crust

= 0.08
fm�3. Below this density we use the EoS of the crust
obtained in earlier works in Refs. [32] and [33].

The neutron star mass-radius predictions are obtained
by varying the 3n force and are shown in Fig. 2. The
striking feature is the estimated error in the neutron star
radius with a canonical mass of 1.4 M

solar

. The uncer-
tainty in the measured symmetry energy of ±2 MeV leads
to an uncertainty of about 3 km for the radius, while the
uncertainties in the short-distance structure of the 3n
force predicts a radius uncertainty of <⇠ 1 km. The dif-
ferent bands of Fig. 2 correspond to the EoS of Fig. 1
with the same colors, giving di↵erent values of E

sym

.
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FIG. 3. (Color online) Bounds on the maximum mass and
radius for di↵erent equations of state as a function of the
critical density ⇢c. The left panel shows the maximum mass;
the right top and bottom panels show the maximum possible
radius for any neutron star with mass greater than 1.2M

solar

and for a neutron star with M = 1.4M
solar

, respectively.

The central density of stars with M >⇠ 1.5M
solar

are
larger than 3⇢

0

. At these higher densities, e↵ects such as
relativistic corrections to the kinetic energy, retardation

in the potential, and four- and higher body forces become
important. Consequently, non-relativistic models violate
causality and predict a sound speed cs =

p
@p/@✏>⇠ c for

⇢ ' (4� 5)⇢
0

. To overcome this deficiency we adopt the
strategy suggested in Ref. [34] and replace the EoS above
a critical density ⇢c by the maximally sti↵ or causal EoS
given by p(✏) = c2✏ � ✏c, where p is the pressure, ✏ is
the energy density, c is the speed of light and ✏c is a
constant. This EoS is maximally sti↵ and predicts the
most rapid increase of pressure with energy density with-
out violating causality. The constant ✏c is the parameter
that determines the discontinuity in energy density be-
tween the low- and high-density equations of state. Our
choice of ✏c ensures that the energy density is continuous
and provides an upper bound on both the radius and the
maximum mass of the neutron star.

Figure 3 shows how the bounds on the maximum ra-
dius and mass of the neutron star vary with our choice of
the critical density ⇢c. It also illustrates that the bounds
provide useful constraints only when the EoS is known up
to (2� 3)⇢

0

. In Ref. [35] bounds on the radius were de-
rived by using an EoS of neutron matter calculated up to
⇢
0

with specific assumptions about polytropic equations
of state at higher densities. Our upper bounds are model
independent and show that the radius of a 1.4M

solar

neu-
tron star can be as large as 16 km if ⇢c = ⇢

0

. To obtain a
tighter bound the equation of state between 1⇢

0

and 2⇢
0

is important. The red, green, blue and black curves are
predictions corresponding to the 3n interaction strength
fit to E

sym

= 30.5, 32.0, 33.7 and 35.1 MeV, respectively.
We also note that these bounds do not change much for
⇢c >⇠ 4⇢

0

because the QMC EoS is already close to being
maximally sti↵ in this region. These upper bounds pro-
vide a direct relation between the experimentally measur-
able nuclear symmetry energy and the maximum possible
mass and radius of neutron stars.

To summarize, we predict that the correlation between
the symmetry energy and its derivative at nuclear den-
sity is nearly independent of the detailed short-range 3n
force once its strength is tuned to give a particular value
of E

sym

. Consequently, in our model one short-distance
parameter AR completely determines the behavior of the
EoS. At higher density, the sensitivity to short-distance
behavior of the 3n interaction translates to an uncer-
tainty of about 1 km for the neutron star radius with
mass M = 1.4M

solar

. The uncertainty at high density
due to a poorly constrained symmetry energy is larger,
' 3 km. Within our model we predict that neutron star
radii are in the 10 � 13 km range for nuclear symmetry
energy in the range 32� 34 MeV. If nuclear experiments
can determine that E

sym

 32 MeV, QMC predicts that
L <⇠ 45 MeV at nuclear density, and for neutron stars it
predicts M

max

< 2.2M
solar

and R < 12 km for a neutron
star with M = 1.4M

solar

. The relationship between the
symmetry energy and its density dependence is exper-
imentally relevant, and its implications on the neutron
star mass radius relationship are subject to clear obser-
vational tests.

nc/nonc/no

L=31 MeV

L=64 MeV
L=51 MeV
L=41 MeV



Radii from Quiescent NS  

Can extract “radius” subject 
to assumptions: 
(i) surface temperature is 
uniform
(iii) atmosphere composition 
is known  
(iii) distance and inter-stellar 
absorption is measured.    
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Figure 4

The combined constraints at the 68% confidence level over the neutron star mass and radius obtained from
(Left) all neutron stars in low-mass X-ray binaries during quiescence (Right) all neutron stars with
thermonuclear bursts. The light grey lines show mass-relations corresponding to a few representative
equations of state (see Section 4.1 and Fig. 7 for detailed descriptions.)

(Guillot et al. 2013; Guillot & Rutledge 2014; Lattimer & Steiner 2014; Özel et al. 2015). The most

recent results are displayed as correlated contours on the neutron-star mass-radius diagram4 (see
Fig. 4).

Several sources of systematic uncertainties that can affect the radius measurements have been

studied, which we discuss in some detail below.

Atmospheric Composition. The majority of qLMXBs for which optical spectra have been ob-
tained show evidence for Hα emission (Heinke et al. 2014), indicating a hydrogen rich companion.

Although none of these spectra have been obtained for globular cluster qLMXBs, assuming that
sources in globular clusters have similar companions to those in the field led to the use of hydrogen

atmospheres when modeling quiescent spectra. There is one source among the six that have been

analyzed in detail, for which there is evidence to the contrary. There is only an upper limit on the
Hα emission from the qLMXB in NGC 6397 using HST observations (Heinke et al. 2014). Because

of this, this source has been modeled with a helium atmosphere and the corresponding results are

displayed in Fig. 4.

Non-thermal Component. Assuming different spectral indices in modeling the none-thermal

spectral component also has a small effect on the inferred radii (Heinke et al. 2014). The low

counts in the spectra do not allow an accurate measurement of this parameter; however, a range of
values have been explored in fitting the data.

Interstellar Extinction. Because of the low temperature of the surface emission from qLMXBs,

the uncertainty in the interstellar extinction has a non-negligible effect on the spectral analyses. Dif-
ferent amounts of interstellar extinction have been assumed in different studies (Guillot et al. 2013;

Lattimer & Steiner 2014). A recent study explored different models for the interstellar extinction

4The full mass-radius likelihoods and tabular data for these sources can be found at
http://xtreme.as.arizona.edu/NeutronStars.
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sources in globular clusters have similar companions to those in the field led to the use of hydrogen

atmospheres when modeling quiescent spectra. There is one source among the six that have been

analyzed in detail, for which there is evidence to the contrary. There is only an upper limit on the
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Combining data using observed neutron star mass distribution:   16

ω

Fig. 12.— (Left) The posterior likelihood over the radius obtained by marginalizing the two dimensional likelihoods over the neutron
star mass, with a prior equal to the observationally inferred distribution of recycled pulsar masses, for all twelve sources in our sample.
The peak probabilities are highly clustered in the 9-12 km range. (Right) The combined posterior likelihood assuming that all sources in
our sample have the same radius and masses drawn from the observationally inferred distribution of recycled pulsar masses. We use this
inferrence only as an illusration of the fact that using radius measurements for twelve sources leads to a highly accurate constraint on the
neutron-star equation of state.

In Özel et al. (2010), we used the framework devised in Özel & Psaltis (2009) to convert the mass-radius measurements
of three sources to posterior likelihoods over the pressures at these three fiducial densities. In order to incorporate
the mass-radius measurements of the twelve sources presented in Section 3, we will follow here the Bayesian approach
outlined below. (See Steiner et al. 2010 for a similar Bayesian inference approach.)
To calculate the posterior likelihood over the pressures P1(⇢1), P2(⇢2), and P3(⇢3) using the likelihoods Pi(M,R)

for twelve sources, we write

P (P1, P2, P3 |data) = CP (data | P1, P2, P3)Pp(P1)Pp(P2)Pp(P3), (12)

where Pp(P1), Pp(P2), and Pp(P3) are the priors over the three pressures and

P (data | P1, P2, P3) =
NY

i=1

Pi(Mi, Ri | P1, P2, P3) (13)

To obtain (Mi, Ri) from the pressures P1, P2, P3, we also need to specify, and marginalize over, the central density of
the star ⇢c, i.e.,

Pi(Mi, Ri | P1, P2, P3) = C1

Z 1

0
Pi(Mi, Ri | P1, P2, P3, ⇢c)Pp(⇢c)d⇢c. (14)

Because there is a one-to-one correspondence between the central density ⇢c and mass, we can write the integral over
the mass instead as

Pi(Mi, Ri | P1, P2, P3) = C2

Z M
max

M
min

Pi(M,R(M) | P1, P2, P3)Pp(M)dM, (15)

where we take Mmin to be 0.1M� and Mmax to be the maximum mass for the equation of state specified by that
P1, P2, P3 triplet. Here, Pp(M) is the prior likelihood over the mass of each neutron star, which we take to be
constant.
We use a variety of physical and observational constraints to define the priors on P1, P2, and P3.

(i) We require that the equation of state be microscopically stable, i.e., P3 � P2 � P1, and that P1 be greater than or
equal to the pressure of matter at ⇢0 = 1014 g cm�3 that is specified by the SLy equation of state (see Özel & Psaltis
2009).
(ii) We impose the physically plausible condition of causality that

c2s =
@P

@✏
 c2 (16)

when evaluated at all three fiducial densities; here, cs is the sound speed and ✏ is the energy density.
(iii) We require that the maximum stable mass for each equation of state corresponding to a P1, P2, P3 triplet exceeds

Assume all 
NS have the 
same radius

Ozel et al. (2015)
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FIG. 2: Radii versus maximum mass for configurations with
the largest possible pressure subject to the velocity bound.
The 68 and 95% confidence regions are outlines for the radii
for three di↵erent masses.

state are dominated by systematic errors. Still, Fig. 1
makes clear that the v

2
s

< 1/3 bound is in strong ten-
sion with known empirical facts. This conclusion is even
more believable if one notices that we have intentionally
left out phenomena – like the appearance of hyperons
and other degrees of freedom – that would further de-
crease the pressure but that are less certain and harder
to quantify. Also, since our purpose was to establish an
upper bound on the maximum mass, we used equations
of state where the speed of sound changes suddenly from
its value at n = 2n0 to v

2
s

= 1/3. A smoother, more
realistic transition would further reduce the maximum
mass.

The observation of neutron stars with small radii tends
to strengthen the argument that the velocity bound must
be violated. The correlation between the radius of a 1.0
M� neutron star and the maximum mass is displayed
in Fig. 2. The observation of a 1.0 M� neutron star
with a radius smaller than 13 km, or the observation of
any neutron star with a radius less than 11.8 km, means
that the velocity bound must be violated. In particular,
the neutron star in the globular cluster NGC 6397 al-

ready suggests that the velocity bound must be violated,
but there are several systematic uncertainties which make
this connection less clear [30, 31].

If the bound on the speed of sound is actually violated
– as it is strongly suggested by our results– the speed of
sound, as a function of the energy density, has a peculiar
shape. It raises from small values, reaches a maximum
with v

2
s

> 1/3, lowers to a local minimum with v

2
s

< 1/3
and then raises again approaching v

2
s

= 1/3 from below at
high densities. We find remarkable that such a conclusion
can be derived from well established facts.

There is, however, another way of looking at our result.
If a proof of the speed of sound bound is obtained, either
by adapting the arguments in refs. [9, 10] or by other
means, our results imply that the equation of state of
QCD at finite density would be essentially known up to
several times nuclear saturation densities as only models
that at low density are the hardest allowed by empirical
evidence and rapidly transition to one with v

2
s

= 1/3 can
support stars as heavy as two solar masses. Of course,
the determination of the equation of state within such a
narrow range has been a “holy grail” of nuclear and as-
trophysics since the discovery of pulsars. In addition such
a result would imply that other degrees of freedom, like
⇤ hyperons cannot appear in neutron stars in any signif-
icant numbers, which requires strong repulsion between
⇤ and neutrons [32]. We would also know that neutron
stars have radii on the upper range of the current es-
timates with important consequences for the detection
of gravitational waves generated in neutron star colli-
sions [33]. The importance of all these questions seem
to warrant further field theoretical studies on the sta-
tus of the speed of sound bound. Hopefully the present
paper, by pointing the phenomenological consequences
that such a proof would have, will spark an interest in
this question.
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Tension between “small” radii and large masses
• Small radii require a relatively 

soft EOS around saturation 
density. Smaller values of L. 

• High masses require a stiff EOS. 

• Transition from soft to stiff must 
occur rapidly - favoring a larger 
speed of sound.  

• If the nuclear EOS (with 
associated errors) is used up to 
2 no and Cs2=1/3 for nB> 2 no 
then:  Mmax < 2 Msolar.

Bedaque & Steiner (2015)

C2s <
1
3

Corollary: If observations establish that R1.4 < 13 km then the existence 
of a NS with M = 2 Msolar  requires that somewhere inside the neutron 
star Cs2>1/3 !



C2
s



C2
s



Near Term (1-10 yrs) Prospects 



Radii from Hot Spots:  

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

NICER Science Overview Arzoumanian, et. al. (2014) 

www.int.washington.edu/talks/WorkShops/int_16_2b/People/Lamb_F/Lamb.pdf

With about 106 photons a 10% radius 
measurement seems possible. For 
details see the talk by Fred Lamb:  

http://www.int.washington.edu/talks/WorkShops/int_16_2b/People/Lamb_F/Lamb.pdf


Radii from Hot Spots:  

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

NICER Science Overview Arzoumanian, et. al. (2014) 

www.int.washington.edu/talks/WorkShops/int_16_2b/People/Lamb_F/Lamb.pdfNASA mission to 
launch Feb. 2017. 

With about 106 photons a 10% radius 
measurement seems possible. For 
details see the talk by Fred Lamb:  

http://www.int.washington.edu/talks/WorkShops/int_16_2b/People/Lamb_F/Lamb.pdf


Gravitational are here !
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 × 10−21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1σ. The source lies at a luminosity distance of 410þ160

−180 Mpc corresponding to a redshift z ¼ 0.09þ0.03
−0.04 .

In the source frame, the initial black hole masses are 36þ5
−4M⊙ and 29þ4

−4M⊙, and the final black hole mass is
62þ4

−4M⊙, with 3.0þ0.5
−0.5M⊙c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913þ16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the

*Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.
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Binary inspiral and gravitational waves
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Ï
ij

(t) ⇡ M R2

orbit

f2 ⇡ M5/3 f2/3

Iij(t) =

Z
d

3
x ⇢(t,~x) xi xj

hµ⌫(r, t) =
2G

r
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These are obtained by marginalizing over all the other
parameters in the problem; for instance,

p(�0|dn, I) =
Z

d~✓ d�1 p(~✓,�0,�1|dn, I), (5)

where ~✓ represents masses, sky position, orientation of
the orbital plane, and distance. The joint posterior den-
sity function for all the parameters takes the form

p(~✓,�0,�1|dn, I) =
p(dn|~✓,�0,�1, I) p(~✓,�0,�1|I)

p(dn|I) . (6)

Here p(~✓,�0,�1|I) = p(~✓|I) p(�0|I) p(�1|I). The prior

density p(~✓|I) is taken to be the same as in [20]. We
express �(m) in units of s5. For p(�0|I) we choose a flat
distribution in the range [0, 5]⇥ 10�23 s5, and for p(�1|I)
a flat distribution on [�5, 0]⇥ 10�18 s4 M

�

; these choices
cover all the EOS considered in [6]. The prior probability
for the data, p(dn|I), is obtained by demanding that the
left hand side of (6) be normalized. Finally, the likelihood
is given by [19]

p(dn|~✓,�0,�1, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n(f) � h̃lin(~✓,�0,�1; f)|2

Sn(f)

#
,(7)

where N is a normalization factor, d̃n is the Fourier
transform of the data stream for the nth detection, and
Sn(f) is the one-sided noise power spectral density; f0
is a lower cut-o↵ frequency, which we take to be 20 Hz.
h̃lin(~✓,�0,�1; f) is our frequency domain waveform, with
the linearized expression for �(m), Eq. (4), substituted
into the tidal contribution to the phase, Eq. (1). To
explore the likelihood function, we used the method of
Nested Sampling as implemented by Veitch and Vecchio
[19].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of �0, for three di↵erent
EOS models from Hinderer et al. [6]: a hard EOS (MS1),
a moderate one (H4), and a soft one (SQM3). In each
case, after a few tens of sources, the value of �0 is
recovered with a statistical uncertainty ⇠ 10%, and it is
easily distinguishable from the ones for the other EOS.
(On the other hand, �1 remains uncertain.) We see that
the posterior medians for �0 are ordered correctly, which
suggests a second method to identify the EOS, namely
hypothesis ranking.

Method 2: Hypothesis ranking. Hinderer et al. computed
the function �(m) for a large number of (families of)
equations of state, some of them mainly involving neu-
trons, protons, electrons, and muons, others allowing for
pions and hyperons, and a few assuming strange quark
matter. Given a (arbitrarily large) discrete set {Hk} of
models, each corresponding to a di↵erent EOS, or equiv-
alently a di↵erent deformability �(m), the relative odds
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FIG. 1. Median and 95% confidence interval evolution for
the �0 parameter as an increasing number of sources is taken
into consideration, for three di↵erent equations of state in the
signals: a hard (MS1), a moderate (H4), and a soft (SQM3)
EOS. In each case, the dashed line indicates the true value.

ratios for any pair of models Hi, Hj can be computed as

Oi
j =

P (Hi|d1, d2, . . . , dN , I)

P (Hj |d1, d2, . . . , dN , I)
. (8)

Again assuming independence of the detector outputs
d1, d2, . . . , dN and using Bayes’ theorem, one can write

Oi
j =

P (Hi|I)
P (Hj |I)

NY

n=1

P (dn|Hi, I)

P (dn|Hj , I)
. (9)

P (Hi|I) is the probability of the model Hi before any
measurement has taken place, and similarly for Hj ; in
the absence of more information, these can be set equal
to each other for all models Hk. The evidences for the
various models are given by

p(dn|Hk, I) =

Z
d~✓ p(dn|Hk, ~✓, I) p(~✓|I), (10)

with ~✓ the parameters of the template waveforms
(masses, sky position, etc.) and p(~✓|I) the prior prob-
abilities for these parameters, which we choose to be the
same as in [20]. The likelihood function p(dn|Hk, ~✓, I)
takes the form

p(dn|Hk, ~✓, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n � h̃k(~✓; f)|2

Sn(f)

#
. (11)

This time h̃k(~✓; f) is the waveform model correspond-
ing to the EOS Hk, meaning the abovementioned fre-
quency domain approximant with tidal contributions to
the phase as in Eq. (1), with a deformability �(m) corre-
sponding to that EOS. Here too, we use Nested Sampling
to probe the likelihood [19].
The set {Hk} could comprise all the models consid-

ered in e.g. [6], and many more. In this Letter we wish

R=14.9 km

R=13.7 km

R=10.8 km

Pozzo et al. (2013)

Realistic data analysis by injecting events in a volume between 
100-250 Mpc demonstrates discriminating power between EOSs. 
Pozzo et al. (2013)


With tens of events the radius can be extracted to better than 10% 
if the waveforms can be modeled. 


Extracting equation of state parameters from black hole-neutron star mergers:

aligned-spin black holes and a preliminary waveform model

Benjamin D. Lackey1, Koutarou Kyutoku2, Masaru Shibata3, Patrick R. Brady4, John L. Friedman4

1
Department of Physics, Princeton University, Princeton, NJ 08544, USA

2
Theory Center, Institute of Particles and Nuclear Studies, KEK, Tsukuba, 305-0801, Japan

3
Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

4
Department of Physics, University of Wisconsin–Milwaukee, Milwaukee, WI 53201, USA

Information about the neutron-star equation of state is encoded in the waveform of a black hole-
neutron star system through tidal interactions and the possible tidal disruption of the neutron star.
During the inspiral this information depends on the tidal deformability ⇤ of the neutron star, and we
find that ⇤ is the best measured parameter during the merger and ringdown as well. We performed
134 simulations where we systematically varied the equation of state as well as the mass ratio,
neutron star mass, and aligned spin of the black hole. Using these simulations we have developed an
analytic representation of the full inspiral-merger-ringdown waveform calibrated to these numerical
waveforms, and we use this analytic waveform to estimate the accuracy to which ⇤ can be measured
with gravitational-wave detectors. We find that although the inspiral tidal signal is small, coherently
combining this signal with the merger-ringdown matter e↵ect improves the measurability of ⇤ by
a factor of ⇠ 3 over using just the merger-ringdown matter e↵ect alone. However, incorporating
correlations between all the waveform parameters then decreases the measurability of ⇤ by a factor
of ⇠ 3. The uncertainty in ⇤ increases with the mass ratio, but decreases as the black hole spin
increases. Overall, a single Advanced LIGO detector can measure ⇤ for mass ratios Q = 2–5, black
hole spins JBH/M

2
BH = �0.5–0.75, neutron star masses MNS = 1.2M�–1.45M�, and an optimally

oriented distance of 100 Mpc to a 1-� uncertainty of ⇠ 10%–100%. For the proposed Einstein
Telescope, the uncertainty in ⇤ is an order of magnitude smaller.

PACS numbers: 97.60.Jd, 26.60.Kp, 95.85.Sz

I. INTRODUCTION

By the end of the decade a network of second genera-
tion gravitational-wave detectors, including the two Ad-
vanced LIGO (aLIGO) detectors [1], Advanced Virgo [2],
KAGRA [3] (formerly LCGT), and possibly LIGO-
India [4], will likely be making routine detections. Fu-
ture ground based detectors such as the third generation
Einstein Telescope (ET) [5], with an order of magnitude
higher sensitivity, are also in the planning stages, and
may be operational in the next decade. A primary goal of
these detectors is extracting from the gravitational wave-
form information about the sources. Of particular inter-
est are compact binaries whose waveform encodes the
sky location, orientation, distance, masses, spins, and for
compact binaries containing neutron stars (NS), informa-
tion about the neutron-star equation of state (EOS).

The study of EOS e↵ects during binary inspiral has
focused mainly on binary neutron star (BNS) systems.
Work by [6–9] showed that EOS information could be im-
printed in the gravitational waveform through tidal inter-
actions. In the adiabatic approximation, the quadrupole
moment Qij of one star depends on the tidal field Eij

from the monopole of the other star through the rela-
tion Qij = ��Eij , where � is the EOS dependent tidal
deformability and is related to the neutron star’s dimen-
sionless Love number k2 and radius R through the re-
lation � = 2

3Gk2R
5. The leading (` = 2) relativistic

tidal Love number k2 was first calculated in Ref. [10] for
polytropic EOS, then for EOS with hadronic and quark

matter [11, 12], as well as for EOS with analytic solu-
tions to the stellar structure equations [12]. Its e↵ect
on the binary inspiral (including the contribution due
to tidally excited f-modes) was calculated to leading or-
der [13], and later extended to 1PN order [14, 15]. The
gravitoelectric and gravitomagnetic tidal Love numbers
for higher multipoles were calculated in [16, 17]. The en-
ergy has now been calculated to 2PN order in the tidal
corrections in the e↵ective one body (EOB) formalism,
including ` = 2 and 3 gravitoelectic interactions and the
` = 2 gravitomagnetic interaction, using the e↵ective ac-
tion approach [18], and most terms in the EOB wave-
form are now known to 2.5PN order in the tidal interac-
tions [19]. Finally, the accuracy of the adiabatic approxi-
mation to tidal interactions was calculated using an a�ne
model, and a Love function was found that corrects for
this approximation and asymptotically approaches the
Love number for large binary separations [20, 21].

The measurability of tidal parameters by detectors
with the sensitivity of aLIGO and ET was examined
for BNS inspiral for gravitational wave frequencies below
450Hz [13] using polytropic EOS as well as for theoretical
hadronic and quark matter EOS [11]. The studies found
that tidal interactions were observable during this early
inspiral stage (prior to the last ⇠ 20 gravitational wave
cycles before merger) only for sti↵ EOS and NS masses
below 1.4 M�. On the other hand, using tidal correc-
tions up to 2.5PN order in the EOB approach, it was
found that tidal parameters are in fact observable when
including the extra ⇠ 20 gravitational wave cycles up to
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SUMMARY & OUTLOOK
• Observation of massive NSs and hints at relatively small NS radii 

imply a rapid transition from soft to stiff EOS in the NS core.  

• Neutron matter calculations predict such a transition in the vicinity of 
no due to three body forces.  

• Terrestrial experiments have the potential to probe this transition, but 
currently, the errors are large.   

• Better determinations of the neutron star radii seems imminent. 
Different methods with different systematics. 

• Gravitational waves from neutron star mergers can potentially provide 
information about neutron star radius and maximum mass.   


