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While it seems clear, following the Seattle Workshop, that one can work with any version

of the momentum and angular momentum operators, provided only that one specifies clearly

which version one is using, I’d like to present a little argument which suggests that the

canonical version is superior from an intuitive point of view.

I. ADDITIVITY PROPERTIES OF THE ENERGY MOMENTUM DENSITY

TENSORS

Energy momentum density tensors T µν(x) always contain a term of the form gµν L, where

L is some piece of the lagrangian density. Since discussions of angular momentum typically

only involve the elements T ij with i ̸= j, the latter terms are usually ignored. However in

studying the Pauli-Lubanski vector for a particle moving along OZ one has to deal with J20

which involves T 00 , so that the gµν terms are relevant. There is then some difference between

the canonical and Belinfante versions of the energy momentum density as regards additivity.

The Belinfante tensor for the total system is given by

T µν
bel =

i

4
[ψ̄lγ

µ←→D νψl + (µ↔ ν)]−Gµβ
a Gν

aβ − gµνLqG (1)

where the QCD lagrangian density is

LqG =

{
−1

4
Ga

µνG
µν
a

}
+

{
1

2
ψ̄l[δlm i (

−→
̸∂ −

←−
̸∂ )− 2 gtalm ̸Aa]ψm

}
(2)

where a, l,m are colour labels.

The quark and gluon parts of T µν are, by definition, taken to be1

T µν
bel (quark) =

i

4
[ψ̄lγ

µ←→D νψl + (µ↔ ν)]− gµν
{
1

2
ψ̄l[δlm i (

−→
̸∂ −

←−
̸∂ )− 2 gtalm ̸Aa]ψm

}
(3)

and

T µν
bel (gluon) = −G

µβ
a Gν

aβ − gµν
{
−1

4
Ga

µνG
µν
a

}
, (4)

so that, manifestly, T µν
bel is additive

T µν
bel = T µν

bel (quark) + T µν
bel (gluon). (5)

1 The gµν term in Tµν
bel (quark) happens to vanish via the equations of motion, but that is irrelevant to the

present argument.
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The situation with the canonical version is rather different. For the energy momentum

tensor of the whole system we have

T µν
can =

i

2
ψ̄lγ

µ←→∂ νψl −Gµβ
a ∂νAa

β − gµνLqG (6)

but in this case there is a very natural definition of the separate quark and gluon pieces,

which follows from Noether’s theorem, namely,

T µν
can(quark) =

i

2
ψ̄lγ

µ←→∂ νψl − gµν
{
1

2
ψ̄lδlm i (

−→
̸∂ −

←−
̸∂ )ψm

}
(7)

T µν
can(gluon) = −Gµβ

a ∂νAa
β − gµν

{
−1

4
Ga

µνG
µν
a

}
(8)

so that via Eq. (2)

T µν
can = T µν

can(quark) + T µν
can(gluon)− gµν Lint (9)

where

Lint = −gψ̄l gtalm ̸Aaψm (10)

describes the interaction between the quarks and the gluons.

Thus T µν
can is not additive, but rather than regarding this as a disadvantage it could be

argued, for example, that Eq. (9) for the 00 component has a very attractive intuitive

meaning, namely that the total energy density is the sum of the free quark and gluon energy

densities plus the energy density of their interaction.
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