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L ecture 4

e Generalised Parton Distributions
e Definition
¢ Relevant limiting cases
e Impact Parameter GPDs
e Nucleon Spin
e Transverse Spin Densities

¢ Transverse Momentum Dependent Parton Distribution Functions
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(Generalised Parton Distributions

e So far we have studied

e Form Factors

¢ Information on the distribution of charge
(quarks) in the transverse plane

¢ (Moments) of Parton Distribution Functions

¢ Distribution of momentum

e Now we want to combine these ideas into a general
picture

¢ Generalised Parton Distribution Functions

e “3D” picture of the nucleon



Generalised Parton Distributions

e Formal definition of GPDs:
e Consider a process where the proton target stays intact (ala elastic)

¢ But the probe has enough resolution to identify a single quark (ala DIS)

e Known as Deeply Virtual Compton Scattering \{

d\ . 1 NNl (VAN
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Generalised Parton Distributions

M. Diehl (2001): 8 real functions needed for a complete

description of the nucleon quark structure at twist 2
H(:C7 57 t)? E(CE7 57 t)? ﬁ(aj7 f? t)? E(:’U7 g? t)

HT(ZU,f,t), ET(QZ,f,t), E[T(*/Eafat)v E’T(.T,f,t)

e |f we compare this form with the familiar matrix element of the EM current

d\ o*n, A,

| 1 1
o € sa(= 5 An)ita(5An) p, s) = w(p', s )ifu(p, 8)Hy (i, &, )+, 8 )i— = u(p, 5) By (2, €, 1)

ot?

(N, $)THIN(p, 5)) = a(p', 8" )y ulp, s)FL(Q%)+u(p', 8 )i ——lu(p, s) F2(Q?)

2M

e we get the impression that the GPDs H and E are just more generalised forms of the
ordinary EM form factors F7 and F>




Generalised Parton Distributions
Basic Properties

e Forward limit (t=0): reproduces the parton distributions

H,(x,0,0) = q() O+ O
H,(z,0,0) = Aq(x) ( & - )
HTq(mvovO):5Q(m) ( @ - @ )

e Integrating over all momentum fractions f dx

> Form Factors Dirac /da: H,(z,&,t) = Fi(t)
Paull / 0z B, (2, €,1) = Fa(t)
Axial [ w60 = galt
Pseudoscalar / dz E,(z,&,t) = gp(t)
Tensor / dz Hrq(z,€,t) = gr ()



Impact Parameter GPDs (M. Burkardt, 2000)

Quark densities in the transverse plane

¢ Recall: Quark (charge) distribution in the transverse plane

(1) = / PA | emiTrAL F (A2)

Distance of (active) quark to the centre of
momentum in a fast moving nucleon




Impact Parameter GPDs (M. Burkardt, 2000)

Quark densities in the transverse plane

NO momentum
¢ Recall: Quark (charge) distribution in the transverse plane transfer in
.7 longitunidal
2 2 —b | -A 2
Q(bJ_) — /d AJ_e L LFl(A ) direction

~

» Probabilistic interpretation of H (x, &, 1), H(x,&,t), Hr(x,&,t) at £ =0

a(w,b1) = (271r)2

/dzAL e_iEL'ALH(CE, 0, A7)

Distance of (active) quark to the centre of o

momentum in a fast moving nucleon

Decompose into contributions from
individual quarks with momentum fraction, ®
X




Impact Parameter GPDs (M. Burkardt, 2000)

Quark densities in the transverse plane

NO momentum
¢ Recall: Quark (charge) distribution in the transverse plane transfer in
.7 longitunidal
2 2 —b | -A 2
Q(bJ_) — /d AJ_e L LFl(A ) direction

~

» Probabilistic interpretation of H (x, &, 1), H(x,&,t), Hr(x,&,t) at £ =0

B 1 -
q(z,b)) = ok /dzAL e 0L AL (2,0,A%)

¢ Note that since the longitudinal momentum is fixed (x)

¢ | ongitudinal position undetermined (Heisenburg)

e Distribution in impact parameter space meaningful




Impact Parameter GPDs (M. Burkardt, 2000)

Quark densities in the transverse plane

NO momentum
¢ Recall: Quark (charge) distribution in the transverse plane transfer in
.7 longitunidal
2 2 —ib | A 2
Q(bJ_) — /d AJ_e L LFl(A ) direction

~

» Probabilistic interpretation of H (x, &, 1), H(x,&,t), Hr(x,&,t) at £ =0

B 1 =
q(z,b)) = ok /dQAL e 0L AL (2,0,A%)

e |f we consider the case where one of the quarks carries all of the nucleon’s
momentum

e Then the quark must be sitting at the centre-of-momentum
lim g(x,b.) o< 6°(b.)
x—1
e Hence the GPD must be independent of t
H(z,0,A%): t-independent for x —1




Generalised Parton Distributions

e Experimental access to GPDs is provided by
® Deeply Virtual Compton Scattering (DVCS) ep — ep7y
* Meson electroproduction ep — epm, p,w, ...

e However direct (model independent) extraction from experimental data difficult
(impossible?)

>Additiona| iInput from, e.g. Lattice, would be extremely helpful



Moments of GPDs

¢ Yesterday we saw how moments of Structure Functions (or Parton Distribution
Functions) can be obtained from matrix elements of local operators that could be
computed on the Lattice

e Similarly, moments w.r.t x of GPDs are defined in terms of generalised form factors

| dvan gt - ZAn L (0)(=26)% + CL(E)(=26)" | even

—1

/ dCCZCn_l Eq(.fIZ,f,t) ZBn 2 ) Cq( )( )nln even

—1

e where the GFFs are obtained from matrix elements of local (twist-2) operators

n—l

<p,7 8/|O?M1"'Mn}‘p’ > T U’(p S )7{#1 p7 Z An 2@ A,UQ e AM2i+1pugi+2 © p,un}

1=0
n—l
1 AY ) )
— o7 i 8oy g ulp, s ZBn i () Ay + D s Brsin + - D)
1=0
L _
PN R + Mu(p/7 S/)u(p, S)Cg(t)A,ul e Aun}|n even



Moments of GPDs

e Similar equations exist for the polarised case for matrix elements of the operators

ein terms of the GFFs A, B
, N <= <=
e and also for the tensor operators (OgH7H1 " Hn = (%) q oy, DF--- DHr g
e with GFFs Ar, Br, Ar, Br
e |t is also possible to construct matrix elements for towers of gluonic operators

¢ Note the relation to the more familiar form factors
A1p(t) = Fi(Q%)
Bio(t) = F»(Q?)
AlO(t) — GA(QQ) etC. N



Moments of GPDs

e Matrix elements are then extracted from the lattice three-point functions as before
using ratios

Gl_‘(ta T;ﬁ,7ﬁ7 O) [GQ(Taﬁ/)GZ(taﬁ/)GZ(t o T)ﬁ)] 2
GQ(tvﬁ/) GZ(Taﬁ)GQ(tvﬁ)GQ(t o T?ﬁ/)

¢ and the coefficients of the generalised form factors are computed using

1 Py m Py m
FILJ) = 4T {F@“ B ZpEj i E~,>‘7<V4 B ZpEj + E_~)}
p p p p




Moments of GPDs A.Sternbeck (QCDSF) Lattice 2011

Example
"E""""I""""I"_"I"""—
¢ Results for generalised form factors § _ 238 e ]
relevant for the second moments of H
and E i B
1 - [+ ]
[ deat(e.6.0) = Aly(t) + 46°C (1) L ] :
0 gg* i ]
2 ~q e Lk Ty 1
/ drzFE,(z,&,t) = Bi,(t) — 46~ C3(¢t) | }E %fﬁ .
-1 — :*::*: ......... S
_IIilIII|IIII|IIII|IIII|IIII|IIII|II:

0.0 1.0 2.0 3.0 4.0 5.0 6.0

0.1

00 10 20 30 40 50 6.0
—t [GeV?] 0.0 1.0 2.0 3.0 4.0 5.0 6.0
—t [GeV?]

Za or
S i _
: N -0.1 — ]
_IIiIIII|IIII|IIII|IIII|IIII|IIII|II_ - /8:529 ]
i 0 =5.40 F---- i




Impact Parameter GPDs (M. Burkardt, 2000)

e Recall in our discussion about GPDs in the impact parameter plane

lim g(z,b,) oc 6%(b.)
r—1

H(z,0,A%): t-independent for x —1

1

¢ Since higher moments are weighted more by the larger-x range / dr z" ! Hy(z,&,t)
—1

> Slope of GFFs should decrease as n increases




Impact Parameter GPDs

GFFs A1, A20, Azo normalised to unity at t=0
| | | | | e GFFs are fitted with a dipole form
Ao(0) (x" 1)

Al (t) = =
o R (7 VA 7 T
NO" .
<.:C2
0.4 e Form factors flatten as n grows
0.2

¢ Dipole mass grows with n

0 05 1 15 2 25 3
-t [GeV]?

1
/ dra" ' Hy(xz,&,t) = AL (t)  *Hq (as a function of t) becomes wider as
—1 X grows

B} N
q(z,b1) = / (27r)§ e 2L H(2,0,A%) g (as a function of b ) becomes
narrower as x grows



Impact Parameter GPDs QCDSF: hep-lat/0609001

Fourier transform the fitted dipole forms to impact parameter space
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Nucleon Spin

¢ Polarised DIS: only ~30% of the proton’s spin due to quark spins

:{>“Spin crisis”

¢ Only a “Spin puzzle” - remaining 70% made up of

e quark orbital angular momentum
® gluon spin

e gluon orbital angular momentum

¢ Fxact decomposition unknown

e How are they defined/measured?

¢ Ongoing controversy/discussion in the field regarding decomposition of nucleon
spin



Nucleon Spin

e Total angular momentum well defined ,JP —

1

e Ambiguities arise when decomposing J into contributions from different constituents

e Gauge theories: changing gauge may also shift angular momentum between various

degrees of freedom

e Decomposition of angular momentum in general depends on scheme

® Need to be aware of this scheme-dependence in the physical interpretation of
experimental/lattice/model results in terms of spin vs. OAM

¢ Two common decompositions:

J*=3AY + 3 Le+J,
Ji (1997)

T =IAS ¥y L, +AG + L,

-2

Jaffe & Manohar (1990)

e A\Y. = Au + Ad + As total fraction of the helicity carried by the quarks




Nucleon Spin

J? = 5AN 43 L+ J, J*=35AY 4+ L+ AG+ L,

2

JI Jaffe & Manohar

e Only /A Y, common between the two decompositions

eIngeneral [,, = L or J, # AG+ L,

e A (G measured in p-p scattering

» Controversy surrounds: Is there a gauge-invariant separation of .J, into AG and Lg
e Ji: Agand Jq determined from experiment or Lattice

* Local operator exists for Lq - qT (77 X Zl—j)q butLq — Jq — %Aq easier

o Jg accessible from gluon GPDs, but Jg — % — Jq easier



JiI's Spin Sum Rule

e Spin decomposed in terms of quark and gluon angular momentum

1_

9 Z Jq(MQ) + Jg(lﬂ)
¢ Further decomposition into spin rjnd orbital angular momentum
J*=5AY+ 3 Ly + J,
¢ Also expressed in terms of moments of GPDs
[Jq/g = [AL(A? = 0) + B (A = on}

e Matrix elements of the energy momentum tensor
PN, P AFAY
10 P Bgo(A2) I

mn mn

—

(P'|T | P) ZU(P’){V”FVA%(AQ) ; %(AQ)}U(P)




Generalised Form Factors Ao, By, Co

A.Sternbeck (QCDSF) Lattice 2011 LHPC: PRD 77, 094502(2008), 0705.4295
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Nucleon Spin

» However from our lessons yesterday regarding the systematic errors in 94 and (x)
we must be careful when making precision statements from the current lattice data

e Au, Ad likely to suffer from finite size effects
e A2,(0) = (z)? may suffer from excited state contamination

e They both are likely to have non-trivial chiral extrapolations

0.35F ‘
1.3t v 52
L A 525
19} | 0.30+ ¢ 529
<4 54
% . \4 (QS 0.25¢ %§ > 4 a ¥ ¢ qﬂ ¢
< 1.0} i 1 & *
(=) =
U |
09l } ] =2 0.20}
v m, =767MeV =
0.8} A m;=590MeV || %
¢ m, =399MeV 0.15¢
0.7t < m, =278MeV |-
» m, =180MeV
06—+t ¢ = 3 0175 0.0 0.4 0.0 08

e L m? [GeV?)



Nucleon Spin

e Comparison of current lattice determinations of J, and Js with experimental
constraints

- 1

0.8

95" yLab Hall A/ n-DVCS '

0.4

0.2

e AHLT GPDs

- [l Lattice QCDSF (quenched)

-0.2— [JLattice QCDSF (unquenched)

. []LHPC Lattice (connected terms)
. I A.W. Thomas

-0.6~  GPDs (Double Distributions from VGG)

| | | | | | |
1 -08 -06 -04 -02 -0 02 04 06 0.8 1



Transverse Spin Structure of the Nucleon

e Transverse densities:

1 1 o 1 ~
,On(bJ_,SJ_,SJ_) — / dx xn_lp(x7bJ_78J-75J-) — 5 Ano(bi) + Sﬁ_Sj_ (ATn()(b%_) - mAbLATnO(bﬁj)
1
bieji i (1.2 i 2 i i 77 2 ciined L 2
+ = (SLB(0%) + 8L By (1)) + s (266, — 826Y)S] — Af0(57)

[Diehl & Haegler, 2005] [Burkardt, 20035]

F(0)
(1— AT /M?)r

) [ [ £aem5



Transverse Spin Structure of the Nucleon

e Aim to gain insights into the spin density of quarks inside the nucleon

e Transversity 0¢(x) = hi(x): prob to find transversely polarised g with mom fraction
X In a transversely polarised nucleon

_ 1 2 . o
e Sivers, flT(xv ki) : measures correlation of intrinsic g trans. momentum and trans.
nucl. spin

* Boer-Mulders hf (.CU, ki) : measures correlation of intrinsic g trans. momentum and
trans g spin

Non-vanishing == interesting experimental




Tensor Form Factors

Brno(t) are remarkably large
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Tensor Form Factors
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Anomalous tensor magnetic moment

o — / 0z Er(z.€,0) = B1o(0) = Fy(0)

exp
U

exp

Rq

2

-
o
-J

K

U
|
DO
-
T

KT — /dCIZ‘ET($,§, O) — ETl()(O)

2

O
Rt~ 313 } BO‘“Q

frot 1.94



S
*>5,>S, Nucleon (n=1)
Ph. Héigler (QCDSF) [PRL 98, 222001 (2007)]
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Sivers Effect




Transverse Spin Structure of the Nucleon

e Transverse densities:

1

1
1 .
pn(bJ_asJ_asJ_) — /1 dx xn_lp(xabJ_asJ_asJ_) — Q{ATLO(bi) + SZJ_SZL (ATTLO(b?L) Am,2

Abﬁmwi))

J _ji
bLe

m

. . . P i 1~
¥ (SLB00(0%) + 84 B0 (07)) + 57 (2], — b2 f)SiA%m(bi)}

m?2

[Diehl & Haegler, 2005] [Burkardt, 2005]

F(0)
(1— AT /M?)r

F(bi) — /dQAJ_ e_igLALF(Ai) — /dQAJ_ e_iEL'AL



Transverse Spin Structure of the Nugi¢on

¢ Transverse densities: PIOH
n ! n—1 1 2 i o1 2 1 Y 2
p"(bi,s1,S1) = /143?1‘ p(@,01,81,51) = 59 Ano(b1) + 8151 | Arno(b1) = 5 —5 Ap, Ao (1)
b‘ieji

. . . P i 1~
¥ (SLB00(0%) + 84 B0 (07)) + 57 (2], — b2 f)SiA%m(bi)}

m m?

[Diehl & Haegler, 2005] [Burkardt, 2005]

F(0)
(1— AT /M?)r

) [ [ £aem5



Transverse Spin Structure of the Nugi¢on

¢ Transverse densities: P | O ﬂ

1
o 1 ~
p"(bi,s1,51) = /1da:x”_1p($,b¢78¢,5¢ s S - 4m2AbJ_ﬁTnO(5J_))

m?2

o 1
J 2 J /12N
+ S 204 b bl 9IS ALTW()\UL)}

[Diehl & Haegler, 2005] [Burkardt, 2005]

F(0)
(1— AT /M?)r

F(bi) — /dQAJ_ e_iEL’ALF(Ai) — /dQAJ_ e_iEL'AL



Tens

or Form Factors
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Deformed Spin Densities
Pion

D. Brommel (QCDSF) [arXiv:0708.2249]
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Transverse Momentum Distributions

e Transverse Momentum Dependent Parton Distribution Functions (TMDs) provide a
complimentary approach to studying the distribution of partons in the nucleon

e GPDs > spatial distributions in the transverse plane

e TMDs > Intrinsic transverse motion of partons
¢ \When combined, we can obtain a full 3-D imaging of the nucleon
e TMDs are intimately tied with the orbital motion of quarks in the nucleon

e Spin-orbit couplings lead to asymmetries in scattering experiments



Transverse Momentum Distributions

e The simplest TMD is the unpolarised function f{ (x, k1)

> the probability to find a quark carrying the longitudinal momentum
fraction x and a transverse momentum k|, = |k |

¢ The ordinary quark PDF is recovered when integrating over the transverse
momentum

/dzlaff(:z:,m) — F9(z) (= g(z)) gauge-link operator

1
nv+b
O———— = = N—r 00
b ; -------- >
e TMDs are obtained from matrix elements 0 T T T ’

o, ) = [ S sl OTWO,D)a(b) o, )l

e via (for example)

n o Ejkk,j Sk
o0 (2, k1, S) = fl(x, k1) — ]\j (kL)




Transverse Momentum Distributions

B. Musch, PhD Thesis: 0907.2381
Musch et al.; 1111.4249

e On the lattice, requires the moments of TMDs are obtained by the computation of a
non-local matrix element, where the quark fields are separated by some distance b
and are joined by a staple of gauge links

* Vary the distance b
and length of staple 7



Transverse Momentum Distributions

B. Musch, PhD Thesis: 0907.2381
Musch et al.; 1111.4249

e On the lattice, requires the moments of TMDs are obtained by the computation of a
non-local matrix element, where the quark fields are separated by some distance b

and are joined by a staple of gauge links
nucleon nucleon

* Vary the distance b soyree sink
and length of staple 7

Euclidean
i i | .
0 T . time




Transverse Momentum Distributions

e At fixed b, extrapolate to 77 — OO
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Transverse Momentum Distributions
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GPDs and TMDs

e | attice results for moments of Generalised Parton Distributions
¢ Provide information on the spatial distribution of quarks in the transverse plane
* Interesting correlations between spin and coordinate degrees of freedom

¢ \Via Ji's sum rule, they can provide access to total quark contribution to the
nucleon’s spin

¢ Also a decomposition into helicity and orbital angular momentum
contributions

e An exploratory study has shown that it is also possible to extract moments of
Transverse Momentum Dependent Parton Distribution Functions from the lattice

* Provides the possibility for a full “3-D” image of the nucleon



