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• Neutron beta decay

• Nucleon axial charge, gA

• Deep Inelastic Scattering

• Structure Functions

• Parton Model and Parton Distribution Functions

• Lattice techniques

• Moments of PDFs from lattice 3pt functions

• Renormalisation

• Results for the momentum fraction
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Neutron beta decay
• Free neutrons are unstable

• The most common way to study the weak interaction

• The decay rate is proportional the matrix element of the weak V-A current

• Here the momentum transfer is so small that we only need to consider the f1 and g1 
terms

• By convention, we call 

• with gV=1 according to the conserved vector current (CVC) hypothesis

• Adler-Weisberger relation predicts gA=1.26
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0, s0)

�
�µf1(q

2) + i
�µ⌫q⌫

2M
f2(q

2) +
qµ
2M

f3(q
2)

�
⇥
�µ�5g1(q

2) + i
�µ⌫q⌫

2M
�5g2(q

2) +
qµ
2M

�5g3(q
2)
⇤ 
un(p, s)



Neutron beta decay
• The decay rate for

• a neutron at rest and with spin in the     direction

• final e- and     with velocities 

• with 

• so even without neutron polarisation, we can determine |gA/gV| through an 
accurate determination of the angular correlation between outgoing e- and 

• To determine the sign of gA               spin-dependent measurement

• Current best determination (PDG 2012) gA/gV = 1.2701(25)
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• The matrix element of the axial operator between neutron and proton states takes 
the general form

• PCAC  (Chiral symmetry) 

• Not true for above matrix element, but if GP has a pion pole

• The matrix element satisfies PCAC if

• At q2=0                Goldberger-Treiman  relation

Axial Form Factor
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• The axial charge is defined as the value of the axial form factor at q2=0

• Ideal quantity for a benchmark lattice calculation of nucleon structure

• Zero momentum

•    Statistically clean

• Isovector

•    Disconnected contributions cancel

Axial Charge, gA 

gA = GA(q
2 = 0)

hp|ū�µ�5d|ni = hp|ū�µ�5u� d̄�µ�5d|pi



Determination of gA on the Lattice
• Need access to the matrix element

• from our three-point functions

• From yesterday, we know that after the spin-trace, our 3pt will be proportional to

• For                       we have

• When using the projector                                          when computing the 3pt function

• Requires nucleon state to be polarised in, e.g. +z direction
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• At zero momentum, 

• So gA can be determined by choosing the direction of the axial current to be the 
same as the direction of the nucleon polarisation. E.g. use a 3pt function with

• Our ratio from yesterday

• now becomes

Determination of gA on the Lattice
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• Example of 

• from [RBC/UKQCD:0801.4016] at 4 different pion masses

Determination of gA on the Lattice
R(t, ⌧ ;~0,~0; �3�5,�3) =

G�3(t, ⌧ ;~0,~0, �3�5)

G2(t,~0)
= igA

2

mf 0.005 0.01 0.02 0.03

mπ[GeV][21] 0.3313(13) 0.4189(13) 0.5572(5) 0.6721(6)

(2.7 fm)3 1.083(50) 1.186(36) 1.173(36) 1.197(30)

(1.8 fm)3 N/A 1.066(72) 1.115(58) 1.149(32)

TABLE I: gA and mπ (V = (2.7 fm)3 only).

algorithm [19] with trajectories of unit length. The mea-
surements were performed at the unitary points only,
mf = mval = msea. We use the mass of the Ω− baryon to
determine the inverse of the lattice spacing 1/a = 1.73(3)
GeV [20, 21]. The residual quark mass due to the finite
size of the fifth dimension is 0.00315(2). The non-zero
lattice spacing error is small in our calculation because
the DWF action is automatically off-shell O(a) improved.

Four measurements are carried out for the 243 ensem-
bles on each configuration. The number of Monte Carlo
trajectories used for measurements is 6460, 3560, 2000,
and 2120 for mf = 0.005, 0.01, 0.02, 0.03, respectively,
with 10 trajectory separations for mf = 0.005, 0.01 and
20 for 0.02, 0.03. The measurements are blocked into
bins of 40 trajectories each to reduce auto-correlations.
On the 163 ensembles we use 3500 trajectories separated
by 10 trajectories at mf = 0.01, and 0.03, and by 5 at
0.02. The data are blocked with 20 trajectories per bin.

The axial charge is calculated from the ratio of the ma-
trix elements of the spatial component of the axial vector
current and the temporal component of the vector cur-
rent, V a

t = ψγt(τa/2)ψ, 〈n′|Aa
i |n〉/〈n

′|V a
t |n〉 = gA. This

ratio gives the renormalized axial charge because Aµ and
Vµ share a common renormalization constant due to the
chiral symmetry of DWF. In our simulation the two con-
stants are consistent to less than 0.5% at the chiral limit.
In order to increase the overlap with the ground state,
the quark propagators are calculated with gauge invari-
ant Gaussian smearing [22] and we employ sufficient sep-
aration in Euclidean time, more than 1.37 fm, which
is the largest used so far in dynamical calculations of
gA [15, 23, 24], between the location of the nucleon source
and sink to minimize excited state contamination.

The plateaus of gA computed on volume V = (2.7 fm)3

are shown in Fig. 1. We checked that consistent results
are obtained by either fitting or averaging over appro-
priate time slices, t = 4–8, and also by fitting the data
symmetrized about t = 6. The larger volume data can
be symmetrized because the source and sink operators
are identical in the limit of large statistics. We note that
the length of our lightest mass run is already the longest
we know of for comparable simulation parameters. Re-
sults obtained from the fit using the unsymmetrized data,
presented in the figure with one standard deviation, are
employed in the analysis.

Figure 2 shows our result for gA. The results are also
presented in Table I. The (2.7 fm)3 data are almost inde-
pendent of the pion mass (squared) except for the lightest
point which is about 9% smaller than the others. A set
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FIG. 1: Plateaus of gA. V = (2.7 fm)3 and mf = 0.005, 0.01,
0.02, and 0.03, from top to bottom.
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FIG. 2: gA. Dashed and solid lines denote the fit results and
chiral extrapolation in infinite volume, respectively. The open
circle is extrapolated result at mπ = 135 MeV.

of the results obtained with a smaller volume, (1.8 fm)3

shows a similar downward behavior, albeit with relatively
larger statistical uncertainties. An earlier two flavor cal-
culation by RBC [14] with spatial volume (1.9 fm)3 and
1/a = 1.7 GeV showed a clear downward behavior, but
it sets in at heavier pion mass.

We suspect that this pion mass dependence driving
gA away from the experimental value is caused by the
finite volume of our calculation: in general such an ef-
fect is expected to grow as the quark mass gets lighter
at fixed volume, or the volume decreases for fixed quark
mass. More quantitatively, we observe in the figure that
the two flavor result with V = (1.9 fm)3 significantly de-
creases at m2

π ≈ 0.24 GeV2, while the 2+1 flavor results
with V = (2.7 fm)3 do not decrease even at m2

π ≈ 0.17
GeV2. Another trend of the FVE seen in Fig. 2 is that
all the 2+1 flavor, smaller volume data are systematically
lower than the larger volume data. Similar behavior was
observed in quenched DWF studies [8, 25]. However, for
pion masses close to our lightest point such a sizable shift
is not observed when V is larger than about (2.4 fm)3,
not only in the quenched case, but also the 2+1 flavor,
mixed action, calculation in [15], as shown in Fig. 2. On
the other hand, our results suggest that V = (2.7 fm)3

is not enough to avoid a significant FVE on gA when
mπ ≤ 0.33 GeV in dynamical fermion calculations.

In order to more directly compare the various results,
we plot gA against a dimensionless quantity, mπL, in the

330 MeV

560 MeV

420 MeV

670 MeV
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Determination of gA on the Lattice

QCDSF: 1101.2326
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Results appear to undershoot by ~10%



• What about lattice systematic errors?

• Finite lattice spacing

• Large quark masses

• Finite volume

• Contamination from excited states

Determination of gA on the Lattice



• Different colours correspond to different lattice spacings 

•  No obvious dependence on a 

Determination of gA on the Lattice
Lattice spacing dependence
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Determination of gA on the Lattice
Lattice volume dependence
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• Substantial finite size effects

• gA suppressed on a finite volume

• See                                         for attempts to understand the source of this behaviour[CSSM: 1205.1608]



• Test for contamination from excited states by varying the location of the sink

• Evidence that excited state contamination suppresses gA

Determination of gA on the Lattice
Excited state contamination
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Figure 1: The ratio R(t, ts) at � = 5.2 and m⇡ = 312MeV for several di↵erent values of the source-sink
separation ts.

Figure 2: The summed ratio S(ts) at m⇡ ⇡ 320, MeV for two di↵erent lattice spacings.
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Mainz: 1205.0180 a ⇡ 0.08 fm, m⇡ ⇡ 310MeV



Determination of gA on the Lattice

• HBChPT form suggests that an enhancement is expected in the infinite volume at 
light quark masses

Quark mass dependence
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FIG. 5: Fit of the gA data over an extended range of pion masses (Fit B). The finite size correction

has been subtracted from the data. In contrast to Fig. 4, only the resulting infinite volume numbers

are shown for the two masses at β = 5.29. The three data points around m2
π ≈ 0.7GeV2 have not

been included in the fit.

In Fig. 7 we display the volume dependence of the data and the fit in yet another way.

There we plot our results as they were obtained in the respective volumes versus m2
π. For

the curves in this plot we take the parameters from Fit B. The finite L values correspond

to the volumes used in the simulations 12, 13, 14.

In order to study the influence of the smaller volumes (simulations 9, 10 and 12, 13)

we have repeated Fit B without these small-volume data, i.e. using only the results from

simulations 3, 6, 11, 14 and 17. This yields g0
A = 1.21 ± 0.19, Br

9 = (−0.62 ± 0.06)GeV−2

and g1 = 2.8 ± 1.7. Of course, the errors have increased, but the fitted parameters are fully

compatible with the outcome of Fit B.

In order to estimate the uncertainty caused by the ambiguities inherent in the scale

setting procedure (see Sect. II) we have not only employed r0 = 0.467 fm in the fits but

also r0 = 0.5 fm. Moreover, we have considered the two possibilities of working with r0/a

evaluated at the respective quark mass and using the chirally extrapolated value of r0/a.

For g0
A we find numbers between 1.12 and 1.21 in Fit A, while they vary between 1.19 and

1.33 in Fit B. The results for Br
9 (in GeV−2) lie between −0.60 and −0.83 in Fit A and

17

QCDSF: hep-lat/0603028



Determination of gA on the Lattice
• The previous collection of results indicate that while gA was hoped to a “simple” 

quantity to compute on the Lattice, this appears to be far from the case due to

• Substantial finite size effects

• Possible excited state contamination

• Non-trivial quark mass dependence  (interplay of Delta and N loops)

• But the removal of these effects all appear to shift gA in the right direction

• Increased interest from several lattice 
collaborations

• QCDSF

• LHPC

• RBC/UKQCD

• ETMC

• CLS/Mainz arXiv:1106.1554 [hep-lat]
PRD 74, 094508 (2006)

PRL 96, 052001 (2006)

PRL 100, 171602 (2008)

PRD 83, 045010 (2011)



Deep Inelastic Scattering



ed-logo

Structure Functions

Much of our knowledge about QCD and the structure of the nucleon has
been derived from Deep Inelastic Scattering experiments, eg lN → lX

(νN → µ−X ):

The cross section is determined by the
structure functions:

F1, F2 when summing over beam and
target polarisations.

F3 when using neutrino beams
(γ →W +).

g1, g2 when both the beam and target
are suitably polarised.

h1 transversity – need Drell-Yan type
processes

X

e,
e,

µ

γ

µ

p

J.M.Zanotti (University of Edinburgh) Nucleon Structure March 17, 2006 3 / 40

Deep Inelastic Scattering
• A single quark in the nucleon is “knocked out” by a virtual photon

• The proton is “smashed” into many fragments

• Allows the extraction of the quark and gluon distributions in momentum space -
Feynman parton distributions

• As on Monday for elastic scattering, start with the S-Matrix

• Inclusive cross section

• with hadronic tensor
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Deep Inelastic Scattering

• Since the final states, X, are summed over, W only depends on 

• initial proton momentum, P

• photon momentum, q

• Using Lorentz symmetry, parity and time reversal invariance, current conservation, 
can express this in terms of two invariant tensors

• W1 and W2 are the so-called structure functions of the proton and depend on two 
variables

Wµ⌫ =
1

4⇡

X

X

hP |Jµ|XihX|J⌫ |P i(2⇡)4�4(P + q � PX)
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+
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(P · q)
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(P · q)
q2
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Q2 = �q2

⌫ =
P · q
M

the 4-momentum transfer squared
the energy transferred to the nucleon by the scattering electron



• A key factor for investigating the proton substructure is the wavelength of the probe

• Large momentum transfer                 high resolution

� ⇠ 1p
Q2

Q2 small

Q2 large

e-

e-

e-

e-

resolve:

proton

quark

�⇤
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Deep Inelastic Scattering



Deep Inelastic Scattering
• Early SLAC data showed that W1 and W2 are nearly independent of Q2 when plotted 

as a function of the dimensionless combination

• This is known as Bjorken scaling

x = � q

2

2P · q =
Q

2

2M⌫

the Bjorken scaling variable



Deep Inelastic Scattering
• Early SLAC data showed that W1 and W2 are nearly independent of Q2 when plotted 

as a function of the dimensionless combination

• This is known as Bjorken scaling

x = � q

2

2P · q =
Q

2

2M⌫

9.6. PARTON MODEL REVISITED 19

Figure 9.17: Proton structure function F p
2 measured by H1 and other experiments for

various values of Q2 and x. Scaling violations appear for x < 10−2.

mp ! 3mq, see Fig. 9.19(b). If, however, the proton consisted of three light and strongly
coupled quarks, mq " 1/3mp, the peaks of ξf(ξ) would still be located around 1/3, but,
since most energy is present in the form of potential and kinetic energy, they would be

• Essentially x and Q2 degrees of freedom

• Some scaling violations at small-x



Deep Inelastic Scattering
• Early SLAC data showed that W1 and W2 are nearly independent of Q2 when plotted 

as a function of the dimensionless combination

• This is known as Bjorken scaling

• Bjorken limit: x-fixed,                

• This lead Feynman to introduce the “parton model”

•            inelastic e-p scattering is a sum of the elastic scatterings of the electron 
on free partons with the proton

• Picture valid for a fast moving nucleon, as in DIS

x = � q

2

2P · q =
Q

2

2M⌫

Q2 ! 1

6 CHAPTER 9. PROTON STRUCTURE IN QCD

9.3 Parton model

The key factor for investigating the proton substructure is the wavelength of the probing
photon, which is related to the transferred momentum by,

λ ∼
1

√

Q2
,

Therefore, large momentum transfer is equivalent to high resolution. As shown in Fig. 9.5,
for λ ≈ 1 fm, one can “see” the proton as a single particle, whereas for, λ # 1 fm, the

Figure 9.5: Relationship between resolution and transferred momentum.

probed particles are the constituents of the proton.

9.3.1 Bjorken scaling

J. Bjorken proposed in 1968 that, in the limit of infinite Q2, the structure functions
should only depend on the scaling variable x, and not on Q2 and ν independently. This
corresponds to postulating that at large Q2 the inelastic e−p-scattering is a sum of elastic
scatterings of the electron on free partons within the proton, as illustrated below.

p

γ∗

p

γ∗

Q2→∞
=⇒

In this limit, one defines then the functions,

F1(x) := lim
Q2→∞

MW1(Q
2, ν), (9.7)

F2(x) := lim
Q2→∞

νW2(Q
2, ν). (9.8)

any particle with no internal structure

9.6. PARTON MODEL REVISITED 19

Figure 9.17: Proton structure function F p
2 measured by H1 and other experiments for

various values of Q2 and x. Scaling violations appear for x < 10−2.

mp ! 3mq, see Fig. 9.19(b). If, however, the proton consisted of three light and strongly
coupled quarks, mq " 1/3mp, the peaks of ξf(ξ) would still be located around 1/3, but,
since most energy is present in the form of potential and kinetic energy, they would be



Parton Model
• In the Bjorken limit, one defines the functions

• And in Feynman’s parton model, the structure functions are sums of the parton 
densities constituting the proton, fi

• fi is the probability that the struck parton, i, carries a fraction, x, of the proton 
momentum and is called a parton distribution function (PDF)

• Total probability must be 1, so

F1(x) = lim
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W1(Q
2
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2
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2
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i

e

2
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X

i

e

2
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Deep Inelastic Scattering & Parton Model
• Results from DIS tell us that the fraction of the nucleon momentum carried by the 

quarks                      is only about 50%

•           gluons must play an important role in the structure of the nucleon

• In fact, much of our knowledge about QCD and the structure of the nucleon has 
been derived from Deep Inelastic Scattering experiments:

• 2 up and 1 down valence quarks with electric charge 2/3 and -1/3 in the proton

• the number of quarks is infinite because                   does not seem to converge

•    infinite number of quark and antiquark pairs

R
dx xq(x)

R
dx q(x)

q(x) = fq(x)



Parton Distribution Functions
• Point nucleon (a single quark carries all 

momentum): F2 is a delta function at x=1

• Nucleon with 3 quarks (share the momentum)

• Three interacting quarks (smeared out)

• With sea quarks (when a quark emits a q-q pair,

they all have lower x than the 
original quark)

F2(x)
x

F2(x)
x

1

F2(x)

x1/3

F2(x)
x

-



Parton Distribution Functions
• Proton contains 2 u and 1 d quarks termed “valence” quarks

• It is possible that a valence quark radiates a gluon which then turns into a q-q pair 
which are termed “sea” quarks

• Can now write the proton and neutron structure functions as (ignoring heavy quarks)

• where total PDF of a quark is

• Under isospin flip             and            , assuming charge symmetry means

uv(x), dv(x)

-
us(x), ds(x), ss(x)

F

p
2 (x) = x

⇢
4

9
[up(x) + ū

p(x)] +
1

9
[dp(x) + d̄

p(x)] +
1

3
[sp(x) + s̄

p(x)]

�

F

n
2 (x) = x

⇢
4

9
[un(x) + ū

n(x)] +
1

9
[dn(x) + d̄

n(x)] +
1

3
[sn(x) + s̄

n(x)]

�

q := qv + qs

u $ d p $ n

u(x) ⌘ u

p(x) = d

n(x)

d(x) ⌘ d

p(x) = u

n(x)



Parton Distribution Functions
• Further, we assume that (u,d,s) occur with equal probability in the sea

• To obtain

• Expect at low             the sea quarks to dominate and

• while at high            the valence quarks will dominate (and                         ) 

S := us = ūs = ds = d̄s = ss = s̄s

x ⌧ 1

Fn
2

F p
2

! 1

Fn
2

F p
2

! 1

4

x ! 1
uv(x) > dv(x)

[2 up vs 1 down valence 
quarks in the proton]

F

p
2 (x) = x

⇢
1

9
[4uv(x) + dv(x)] +

4

3
S(x)

�

F

n
2 (x) = x

⇢
1

9
[4dv(x) + uv(x)] +

4

3
S(x)

�
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Figure 4.5: Data for Fn
2 /F p

2 vs. x.

pairs dominates the structure function and one observes
F n

2

F p

2

→ 1. At higher x → 1, the “valence”

quarks dominate and we find
F n

2

F p

2

→ 1/4 since u(x) > d(x) in the proton (there are 2 valence up

quarks vs. only one valence down quark).

In addition to rather direct observation of the quark structure by measuring F1,2, it is possible
to obtain evidence of the existence of a sea of gluons in the nucleon. The gluons carry a signifi-
cant fraction of the momentum of the nucleon (in the infinite momentum frame used to analyze
deep inelastic scattering) which affects a “momentum sum rule” that indicates the fraction of the
momentum carried by the quarks. For scattering from an isoscalar nucleus (like deuterium) we
define

FN
2 (x) ≡

1

2
(F p

2 + Fn
2 ) (4.74)

=
5

18
x[u(x) + ū(x) + d(x) + d̄(x)] (4.75)

and so
18

5

∫ 1

0
FN

2 (x)dx =
∫ 1

0
x
∑

i

fi(x)dx. (4.76)

Thus one can measure the sum of the momentum fractions of all the quarks (including antiquarks)
via this integral. If there were no other significant constituents then the above integral should be

sea

valence

Parton Distribution Functions
• Further, we assume that (u,d,s) occur with equal probability in the sea

• To obtain

• Expect at low             the sea quarks to dominate and

• while at high            the valence quarks will dominate (and                         ) 

S := us = ūs = ds = d̄s = ss = s̄s

x ⌧ 1

Fn
2

F p
2

! 1

Fn
2

F p
2

! 1

4

x ! 1
uv(x) > dv(x)

[2 up vs 1 down valence 
quarks in the proton]

F

p
2 (x) = x

⇢
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9
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4

3
S(x)

�

F
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2 (x) = x

⇢
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[4dv(x) + uv(x)] +

4

3
S(x)

�



Parton Distribution Functions
• Recall the momentum sum rule including all partons

• But e-p scattering experiments find the light quark contributions to be

•       Almost half of the proton momentum is carried by electrically neutral partons

• Repeating the experiments with neutrinos indicates that these partons do not 
interact weakly

•       Missing momentum carried by gluons

• Need for inclusion of gluons in the parton model also evidenced by scaling violations 
at finite Q2

X

i

Z 1

0
dx xfi(x) = 1

Z
dxx[u(x) + ū(x)] ⇡ 0.36

Z
dxx[d(x) + d̄(x)] ⇡ 0.18



Structure Functions
• Much of our knowledge about QCD and the structure of the nucleon has been 

derived from Deep Inelastic Scattering experiments, e.g. lN ! lX (⌫N ! µ�X)

• The cross section is determined by the 
structure functions:

• F1, F2 when summing over beam and target 
polarisations

• F3 when using neutrino beams

• g1, g2 when both the beam and target are 
suitably polarised

• h1 transversity - need Drell-Yan type processes
ed-logo

Structure Functions

Much of our knowledge about QCD and the structure of the nucleon has
been derived from Deep Inelastic Scattering experiments, eg lN → lX

(νN → µ−X ):

The cross section is determined by the
structure functions:

F1, F2 when summing over beam and
target polarisations.

F3 when using neutrino beams
(γ →W +).

g1, g2 when both the beam and target
are suitably polarised.

h1 transversity – need Drell-Yan type
processes

X

e,
e,

µ

γ

µ

p
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Moments of Structure Functions
• Relate partonic structure of hadrons and QCD via moments

• similar relations for other structure functions

F1/F2/F3 $ vn unpolarised

g1 $ an polarised

g2 $ an � dn

h1 $ hn transversity

Z 1

0
dxxn�2F2(x,Q

2) = ES
F2;vn(M

2/Q2, gS)vSn (M) + O(1/Q2)| {z }
higher twist

Wilson coefficients
calculated in perturbation theory

proton (forward) matrix elements
nonperturbative quantities - compute on the lattice

renormalisation scale



Moments of Structure Functions
• Moments are obtained from forward (q=0) matrix elements of local operators

• where {...} indicates symmetrisation of indices and the subtraction of traces 

•         twist-2 operators 

•  

• and similarly for the moments of polarised structure functions

hN(p, s0)|O{µ1···µn}
q |N(p, s)i = 2ū(p, s0)v(q)n p{µ1 · · · pµn}u(p, s)

Oµ1···µn
q = q �µ1

 !
D µ2 · · · !D µn q

 !
D = 1

2 (
�!
D � �D)

dominating contribution in the deep 
inelastic (large Q2) limit

O5;µ1···µn
q = q �µ1�5  !D µ2 · · · !D µn q

hN(p, s0)|O5;{µ1···µn}
q |N(p, s)i = ū(p, s0)

a(q)n�1

n+ 1
s{µ1pµ2 · · · pµn}u(p, s)



Moments of PDFs
• Interpretation in terms of moments of parton distribution functions q(x)

•                     “probability” to find a quark (antiquark) with momentum fraction x

• Polarised:

• with                                       and                        “probability” of finding a quark with 
momentum fraction x and helicity equal (opposite) to that of the proton

• In particular                                     

• is the fraction of the nucleon spin carried by quarks of flavour q

• and

v

(q)
n =

Z 1

0
dx x

n�1 (q(x) + (�1)nq̄(x)) = hxn�1iq

a

(q)
n = 2

Z 1

0
dx x

n (�q(x) + (�1)n�q̄(x)) = 2hxni�q

�q(x) = q+(x)� q�(x)

gA = �u��d

q(x) (q̄(x))

q+(x) (q�(x))

1

2
a(q)0 = h1i�q = �q



Moments of Polarised Structure Functions
• The moments of the polarised structure functions are

• In addition, the moments of transversity h(x) are related to matrix elements of the 
operators

• “probability” weighted by quark transverse-spin projection relative to the 
nucleon’s transverse-spin direction

• Lowest moment gives the tensor charge

2

Z 1

0
dxxn

g1(x,Q
2) =

1

2

X

f=u,d

e

(f)
1,n(

µ

2

Q

2
, g(µ))a(f)n (µ)

2

Z 1

0
dxxn

g2(x,Q
2) =

1

2

n

n+ 1

X

f=u,d

⇥
e

(f)
2,n(

µ

2

Q

2
, g(µ))d(f)n (µ)� e

(f)
1,n(

µ

2

Q

2
, g(µ)) a(f)n (µ)

⇤

+ higher twist

+ higher twist

twist-3 but not power suppressed

O�;µ⌫µ1···µn
q =

�
i
2

�
q i�µ⌫

 !
D µ1 · · · !D µn q

�q



Operators
• Minkowski          Euclidean - replace the Lorentz group by the orthogonal group

• Discrete space-time - reduce to the hypercubic group

• H(4) is finite           mixings  [hep-lat/9602029]

• Using the following operators reduces mixings

H(4) ⇢ O(4)

O(4)

Ov2a = O{14}

Ov2b = O{44} � 1

3

⇣
O{11} +O{22} +O{33}

⌘

Ov3 = O{114} � 1

2

⇣
O{224} +O{334}

⌘

Ov4 = O{1144} +O{2233} �O{1133} �O{2244}

v2a and v2b different representation of the same continuum operators



• Recall from yesterday, we can write the lattice three-point function as

• where

• and

• so using the operator for v2a as an example

• Euclideanisation 

hN(p0, s0)|O(~q)|N(p, s)i = ū(p0, s0)J u(p, s)

G3(t, ⌧ ; ~p
0~p;�,O) =

q
Zsnk(~p 0)Z

src
(~p)F (�,J )e�E~p 0 (t�⌧)e�E~p⌧

Extracting Moments

F (�,J ) =
1

4
Tr

⇢
�

✓
�4 � i

~p 0 · ~�
E~p 0

+
m

E~p 0

◆
J
✓
�4 � i

~p · ~�
E~p

+
m

E~p

◆�

OM
v2a = OM

{01} = i
4 q̄

✓
�M
0

 !
D 1 + �M

1

 !
D 0

◆
q

i
4 hN(p, s0)|q̄

✓
�M
0

 !
D 1+�M

1

 !
D 0

◆
q|N(p, s)i = v(q)2

1
2 ū(p, s

0)
�
�M
0 p1+�M

1 p0
�
u(p, s)

�M
0 = �E

4 , �M
i = �i�E

i
pE4 = ipM0 ⌘ iE(~p), pEi = �pMi D4 = �iD(M)0 Di = �D(M)i

i
4 hN(p, s0)|q̄

✓
�E
4

 !
D 1+�E

1

 !
D 0

◆
q|N(p, s)i = v(q)2

1
2 ū(p, s

0)
�
��E

4 p1�i�E
1 EN (~p)

�
u(p, s)



• Taking

• So in this case our ratio will be

• and for v2b

• Exercise: work out the corresponding ratio for the polarised case

Extracting Moments
� = �

unpol

⌘ 1

2
(1 + �

4

)

F (�,J ) = 1

4

Tr

⇢
�
unpol

✓
�
4

� i ~p·~�E~p
+ m

E~p

◆�
� �

4

p
1

� i�
1

EN (~p)
�✓

�
4

� i ~p·~�E~p
+ m

E~p

◆�

R(t, ⌧ ; ~p, ~p;O{14},�unpol

) =
G

�

unpol

(t, ⌧ ; ~p, ~p,O{14})

G
2

(t, ~p)
= ip

1

v(q)
2

O5;{43}
q �

pol

= �
3

=
1

2
(1 + �

4

)i�
5

�
3

R�4(t, � ; �p, �p;O44) = �
E2

⇥p + 1
3�p

2

E⇥p
⇤x⌅



Ratios for v2 = hxi
• Excellent agreement for the two different representations of the same operator



Operator Renormalisation
• A huge field in it’s own right and deserves its own set of lectures. (see e.g. 

R.Sommer  [hep-lat/0611020])

• Renormalise bare lattice operators in scheme S and at scale M

• If there are more operators with

• same quantum numbers

• same or lower dimension

• Renormalisation Group Invariant quantities are defined as

OS(M) = ZS
O(M)Obare

OS
i (M) =

X

j

ZS
OiOj

(M,a)Oj(a)

ORGI = ZRGI
O Obare = �ZMS

O (µ)OMS(µ)

= �ZMOM
O (p)OMOM (p)

= �Z⇤
O(a)O(a)

Independent of scale

[�ZS
O(M)]

�1
=

⇥
2b0g

S
(M)

2
⇤� d0

2b0
exp

(Z gS(M)

0
d⇠


�S

(⇠)

�S
(⇠)

+

d0
b0⇠

�)



Operator Renormalisation

ed-logo

Operator Renormalisation

10.0 100.0
µ / ΛMS

−

 [nf=0]

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0
[Δ

Z v n]−
1

One loop
Two loop
Three loop

[ΔZv2
]−1

[ΔZv4
]−1
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Operator Renormalisation
• Perturbative renormalisation:

• Regard the lattice as a scheme

• One loop perturbation theory

• Non perturbative renormalisation:

• Schrödinger functional [ALPHA, hep-lat/9512009] - SF scheme

• Gauge & quark fields take on specific values at the boundary of the space-time 
region (Dirichlet boundary conditions) -- a background field

• Rome-Southampton Method [Martinelli et al., hep-lat/9411010]

• Mimics (continuum) perturbation theory in a (RI’)-MOM scheme

ZS
O(M, g) = 1� g2

16⇡2
CF

⇥
�O;0 ln(M) +BS

O
⇤
+ . . .



Operator Renormalisation
�ZRI0�MOM

O (p)ZRI0�MOM
O (p, g0)

ed-logo

Operator Renormalisation

∆ZRI ′−MOM
O (p)ZRI ′−MOM

O (p, g0)
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• First moment of the (isovector) nucleon parton distribution function

• Notorious for producing lattice results ≈ 2x too large for isovector nucleon

• What are the possible systematic errors that could account for this

• Quenching? Chiral physics? Finite volume effects?

�x�u�d
µ =

� 1

0
dx x(u(x, µ) � d(x, µ)) +

� 1

0
dx x(ū(x, µ) � d̄(x, µ))

hep-lat/0310003 [Detmold, Melnitchouk, Thomas]
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Excited State Contamination?
warning! D. Pleiter

0 8 16 24 32 40 48
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ratio for v2
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m⇡ = 660MeV

t $ ⌧/a, tsink $ t/a

curve for tsink = 35: phenomenological extrapolation
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QCDSF a ⇡ 0.75 fm, m⇡ ⇡ 650MeV

Evidence for severe excited 
state contamination!
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FIG. 2. E�ective mass of the nucleon correlation function
with Gaussian smearing applied at both source and sink, for
quark mass mf = 0.005.

can choose without losing the signal. As will be shown in
detail in this paper, the bare three-point function signals
for this source-sink separation of t = 12 are acceptable.
We note that recently the LHP Collaboration has also
looked at this issue in some detail [42] and ends up using
a shorter separation of about 1.2 fm.

For low energy quantities like the pseudoscalar de-
cay constants, the kaon B-parameter, and the � baryon
mass, the e⇥ect of non-zero lattice spacing was estimated
to be less than 4% for the configuration ensemble used
in this work [1], and subsequently confirmed on a later
ensemble with smaller lattice spacing [43, 44]. We ex-
pect that similar errors hold for the quantities discussed
in this paper.

IV. NUMERICAL RESULTS

A. Quark momentum and helicity fractions

Let us first discuss the ratio, ⇥x⇤u�d/⇥x⇤�u��d, of the
isovector quark momentum fraction to the helicity frac-
tion. The momentum fraction, ⇥x⇤u�d, which is the first
moment of the F1,2 unpolarized structure functions, and
the helicity fraction, ⇥x⇤�u��d, which is the first moment
of the g1 polarized structure function, share a common
renormalization because they are related by a chiral ro-
tation and the DWF action preserves chiral symmetry to
a high degree. Thus, this ratio calculated on the lattice is
naturally renormalized, much like the form factor ratio
[27], gA/gV , and is directly comparable with the value
obtained from experiment.

The results of our calculation are shown in Fig. 3.
They do not show any discernible dependence on the
up/down quark mass, outside of the statistical error bars,

0 0.1 0.2 0.3 0.4 0.5

m
π

2
[GeV

2
]

0.5

0.6

0.7

0.8

0.9

1

2.7 fm
1.8 fm

〈x〉
u-d

〈x〉
∆u-∆d

experiment

FIG. 3. Ratio of the bare, isovector, momentum and helicity
fractions, �x⇥u�d/�x⇥�u��d, which is naturally renormalized
for DWF. Both volumes are shown, (2.7 fm)3 (circles) and
(1.8 fm)3 (squares). The square symbols have been moved
slightly in the plus x-direction. They are in good agreement
with experiment which is denoted by the star. No discernible
dependence on volume nor pion mass can be detected.

and are in good agreement with experiment. This is
in contrast to the renormalized ratio of gA/gV of elas-
tic form factors which at the lightest point deviates sig-
nificantly from heavier mass results and the experiment
as a result of a large finite-size e⇥ect [27]. This sug-
gests the moments of inelastic structure functions such
as the momentum fraction, ⇥x⇤u�d, and helicity fraction,
⇥x⇤�u��d, may not su⇥er so severely from the finite-size
e⇥ect that plagues elastic form factor calculations. In-
deed the results obtained from the smaller (1.8 fm)3 vol-
ume, also shown in Fig. 3, do not deviate significantly
from the constant behavior of the larger volume results,
albeit with larger statistical errors.
Next we discuss the absolute values of the isovector

quark momentum fraction, ⇥x⇤u�d. This is the first mo-
ment of the unpolarized structure functions, F1 and F2.
In Fig. 4, we show the bare lattice matrix elements as
ratios of three- and two-point functions for the two light-
est quark mass values of mf = 0.005 (circles) and 0.01
(squares). We extract bare values of the desired matrix
element by averaging over time slices 4 to 8 (values are
summarized in Tables IV and V).
These bare values need be renormalized in order to

be compared with experiment. In Fig. 5 we present
the non-perturbatively determined renormalization for
the operator Oq

44. The filled circles are the renormaliza-
tion constants in the RI-MOM scheme at scale µ2 = p2,
which is not scale independent. The filled squares corre-
spond to the renormalisation constant given in the MS
scheme at µ = 2 GeV, where there remains only residual
scale dependence proportional to (ap)2 lattice artifacts.
After removing the remaining (ap)2 dependence as de-

RBC/UKQCD PRD 82, 014501 (2010)

• However ratios of lattice results look good, e.g.


