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Chiral Perturbation Theory

lll. Baryons



Baryons in Chiral Perturbation Theory

e This is an INT summer school on lattice QCD for nuclear physics

My Definition: nuclear physics is the study of systems with baryon number > 0

E.g. the hydrogen nucleus

e ChPT is a low-energy effective theory p2 < Ai
Ay = 1.1GeV
My = 0.94GeV
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BUDGET CVu1S YoV
TWO BoYS MUST SHARE
ONE DUNCE CAP!




Baryons in Chiral Perturbation Theory

e This is an INT summer school on lattice QCD for nuclear physics

My Definition: nuclear physics is the study of systems with baryon number > 0
E.g. the hydrogen nucleus

DUE TO ScHoOL

A T eweet cvts vou
e ChPT is a low-energy effective theory p? <« Ai y w0 BOYS MUST SHARE
A .
Ay = 1.1GeV Z
My = 0.94GeV

¢ |Include nucleon as an external flavor
source, and describe small energy
fluctuations about the nucleon mass

2 11 /T I“\ \
p< My ~ A, T TR

ghomg b

e Account for quark mass dependence, need chiral limit nucleon mass M



Baryons in Chiral Perturbation Theory

 Digression: chiral limit mass out of nothing! (N (k )| T, | N (K )) = — k;&\’;v
QCD energy-momentum tensor 1,,, trace
T = Mgt (N ()| T N (R)) = M

Classically M =0

e Trace anomaly (QCD cannot be defined without a scale)

5 _
Lyp = %GMVG,LW + mqpt
. 5 _ -
MN:<N(k) %G,UJVG/LI/—I—mqu N(k) ;M—FAmq——Bmg——...

= M + Am?> + Bm: + ...

T

e Higgs doesn’t have a monopoly over all masses in the universe

Exercise:
Is the trace of the energy-momentum tensor the divergence of a current?
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Heavy Fermions MY 20
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e | arge (chiral limit) mass M: schematically AkAx > 5 Av Ax > i

k, = Mv, +p, Separation of scales e** = ¢!MvTeip®

L=N(@+ M)N
. . 1 i+ M —iMp—ip+ M1 P

Fermion propagator M R ME . 2Mu-pp? > 7?+U o + O (M

1 iIn Feynman diagrams
Non-relativistic spin projector P+ = 7 (1 F ip)
1 | .
_P:I:’Y,up:l: — _Z (’V,u + 2{757 7u} - ﬁfy,uﬁ) — :“},upzl:

e Reformulate using heavy fermion fields ~ N(z) = €MV [Py Ny () + P_0N, ()]
0,N(x) =iMv,N(z) + e™M"%9, [Py N,(z) + P_N, ()]

L= |N,Py+MNP_|P[PLN, +P_Ny]+ N (—iMp+ M) N
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Heavy Fermions MY 20

1 1
e | arge (chiral limit) mass M: schematically AkAx > 5 Av Ax > i

k, = Mv, +p, Separation of scales e** = ¢!MvTeip®

L=N(@+ M)N

e Fermion propagator

1 —if+M  —iMyp—ip+ M 1 p

, = = Pr— +0(4)
ik + M k?+ M? 2Mv - p + p? VP M
1 iIn Feynman diagrams

Non-relativistic spin projector P+ = 5 (1 F19p)
1

_P:I:’Y,up:l: — _Z (’V,u + 2{757 7u} - ﬁfy,uﬁ) — :iv,upzl:
e Reformulate using heavy fermion fields ~ N(z) = €MV [Py Ny () + P_0N, ()]

0,N(x) =iMv,N(z) + e™M"%9, [Py N,(z) + P_N, ()]

L= Nyiv-0PLN, — N, (iv -0 — 2M) P_N, + mixing



Exercises:

Integrate out the remaining heavy components of the fermion field to find the
first-order correction to the static fermion Lagrangian. The result should not
surprise you.

The non-relativistic projectors reduce the spin algebra to that of Pauli matrices.
Show that the axial-vector fermion bilinear reduces to the spin density operator
up to a constant, i.e. Ny¥, 5Ny = ¢ NS, N, . The relation P4+ Ny = Ny will
prove useful, as will the definition of the spin vector S, = —ic 000 ,ks /4M
which satisfies $,S, =1/2(1/2+ 1) . What are UHSM and 1Sy, Su] ?



Heavy Nucleon Chiral Perturbbation Theory

e | arge chiral limit mass phased away: derivative expansion is now valid
LZNU ZU@P+NQJ aluNfu(x) Nplu, p,u <<MNAX

e Combine heavy nucleon limit with chiral perturbation theory:
quark mass dependence of nucleon properties, pion-nucleon interactions...

N = (p) N; "3 VN,
n

5 = 2iv/f xSV RILEIURR o b

e Actually it’s unknown to which chiral multiplet(s) the nucleon belongs

Assume simple Nr — RNrp Ny — LNy, N

Dressed nucleon Ny =X'N; Ny = YNpg TN

e Exploit arbitrary nature for simplicity & = VX = e'¢//



Heavy Nucleon Chiral Perturbbation Theory

Seems complicated: &£ — V LE2RT = LeUT U=U(L,R,&(x))
Vector subgroup UL=R=V,§)=V £ VEVT
2 pf

£2 5 LEUTLEUT

Differently dressed nucleon Ng =& Ny N = ENg
NR — UNR NL — UNL

Dressed differently, chiral components transform the same way

Assume simple Nr — RNr N — LNy, N

Dressed nucleon Np = X'N; N; =XNp TN

e Exploit arbitrary nature for simplicity & = VX = e'¢//



Heavy Nucleon Chiral Perturbbation Theory

e Actually it’s unknown to which chiral multiplet(s) the nucleon belongs N

1). Within a given chiral multiplet, nucleon field is not unique N
-

2). Invent nucleon field with chiral components transforming the same

£ — LEUT = UERT

3). Need not know unknown N; — U;; N;  (meets known N; — V;,;N;)

). Construct heavy nucleon chiral Lagrangian based on symmetry
10,6 - UL, (LeUT) = UeTo,¢UT + U, UT

(€Tau€ éaugT) i :> A, — U‘AMUJr

v, - UV,U"+U3,U"

(fTauf + fauff) : :>

D,N=8,N+V,N D,N—U(D,N)



Heavy Nucleon Chiral Lagrangian

L=N'w -DN+294NtS- AN Two more invariants:

(NTv,N) Tr(V,)
D,N=098,N +V,N

NtSN) - Tr(A
Vi = 5 (61,6 + €0, A

-Au — % (£T6u£ — 53#,{[)

v
v
+ < Axial coupling free parameter in chiral
N N _ 7 gA limit (depends upon chiral multiplet)
NS + ...

Vector coupling exactly fixed by pattern of chiral symmetry breaking



Heavy Nucleon Chiral Lagrangian

L=Niv-DN +294,N'S- AN

Vi = % (ET(‘?“{E + 58“{‘) Ay = % (ETQuf - §(9HET)

¢ Include external vector and axial-vector fields: local chiral transformation
10,6 - UeT LYo, (LeUY) = UeN(L16,L)¢UT + Ueto,£UT + U, UT

L,— LL,L"+i(8,L)L" ¢'Dp & =¢€1(0, +iL,)¢

¢ \/ector and axial-vector pion fields become gauged

V= % (gTDwa + §DR#£T) Ay = % (fTDLué - EDR“EL)

e Singlet couplings can be turned on externally

T 0) = 5T (L + B) =T (V) Tr(A4) = —3Tr (Ly - Ry) = Tr (4,

Singlet vector coupling exactly fixed by electric charge assignments
D,N=10,+V,+Tr(V,)|N



Quark Mass Dependence of the Nucleon

e Now turn on explicit chiral symmetry breaking due to the quark mass

Aﬁ:@lebR‘F@RSWL s — LsR' §S=Mg+ -

e Dress the scalar source with pions & — LEUT = UERT N —-UN

Mi:%(gsTf——ﬁTSfT)%UMiUT Mizmq(Z::ET)—{—---

Leading quark mass dependence N /

omy Lmq — O'NTM+N + O(mg) om,

MN:M+qu+...

g

My = { N(k)|=
Recall My <()29

GG + qu| N(k )>



Aside: The Pion-Nucleon Sigma Term

1 L ,
ON = o7 (N (k)| mgyyp [N (k) ) e Leading-order result
N
B B __omg
Dih = Tu + dd N oMy

My = §(mu + mg)

e Sigma term relevant for: mass spectrum, strangeness content, quark mass
ratios, pion-nucleon scattering, new physics searches, ...

mass spectrum Yy = <A1(E) 55 IEV(E) ) =
S(N(k) |uu+dd | N(k))

o — my 8MN
N 2MN 6’mq

strangeness content

quark mass ratio

<Z; - 1) (1—y)on = m;]\}:“q (N (k)[au + dd — 25s| N (k))

Next lecture will be strange



Aside: The Pion-Nucleon Sigma Term

ON = (N (k)| mgpp |N(k)) e Leading-order result
2M n
mg = 5 (my +mq) P =Tu+ dd N oMy T

e Sigma term relevant for: mass spectrum, strangeness content, quark mass
ratios, pion-nucleon scattering, new physics searches, ...

Low-Energy Theorem (Cheng-Dashen)
pion-nucleon

scattering A N s - A N / -
N N/
t _ (k/ . k)2 qu ga ga
DI:O(V =0, = Qmi) — Born = 2;2\7 L ... (large corrections)
QMNO'N — 5

= —5 |O 75:2m72T + A
15(8) Mo [1990's] 64(7) eV (20005 30(4)Hev pong] 7 1 T AR

(experiment coupled with ChPT analysis) (BMW nucleon specturm)



Aside: The Pion-Nucleon Sigma Term

1 L ,
ON = (N (k)| mqp [N (k) ) e Leading-order result
2M n
mq:§(mu+md) Y = uu + dd N oMy T

e Sigma term relevant for: mass spectrum, strangeness content, quark mass
ratios, pion-nucleon scattering, new physics searches, ...

Dark matter direct detection \_//

Dark
Matter?

Dark matter-nucleus elastic scattering from, e.g., XX W _
B atte: ﬁﬂ
Higgs mediated processes mgQQ) H rcoting

\
N

S—

nudeus ,//

Detector

scalar density

\ H meqcc 4} e.g. liquid Xe
1 ms/myg
DM/ mbbb ~ 80MeV X [1 — 20N (1 + /0 y(x) dx)]
v mtft

Higgs coupling pQCD



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(]02)

e Power counting one-loop diagrams
O(p) L=N'iv-DN+294,N'S- AN

/7 \ 1
\ ~ /d4p —p= p° Odd powers!
NS p

Form all one-loop diagrams
from leading-order vertices
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Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}?2)

e Power counting one-loop diagrams
O(p) L=N'iv-DN+294,N'S- AN

— 11
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga ga p~p
2
- JA /d4p p-5p-5 Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices

=0



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}92)

* Power counting one-loop diagrams
O(p) L=Ntiv.-DN+29,NtS- AN

— 1 1
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga 9a p=p
2
- 94 /d4p p-s5p-S Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices
Dy (z,0) = Pre M76(2)0(1) forward propagating heavy nucleon

Rest frame v, = (0,0,0,7)



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}92)

* Power counting one-loop diagrams
O(p) L=Ntiv.-DN+29,NtS- AN

— 1 1
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga 9a p=p
2
- 94 /d4p p-s5p-S Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices
dpy ePaT
0(1) = / 2% — forward propagating heavy nucleon
=

Rest frame v, = (0,0,0,7)



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}92)

e Power counting one-loop diagrams
O(p) L=Ntiv.-DN+29,NtS- AN

— 11
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga 9ga p~p
2
- JA /d4p p-5p-5 Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices
| -
= PV +7d(pa)
p-v  Pg— 1€

Rest frame v, = (0,0,0,7)



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}?2)

e Power counting one-loop diagrams
O(p) L=N'iv-DN+294,N'S- AN

— 11
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga ga p~p
2
- JA /d4p p-5SpS Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices

- = = = — )
—>p. p‘O- — p — 9 — ]-
~ [ d = [ d = [ dp —m d
/ 72 +m2 /p52+m% /p ”/ L m2

A° mZ2 (A + finite)



Anatomy of One-Loop Computations

e Chiral expansion of nucleon mass My =M +omg, + ... 0(}92)

e Power counting one-loop diagrams
O(p) L=Ntiv.-DN+29,NtS- AN

— 11
N\ ~ /d4p pP—5 —D= p° Odd powers!
ga ga p~p
2
- JA /d4p p-5p-5 Form all one-loop diagrams
f? p-v(p?+mZ) from leading-order vertices

- = = = — )
L,p-0 p-0 L P . 2 . 1
~ | d — | d = [ dp —m d

A° mZ2 (A + finite)



Chiral Expansion of Nucleon Mass

2 37T9124 3 4 s
MN:M+Am7T— A Q”fTL7T—|—lg77l7T lOg—2—|—C -+
(47 f) ms;
T — ————
: ®
1.5} ;
1.4} ,
i @ ®
| b
—_ 1.3} @
> |
8 1.2 m@@
'_'Z | ?? ) physical
= L % ot ¢ LHPC 2008
I ) =
1.0f . I xQCD 2012 |
| p i RBC: Preliminary DSDR | -
0.9r ) RBC:a! =1.75(3) GeV
0.8 | RBC: o' =2.31(4) GeV
00 01 02 03 04 05 06 07 08

Compilation courtesy of A. Walker-Loud (Chiral Dynamics 2012)



Chiral Expansion of Nucleon Properties

e Can compute chiral corrections to matrix elements of various currents.
For example: quark bilinears 1) "¢ , four quark operators (1 I'1 ¢) (¥ T2 ).

Isovector axial current (N ()5, IN (7)) = v [25,Ga(¢°) + .S - ¢ Gp(¢*)] u

Ga=ga+ Am2 (logm +B) + .

Form factors and radii

<ry>=r*+Am? (logm —I—B)—I— 1
G(®)=G0)+=¢><r?>+..

ga <rj > 2 6
Gp(q®) = - - O
P(q ) q2 _l_m72T 3 (mﬂ')
Isovector EM current (N (p")|J;7|N(7)) = u'T [%GE(QQ) + ;];\?;k Gu(q®)| u

<rg >= A (logm: + B) + O(my)

Experimental numbers

1= o + Amy + Bm?2(logm?2 + C)
\/<T?4>:O.65fm

1
<ri, >=A— + B (logm, + C)
Mo V<12 >P1 = 0.94fn




A(1232)
. N (940)

g3
2

Delta Resonances 7= 7(140)

® | ow-energy expansion limited by nearest-lying excluded states
A= Mar— My =290MeV strongdecays A — N7

Higher resonances: My chiral limit,
— <1

Too much momentum A nucleon only
available for decays.

| | m m nucleon with

e New dimensionless parameter KW > Kﬂ ~ 1 explicit deltas
d ad d 0Mn
Z L Z
ga JAN gAA L\ O(p°)
1.27 ~ 1.5 ~ 2.2 2
(arf)z” VA




—XerclSes:

Write down all strong isospin breaking mass operators up to second order Iin
the quark mass. What effect does isospin breaking in the pion mass have on
the nucleon mass? Deduce the behavior of the nucleon mass splitting as a
function of the quark masses.

In the chiral limit, the isovector axial current is a conserved current. Is there a
constraint on the quark isovector axial charge due to the non-renormalization of
this current? What about on the nucleon axial charge?



