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L ecture content

® Many body numerical investigations
® [Mesons
® [ew baryons
® Many Baryons..

® Multi-particle systems at finite temperature



Multi meson systems



Multi-boson energies

Geometric

® Result for shift to /L7 s Two-body cofficients
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® n=2:reproduces expansion of LUscher
® (Can include higher partial waves, higher body, excited states, fermions

® Measurement of energies allows extraction of interaction parameters

[ WD & M Savage, see also S'Tan 07]



n=1,.,12 pion energies

® Effective energy plots: log[Cn(t)/Cn(t+1)]
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Multi-boson energies

Geometric
coefficients
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® Multiple ways to extract parameters
® Different orders in L
® (an also form combinations of energies that cancel 3-body or cancel 2-body



Multi-boson energies
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Multi-boson energies
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Multi-boson energies

Two-body
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Multi-boson energies

Geometric
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Multi-boson energies

Geometric
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Pion scattering

® [Extractions of mya from four orders in L
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Pion scattering

Extractions of mya from four orders in L

2)[NLO]

(U=
T

)

0.40 |
0.35
0.30
0.25
0.20 |
0.15
0.10 -

- n=9

[]

E“—TH—“;}

10 15 20
t/b




Pion scattering

Extractions of mya from four orders in L

mya’=> [NNLO]
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N3LO: /L6

Two energies to cancel 3-body: 45 combinations
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Pion scattering
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27 Interaction

® Scattering lengths equally well extracted for two mesons or ten mesons and
compares well with experiment

® \Well described by analytic prediction — shows presence of contribution that
scales as (3)

® varies by two-orders of magnitude
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UL INnteraction
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31+ Interaction

® First QCD determination of three body interaction

® Final extraction from combined fit to all energies
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n pions and m kaons

[WD, B Smigielski | 103.4362]

® Just how complex can we go!
® \Weakly interacting two species systems: pions and kaons

® [, of npions and m kaons depends on three 2-body and four 3-body
interaction parameters

® Perturbative form is known for weakly interacting case [Smigielski & Wasem '08]

® Matching to lattice energies allows for extraction of interaction parameters

® [xtend single species construction (project to piot=0 at sink)

On i (t <(ZW z,t) )N(;K‘(x,t))M(H(o,t))N(KﬂO,t))M>

where

T = uysd, K™ =55

® Reduced symmetry: contractions significantly more complex
Eg: n=6 pions, m=6 kaons: 1500 terms vs n=12 pions: 90 terms



n pions and m kaons

[WD, B Smigielski | 103.4362]

® 90 observables to analyse

® Boxes correspond to extracted
energies and their uncertainties

® Dependence on Nx and Nk
determines 2 & 3 body interactions

mydgx = 0.461 = 0.010,

m_a.. = 0.271 = 0.021,

m xdx = 0.166 = 0.016,

my sk ft = —0.08 = 0.12,
M3 e = 0.68 * 0.33,

M3, mxk fxx = 0.22 % 0.17,

ma,mg

m, + 2mg
mampg

7 4 =0.45 % 0.26.
2m77- i mK 7’3,7T7TKf7T7TK



Many meson systems

WD, K Orginos, Z Shi 1205.4224



Many meson systems

WD, K Orginos, Z Shi 1205.4224

Calculate correlation functions for systems
containing very large isospin charge |,=/2
(~numbers of mesons)

® |mproved contraction techniques and
propagators from multiple source locations



Many meson systems

WD, K Orginos, Z Shi 12054224

Calculate correlation functions for systems
containing very large isospin charge |,=/2
(~numbers of mesons)

® |mproved contraction techniques and
propagators from multiple source locations




Many meson systems

Calculate correlation functions for systems

WD, K Orginos, Z Shi 12054224

containing very large isospin charge |,=/2

(~numbers of mesons)

® |mproved contraction techniques and

propagators from multiple source locations
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Many meson systems

WD, K Orginos, Z Shi 12054224

Calculate correlation functions for systems
containing very large isospin charge |,=/2
(~numbers of mesons)

Improved contraction techniques and
propagators from multiple source locations

Energy of these systems becomes enormous

Dominated by repulsive interactions
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Many meson systems

: : — 16° 128(A+P)
Calculate correlation functions for systems 16/ 8 956
containing very large isospin charge ;=72 14{[ — 24 128(4+P)

(~numbers of mesons)

&
® |mproved contraction techniques and S
propagators from multiple source locations ol

Energy of these systems becomes enormous
® Dominated by repulsive interactions

More useful to think in terms of isospin density

and energy density

WD, K Orginos, Z Shi 1205.4224
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Bose-Einstein condensation

WD, K Orginos, Z Shi 1205.4224



Bose-Einstein condensation

WD, K Orginos, Z Shi 1205.4224

® (haracterise the thermodynamic properties
of the system



Bose-Einstein condensation

WD, K Orginos, Z Shi 12054224
Chemical potential vs density
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Bose-Einstein condensation

Characterise the thermodynamic properties

of the system

Isospin chemical potential

Energy density shows signal of a phase
transition to a Bose-Einstein condensed

phase
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WD, K Orginos, Z Shi 1205.4224
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Bose-Einstein condensation

Characterise the thermodynamic properties

of the system

Isospin chemical potential
dE

M = ——
dnv

Energy density shows signal of a phase
transition to a Bose-Einstein condensed

phase

WD, K Orginos, Z Shi 1205.4224

5

Chemical potential vs density

Phase diagram [Son & Stephanov]
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Bose-Einstein condensation

Characterise the thermodynamic properties

of the system

Isospin chemical potential
dE

M = ——
dnv

Energy density shows signal of a phase
transition to a Bose-Einstein condensed

phase

WD, K Orginos, Z Shi 1205.4224
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Chemical potential vs density
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Multi baryon systems



The trouble with baryons

Importance sampling of QCD functional integrals
» correlators determined stochastically

Variance in single nucleon correlator (C) determined by

0*(C) = (CCT) = [{CO)F

For nucleon:

sgnal | oxp [—(Mnx — 3/2m.)t]

noise

For nucleus A:

signal exp [—A(MN — 3/2m7r)t]

noise

[Lepage '89]



[ he trouble with baryons

High statistics study using anisotropic lattices (fine temporal resolution)
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The trouble with baryons

High statistics study using anisotropic lattices (fine temporal resolution)
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No?trouble with baryons

High statistics study using anisotropic lattices (fine temporal resolution)
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No?trouble with baryons

High statistics study using anisotropic lattices (fine temporal resolution)
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Multi-baryon systems

® 3H “He and more exotic: *Hep, *Hean (hypernuclei)

® Correlators for significantly larger A

® (aveat: at unphysical quark masses



Nuclel

® SH, "He and more exotic: *Hen, *Hean (hypernuclei)
® Correlators for significantly larger A
® Recent studies at SU(3) point (physical ms)

® [sotropic clover lattices

® Single lattice spacing: 0.145 fm

® Multiple volumes: 3.4,4.5, 6.7 fm

® High statistics

Label |[L/b T/b 8 bmg b[fm] L [fm] T [fm] my [MeV] Mx L Mg T Netg Nere

A |24 48 6.1 -0.2450 0.145 3.4 6.7  806. 5(0 3)(0)(8.9) 14.3 28.5 3822 48
B |32 48 6.1 -0.2450 0.145 4.5 6.7 806.9(0.3)(0.5)(8.9) 19.0 28.5 3050 24
C |48 64 6.1 -0.2450 0.145 6.7 9.0  806.7(0.3)(0)(8.9) 285 38.0 1212 32




SU(3) symmetric world

In flavour SU(3) symmetric case, multi-baryon states cone in multiplets

SR8 =27T041001098:Pd8, @1

8R8R8 =64023502350627T04100410088®21

8R8RX8XR8 =81432842010420104 3327022842284 1535415 35
$12640381H381d125 (1.

SRE8ENERXE8R8 = 3210145 8@ 100 10 100 10 ® 180 27 ¢ 20 28 P 20 28
© 100359100350 9464 58005 803D 36 81 ¢ 36 81
P20 12594 154 P 4 154 ¢ 216

Unphysical symmetries manifest in spectrum



Nuclel (A=2)
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Nuclel (A=2)

AE (MeV)

® (uark-hadron contraction method

® Multiple boost frames
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Nucler (A=3,4)
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Nucler (A=3,4)

AE (MeV)

Need to ask if thisis a 2+ | or 3+ or 2+2 etc scattering state

Empirically investigate volume dependence
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Nucler (A=3,4)

AE (MeV)

Need to ask if thisis a 2+ | or 3+ or 2+2 etc scattering state

Empirically investigate volume dependence
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Nucler (A=3,4)

® (Quark-hadron contraction method

® Multiple boost frames
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d, nn, 3He, *He
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Nuclelr (A=4,...)

Quark-quark determinant contraction method

(low statistics, single volume) WD, Kostas Orginos, [20/.1452



Nuclelr (A=4,...)

Quark-quark determinant contraction method
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Nuclelr (A=4,...)

Quark-quark determinant contraction method

5Be (SP)
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Nuclelr (A=4,...)

Quark-quark determinant contraction method
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Nuclelr (A=4,...)

Quark-quark determinant contraction method
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Nuclelr (A=4,...)

Quark-quark determinant contraction method
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Multi-particle systems at finite temporal extent



Multi-pion correlation function

Consider N pion correlation function

Ch(t) o <<Z7T(X,t)> (w(o,())) )

For a lattice of temporal extent T (inverse temperature)

Cpn(t) =Tr

T (gﬂx,w)n <w+<o>>”]
-5 (e (s t>)n el ) )

z> (€] (< )" m)

Many states contribute (ignore excitations)

Um) =10),16) = |nm) }, {m) = |m),[6) = [(n = 1)m) }, ..., {m) = |nm), [£) = [0)}



Four pion correlation
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Four pion correlation

T (6—4E47rt X €—4E47T(T—t))




Four pion correlation

T (€—4E47rt . €—4E4W(T—t))




Four pion correlation

T (6—4E47rt X €—4E47T(T—t))




Four pion correlation

Tur (€—4E47rt n 6—4E47T(T_t))
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Four pion correlation

T (6—4E47rt n €—4E4W(T_t))
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Four pion correlation

Tur (€—4E47rt n 6—4E47T(T_t))
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Analysis on finite T correlators

® (an rewrite the t dependence as

[5]

Chr(t) = (;) A 71 e En=mTE)T/2 cosh (B — En)(t —T/2)) + ...

N3

m=0

® [xtracting the eigen-energies from these correlators is difficult

® Many parameters appear in each correlator

® (orrelations between different C; as the energy Ex occur in all G (j=k)
occur in multiple places

® Various ways to deal with this: eg cascading fits



Thermal pollution

Co(t)

12 pions p; = 0 0 0 from py=p,=11 1
t 1=P2
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At no point does the ground state dominate the correlator!!!



