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L ecture content

® Multi-hadron interactions: theoretical work

® Many boson systems

® [hree baryons

® More:baryons EFT in FV

® (ontraction methods

® Many pions

® Many nucleons
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Bosons in a box

® | ong-standing problem: how do interacting particles
confined in a box behave!

® Uhlenbeck 30’s, Bogoliubov 47, Huang&Yang 57/
® TJackled in terms of density expansion

® For weakly interacting particles, an expansion
in a/L might be useful



Bosons In a box

® Hamiltonian formulation = pionless EFT for pions with 2 & 3 body interactions
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three body interaction

® [ime-dependent perturbation theory calculation to determine large volume
expansion of n particle ground state energies

® 5th order PT gives energy shift of n meson system to /L’
® ) & 3 body interactions (N body: L-3(N-1)
® Relativistic up to particle production threshold

® Three loop diagrams: 9d integer sums
[Beane, WD & Savage; WD & Savage |



Lots of diagrams!

® [Eg non-vanishing O(V*) contributions for n=6 particles
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Three meson interactions

® At I/L® point-like three-boson interaction must occur [Braaten, Nieto ‘95]
® [Rand UV divergent diagrams appear, needing renormalisation
e RGI 3BT physically meaningfu
® Depends logarithmically on L

® Naive dimensional-analysis mﬁfﬁﬁi(f) ~ 1

® (Combinations of energy shifts isolates
the RGl interaction



Multi-boson energies

. . Geometric

® Result for shift to /L7 is coefficients
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® n=2:reproduces expansion of LUscher formula

® (Can include higher partial waves, higher body

® Measurement of energies allows extraction of interaction parameters

[ WD & M Savage, see also S'Tan 07]



Multi-boson energies

® Result for shift to /L7 is Two-body
INteraction
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® n=2:reproduces expansion of LUscher formula

® (Can include higher partial waves, higher body

® Measurement of energies allows extraction of interaction parameters

Geometric
coefficients

7 = —8.9136329
J = 16.532316
K = 8.4019240
L = 6.9458079
To = —4116.2338
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[ WD & M Savage, see also S'Tan 07]



Multi-boson energies

Geometric
coefficients

—8.9136329
16.532316
= 8.4019240
= 6.9458079
To = —4116.2338
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® Result for shift to 1/L7 is Two-body
INteraction
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® n=2:reproduces expansion of LUscher formula

® (Can include higher partial waves, higher body

® Measurement of energies allows extraction of interaction parameters

[ WD & M Savage, see also S'Tan 07]
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® \When interactions are strong, perturbative expansion breaks down
eg: nucleon-nucleon!

® [ull Luscher relation is valid, but small a/L, r/L expansions
not well behaved
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Multi baryon interactions

When interactions are strong, perturbative expansion breaks down
eg: nucleon-nucleon!

Full LUscher relation is valid, but small a/L, r/L expansions
not well behaved

For multiple nucleons, need N-body generalisation of Lischer relation

In infinite volume this is the Faddeev-Yakubovsky equations

Eg: three nucleons

Need finite volume generalisation of Faddeev



Three nucleon systems

® Kreuzer & Hammer [PLB 694 (201 1) 424] studied three-nucleon systems (triton)
in pionless EFT (valid at low energies, p<mjy)

® See also Luu Lattice2008, Polejaeva & Rusetsky [12], Kreuzer & GrieBhammer [ 2]

® [agrangian involves nucleons (N) and dibaryon fields (s,t)
J=1 dibaryon field

/ / J=0 dibaryon field
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® [hree body interaction

three body parameter
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Three-nucleons in finite volume

® |nfinite volume Faddeev egns correspond to coupled integral equations

® Finite volume: replace loops by momentum sums and dibaryon propagator by
periodic version making use of Poisson summation formula
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Three-nucleons in finite volume

® Boundary conditions impose cubic symmetry: irreps of SU(2) must be decomposed
into irreps of double cover of octahedral group 2O
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® Project out partial waves
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Triton at finite volume

Binding energy of triton tuned to physical value at infinite volume

Or | |
T ——er====t=————0 °
;‘ -10— ./z
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uf” / H=0
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- Epelbaum et al.
A — Fit
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Fritted by a simple exponential form
By(L) = By(L = 00) |1+ e H/m]

Lattice calculations at different volumes would constrain the LEC H(A)




Beyond three baryons

® Philosophical approach is similar to three baryon case
® Perform lattice calculations and extract eigen-energies of N baryon system

® Perform EFT calculation in appropriate finite volumes for a range of values of
LECs until results match onto lattice calculation

® Using the determined LECs, perform infinite volume EFT calculation to extract
infinite volume binding/scattering information

® Problems
® Has not really been attempted
® Four and higher body EFT calculations are computationally demanding

® (Convergence of EFT (for nucleons, pionless EFT is probably not enough) must
be carefully investigated



Contractions



Multi-meson contractions

An n meson correlation function 1s

" n o,go-——g‘.%:::::::,'%ﬁ;;;-

For few meson systems can do Wick contractions by hand

Ch can be written in terms of |2 cpt Grassman valued variables 1 and matrix I1
o ( (mn)"™) T =) S(x,t0,0) ST(x,t0,0)

Using the |2 cpt Grassman identity
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Multi-meson contractions

Can read off form of correlators from

det (1+AA) = exp(Trflog[ 1+ AA]]) = exp (Tr Z ﬂApAp

)

p=1 P
=1+ XTr[A] + % ((Tr[A])2 — Tr[ A% ])
+%3 (2T [ A*] — 3T [A]Tr[ A2] + (Te[A]DP) + ...

Eg: C3(f) XX tI'C,S [H]S -3 tI‘QS [HQ} tI'C,S [H] + 2 trC,S [H?)}
How do we deal with complexity of contractions?

® One species: Nierms ~ €™V 2n/3 1\ /n [Ramanujan & Hardy], two-species is
harder, more is not feasible

How do we go beyond n=12!

® Need multiple propagator sources but this leads to contraction complexity



Multi-meson contractions

Chs3(t) =
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—155675520T5 Tk + 8648640012 Ty — 17297280074 Ty — 207567360751

—28304640075T7, + 479001600775



Few pion contractions




Meson

blocks

Define a partly contracted pion correlator

=R, = ZS X, t;20)V594(T0; X, t)y5 =

® T[ime-dependent |2x|2
matrix (spin-colour indices)

Correlators ({...) indicates color-spin trace)

Ci(t) = (IT),  Ca(t) = (II)* — (IT%), ...

Functional definition

ZS X, t; CL‘())ST(X t;xo)

I = () (00) s s )
Generalises to
(Ru)is = () (20) s (8

0 ;(z)ouk (o)

|l




Recursion relation

[WD, M Savage, PRD 82 (2010) 014511 ]

Contractions are not simply related
Block objects are simply related
Recursion relation
Rnoi1=(R,) Ri —n R, Ry
Initial condition is that [, = 11, R; =0,Vy <1

Can also construct a descending recursion as we know that R13=0

N P
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Multi-source systems

® Jo get beyond n=12, need to consider multi-source systems

® (Consider two sources first

® (o n(t) contains contractions like (sink position summed over timeslice, so no
exclusion problem until n=12L3)

) T
|
=2 =
Y1
G/
> X, t
o \_/
T
= =
~——




Multi-source systems

Multiple types of blocks needed

Aw =Y Sulx,tiza)Sh(x, tiz) (S

G

Two species case has a simple recursion relation:
First define

p= (a0 A0 gy (0] 0

Then Quin) (generalisations of the Ry) satisfy

Q(n1—|—1,n2) — < Q(nl,ng) > Py — (nl _I_n2) Q(nl,ng) Py

_|_< Q(n1+1,n2—1) > P2 T (nl +n2) Q(?’Ll—l—l,ﬂ,Q—l) P2



Extensions

® Recursions also constructed for
® m-source systems
® k-species systems:m's, K's, D’s, B's, ...

® m-source, k-species systems

k ™m

Iny1,, =) ( Tat1,o-145 ) Pij — N Taya,,-1,; Py

i=1 j

N

l
—

where subscripts are matrices
® |mplemented as matrix multiplications - computationally tractable
® [ach iteration involves essentially two-body contractions

e \Without tracking which source a given pion came from, cost is ~n?



Improved meson contraction methods

Enlarge matrix ITto [2Nx 12N using N source locations

((Pui| P2l | Py
A:P1+P2—|—+PN: Pk,l Pk,g...Pk,N
\ Pv1|Prz|... | Pun )

where Py ;(t)

— Z Sf(X7 t, Y, O)ST<X7 tv Yk, 0)7

New approaches based on determinantal nature: ~n° scaling
det[1 + MA] = 1 + AC1x + XN2Cor + ... + XN Cions

® Vandermonde system

det[l—f—)\l A]—l

A

1
det[1+>\2A]—1

A2

\ det[1+)\12NA]—1

Al2N

® [ourier analysis

® (Combination method

)
/

(1 A A2
1 Ay A2

\ 1A, 22

LAY

12N -1
DY

L NeN-L

Implement contractions in momentum space

(G

27

[WD, K Orginos, Z Shi, 12054224 ]



Many baryon systems

Many baryon correlator construction is messier

Interpolating fields — minimal expression as weighted sums

Ny, color/spin/flavour/spatial indices
—h ~(a1,a2-+an, ),k 1,09, in = _ _
N — wh q Z 6’&1 12 2 qq(ail)q(ai2) . o q(a”inq)
k=1 i

® (eneration of weights can be automated (symbolic code) for given quantum
numbers

® Specify final guantum numbers (spin, Isospin, strangeness etc)

® Build up from states of smaller guantum numbers just by using rules of eg
angular momentum addition

® Similar ideas by Dol and Endres [1205.0585]

® (ontraction just reads in weights and can be implemented independent of the
particular process being considered

[WD, K Orginos, 1207.1452 ]



Many baryon systems

Given a complex many baryon system to perform contractions for, always possible
to group colour singlets at one end (sink)

Contractions can be written in terms of baryon blocks (objects that are contracted
at sink)

A particular set of quantum numbers b for the block is select by a weighted sum of
components of quark propagators

NB(b)

ai,az CL3 zp X c1 c2,C3) 11,12,13
B, """ (p, t; xo) E E E €

i

X S(Cilwr; a’laxO)S(Cigax; a’27x0)s(ci37x; a’3ax0)

Can be generalised to multi-baryon blocks if desired although storage requirements
rapidly increase



Many baryon systems

/
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Many baryon systems

® (ontractions

/

Nw Nw / / / /
_ ~/ : e, 7]{; _ : Qo ’k
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k'=1 k=1

SOl ) glal,)q(al,) x (e, )alas,) - d(as,,)
J i



Many baryon systems

Contractions

/DQDQ G_SQCD Z Zw’(a1aa2 >k wéal,ag---

k'=1k=1

Z Z I Ing ot ina g (gl ) - g(al, )g(al,
q

— /(a’laa'Q 7k/ ~(a1,a2---an ),k
ZZw iy, T

k'=1k=1

ZZEJLJQ, RACTEE ans( jlaazl)s( jg:am)'

- S(a’;

Jng

i)



Many baryon systems

Contractions

/Dqu e~ Sacrll Z Zw/(al’% ) ftbéal’@ma”q)’kx

k’ 1k1

Z D MBS CATCARL CRLCARL TN

— /(a17a2 ’k/ ~(a1,a2--an, ).k
e~ SerrlU E Ew w, 777 %

k'=1k=1

226]17327 ’-]nqell’l 12,00, anS( ]170/7’1)5( ]270/7/2). .S(a};n ;a/znq)
q

® Makea partmular choice of correlation function (momentum projection at sink)
and express in terms of blocks (quark-hadron level contraction)



Many baryon systems

Contractions

_ /(al,a2
/Dque SqoplU g g wy,
]17]27"'7]n Z17"'27 7Zn /, . .
E E € 7€ qQ(a’jnq)
J i

N/, Ny

e~ SerrlU] Z

ZZGJLJ% g ghte Z”QS( jlaau)s( Jzaaw)' 'S(a;’n y d
q

k'=1k=1

k'=1k=1

_/(ay,ay

Wy,

a’;zq)7k, ~(a1,az--

h

>k ~(a1,a2--an,),k
h

an . ),k

Make a parﬂcular choice of correlation function (momentum projection at sink)
and express in terms of blocks (quark-hadron level contraction)

N

Stage |

>

Stage 2




Many baryon systems

h(\ NTR S U o _(ay,ap-an, )k (a1,a2-ang )k
[ 1 (t) 9 (O)}U o /DQDQ e QCD[ ] Z wh q wh q %
k'=1 k=1
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J 1 N"/U Nw / / / /
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Many baryon systems

® (ontractions

N'{U N'w / / / /
_ ay-ar ),k (ay,an-an. ),
NP ONF O], = [ Dapge-secelt) 303 ™ et
k'=1 k=1
DY ig(a) ) q(a),)a(a),) x d(ai,)a(as) - d(a,, )
Jj i
N"/U Nw / / / /
B e_Seff[U] Z w/(aljaz...anq),k fd}(al’ananq)’kx
_ h h
k'=1k=1

5 S e (a3 ) S s,
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Many baryon systems

J1

Contractions
N' N
w w / /”. / k, .
- _ _SocplU I(ay,ay-ay, ), ~(a1,az
_/quqe ccnlt] 353 ) D
k'=1 k=1
E 5 6.]17]27"'7.]71,(1 67'177'27"°7an q(a; ) o« o e Q(QSQ)Q(CL
Ngq
J i
N’(/U Nw /(a/ a}/.“a/ )k/ (a a a )k
_ z : ~ 122 n ’ ~ 1,42 "Un 9
6 Seff[U] wh q wh q ><
k'=1 k= 1

D AL CALRR

k'=1 k=1
where

Or write as determinant (quark—quark level contraction)

h(t _zh /DZ/{e Seff Z Zw/(al’%

,k’ _(a1,az-

h

Gla'a);, — S(a%;a;) a; €a’and a; € a
i Oa’ a, otherwise

“Qn . ),k
)k
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Many baryon systems

® (ontractions

N’zl,u N’LU /(CL/ a/ “.a,/ ) k/ (a a a ) ]{:
- — ~ 1>%2 n ’ ~ 1,2 "Un ’
:/Dque Sqop|U] g wy, Towy, X
k'=1 k=1

DD e ivag(al ) qlaf,)g(al,) x (ai,)d(ar,) -
J i

/
—S [U] Nw Nw ~/(a,/1’a,,2..-a,r/n ),k, ~(a1,a2...an )’k
e “eff E w), Towy X
k'=1k=1

Zzehah, dng i1tz ’anS( ]Nazl)S( 32767112)' .S(a;nq;&inq)

Or write as determinant (quark—quark level contraction)

-q(a,, )

ai,a ,k' a1,a2 - Qn. ),
— 5 [oue qf§:§:w“12 B E et Gla's )

k'=1 k=1
where

Gla'sa);, { S(a%;a;) a; €a’and a; € a

5a/ a; otherwise

Determinant can be evaluated in polynomial number of operations



