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L ecture content

® [wo particles in finite volume: Luscher method

® OScattering

® Resonances

® [wo-particle bound states



heory



Malani- lesta no-go theorem

® Scattering and decays are real-time processes

® How can Euclidean space (imaginary time) calculations address generic Minkowski
space correlations!

® Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic
thresholds allow access to physical information (matrix elements, weak decays)

® [ninfinite volume away from kinematic thresholds, scattering continuum masks
the physically interesting information

® [xample: K — m ;t weak decay

n(-p)
K(p=0)

(p)

e (onsider
C(t1,%2) = (Or (t1)Oweak (0)Orr (t2))
Take large |ti2| to get single state
—% (K|Oweak|T(P)7(—D)) + . ..
[see also Michael 89]
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Iwo particles in a box

® | ong realised that forcing particles to be in a finite volume shifts their energy in a
way that depends on their interactions

® Uhlenbeck 1930's; Bogoliubov 1940's; Lee, Huang, Yang 19507, ...

® |[Uscher (1986,1991) demonstrated that this is also true in QFT up to Inelastic
thresholds (see also Hamber, Marinari, Parisi & Rebbi)

® [nergy eigenvalues of discrete scattering states well defined — no issue In
Minkowski-Euclidean connection

® Bypasses Maiani-Testa NGT

L]

2M
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Iwo particles in a box
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Iwo particles in a box

Consider first the non-interacting two particle system with particles of mass m in a
box of dimensions L* with zero CoM momentum

Particles constrained to have momenta

2 ST
— —mn, n; €7 -
p=—7n n 14+
hence the spectrum 12
< oiven b :
s given by of
472 i
En(L) :2\/m2—|—l.12\n\2 . 8
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Iwo particles in a box

® (Consider first the non-interacting two particle system with particles of mass m in a
box of dimensions L* with zero CoM momentum

® Particles constrained to have momenta

27"' *[ T T T T

— —mn, n; €7 -
p=—7n n 14+
hence the spectrum 12
< oiven b :
s given by of

472 i
En(L) :2\/m2—|—L2\n\2 . 8

® Modified by interactions in a calculable way



Scattering at finite volume

Consider simple effective field theory of a scalar particle interacting via contact

iInteractions
L = 0p0¢p + Mp? + Cyp* + CopD?*p* + . ..

Scattering amplitude given by bubble sum

& + +
¥iCai p?

+..+ ¢ o .

In infinite volume

47T/M L Zn CQnPQn
pcotd(p) —ip 1—1Ih(p)>., Conp®

Making non-relativistic approx (doing relativistically i1s not much harder) and using
power divergent subtraction regularisation scheme [Kaplan, Savage, Wise]

d%—1k M
IPDS _ 4—d/ — ,
o) =n E— |K2/M +i e mHtip)

A=




Finite volume energies

® [n finite volume, integral restricts to allowed mode sum

Z CQnPQn 47T 1
— n to =
AL) 1—I5(p) >, Conp® peoto(p) M >, Conp" T
< = < -
M
0=A""(L)=pcotd(p) — 4—: — Iy (p)

® Define PDS regulated sum as

1 PDS 1

ly(p) = L3 E—|k]2/M

|l§<:]\ / dSk/ 27'(' _/PDS d3k/(27T)3
E - !kl /M k|2/M k|2/M
M| 1 Z S

Tir | wL 4 |pp-z2EM L P




Finite volume energies

Energies satisfy eigenvalue equation (LUscher's method)

1 L2 2
pcotd(p )_7'('LS<47Tp2 ) =0

1 .
where S(x) = Z FYT R 4 A [3D zeta function]
Result valid for momenta up to inelastic threshold
Valid up to exponentially small corrections

Eg: lowest energy level (zero rel. mom.)

known Luscher coefficients
dma / ( ) +
7 ..

AEO = M3 —I—CQ

Calculation of energy levels on the lattice determines scattering parameters

i“ HW: _I». derive the energy shift AEg ﬂ”omthe i
| Luscher formula above assuming small a/L. |
2 Calculate the coeffaent Cl.
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Iwo particle energies
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Intersections correspond to eigen-energies of states in lattice volume
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Asymptotic expansions

® (Ground state energy shift
Ama a a2
AEO — ML3 [1—|—61L—|—62 (—) —|—]
® First excited state energy shift

47 12 tan dg

2
= 2777 — 373 1+ tandg + cytan® 0| + ... where dp = d(pg, )

AFE

® [fach new level extracted or new volume used adds information on the phase
shift at a different energy

® Bound states can also be described

2
gl 12 —~L
AE = —— |1+ e L
L M ~voL(1 = ~r3)

® [xpansions also for L/a << | [Beane et al ]



Bound states at finite volume

® [ Uscher eigenvalue equation also includes solutions with p?<0 (bound state?)

® [wo particle scattering amplitude in infinite volume
A /M

pcotd(p) —i p

bound state at p* = —v* when cot §(i7y) = ¢

A=

® Binding energy kg related to binding momentum as v = \/2MER

® Scattering amplitude in finite volume (another way of expanding Lischer egn)

L—o0

® Multiple volumes required to show a negatively shifted state is bound



Boosted systems

Boost of the two body system CoM relative to boundary conditions (lab) changes
the effective shape of the box as seen by the interacting system

® First studied by Rummukainen & Gottlieb [95];
Further study by Kim, Sachrajda & Sharpe [05];

Kim Christ & Sachrajda [05];

® (Generalised to other frames
[Feng, Renner & Jansen]

® Allows access to phase shift at different momenta

Effects on bound states investigated
[Bour et al; Davoudi & Savage]

® (an be used to cancel leading exponential

FV corrections to binding energies

E (MeV)
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Asymmetric boxes

[ Li & Liu hep-lat/03 1 1035;WD & Savage hep-lat/0403005]

Asymmetry box of geometry miL X naL X L L

Eigenvalue equation modified

1 zn: 1 where ﬁ—<,,n3>
mnz < [n? — p* —4rA, M 12

S(p*) — S, m,n2) =

Asymptotic expansion

47TCL a a 2
AB = 1+ eilma) s+ ealma) (2) ..
" mm M L3 [ talne)p+eime) () + ]
Geometric coefficients 2011 712)=0
4 (171 712)=0

(771 2 - Z

2
M172 B20 |n|

® Asymmetries exist where sub-leading FV
effects are suppressed: ci(mn1,M2)=0




Resonances at finite volume

® Pion is light so very few stable hadrons in the real world — often the lightest particle
of a given set of conserved quantum numbers and not much else

® [x: p(//0) decays to s and to mrmeor; A(1232) decays to N

o txl=lnm SU(E) |
phase shift .

100 |~

%.4 | 0.6 | 0.8 | 1 | 1.2 | 14 E/Mev
® [xtensive experimental ettorts to understand excrted spectrum of hadrons

® At finite volume, spectrum is discrete: how do resonances manifest!

® Spectrum gets large modifications as a function of volume near resonance
energy — embodies in solutions of LUscher eigenvalue equation

® See excellent lectures of Jo Dudek at HUGS 2012 for detalls
[http://www.lab.org/hugs/program.html]



http://www.jlab.org/hugs/program.html%5D
http://www.jlab.org/hugs/program.html%5D

Resonances at finite volume

® (Consider simple spin model in 3+ D [Rummukainen & Gottlieb hep-lat/9509088]

S = — Ry g:ﬂ ¢x§bx+ﬂ — Ry :I:Zﬂ PxPr+p T 7 E_:ﬂ pxgbxgbxﬂl

® |eft hand case g=0 (no resonance); right hand case g=0.021 (p appears as
resonance in ¢¢ channel)




Inelastic scattering

In most physical scattering processes, inelastic contributions are important
Ex: =0 7

iwis KK

© f4(930)

Derivation of Lischer method breaks down at inelastic thresholds
Various attempts to get around this
® [reat the system purely quantum mechanically [He, Liu et al.]

® [ffective field theory at finite volume [Bernard et al,; Doring et al;
Briceno&Davoudi; Hansen&Sharpe]

® |ntroduces some level of systematic uncertainty (high order effects, ...)

Active area of research



Bethe-Salpeter wave functions

An alternate way of learning about scattering is based on determination of
(Nambu-)Bethe-Salpeter wavefunction [Luscher; Lin et al; Aok et al, HALQCD]

bz —y) = #0|T[o(x)(y)]|o(k)p(—k))in

chosen interpolating operator probes content of state

Satisfies Schrodinger equation for non-local BS kernel U(x,y)

% (V2 + k%] Y (x) = / dyU (%, y)vx(y)

Provided U(x,y)=0 for large |x-y| asymptotic behaviour of partial waves given by

sin(|k|x| — ¢m/2 + 64(k)

12
wk(x) — AE ‘k|X‘

can be used to determine phase shift

HALQCD method: invert (7) to determine a potential by approximating
Ux,y) =V(x, V)& (x —y) = 8*(x —y) [V(x) + O(V?)]

giving 1 (V2 + K] du(x) | Dropping these terms renders ,
Vi(x) = 5 ; | V(x) energy dependent
H Vi([bfz) [perhaps weakly

__




Bethe-Salpeter wave functions

® BS wavefunctions can be determined from LQCD correlation functions

C(r,t) = (O|T[¢(x + r,1)p(x, )] T (0)|0)
= > (0T[¢(x + r,t)(x, )] |¢6'™) (™ | TT(0)]0)

— Z Zne_EW

2% Zoe Folahy, (1)
® \Various extensions considered — see recent review [Aoki et al. 1206.5088]
® Potentials obtained from this method are:
® [nergy dependent (weakly in some cases — see [Murano et al, | 103.0619])
® Only guaranteed to reproduce phase shift at Eg
® Sink dependent — not an issue as observable is phase shift at measured energy

® [xtraction of phase shift from lattice potential introduces model dependence as
a functional form must be fit to finite lattice data — probably a mild problem



Numerical Investigations



Iwo body scattering studies

Meson-meson

o m—x (I=21,0): [CP-PACS; NPLOQCD; Feng et al; HadSpec; Fu; ... many others]
o K (I=1/2,3/2):[NPLQCD; Z Fu; Nagata et al; PACS-CS; Lang et al.]

o KK (I=1)[NPLQCD;Z Fu]

Meson-baryon

® Fve simple octet baryon — octet meson channels studied [NPLQCD]

® |/Ap—nucleon [Liu et al; Kawanal & Sasaki]

Baryon-baryon

® Various octet baryon — octet baryon scattering [HALQCD, NPLOQCD]

® Omega (ss5)-Omega scattering [Buchoff, Luu & Wasem]

A rapidly growing field



Example: [=2 TTTT

|=2 m—m "easy” as no disconnected contractions

Measure multiple energy levels of two pions in a box

for multiple volumes and with multiple Pcm

030"
025
020

0.15

©apaastsaetNTeNIset00N0000000000000000ensetN

n=5

Wﬁ' W || ® |

i”” “0 ‘.' 7—“'

® 0 e

0~. n=3 !ﬁﬁﬁ T oy
*h g \f‘c

n=1

° n=0

W&IIIII.IHII.“*“‘II‘

L/b=32,Pu=0

W--MWW“T

20 40 60

t/b;

@ my = 390 MeV

00

120

EERE
p Lﬁf Ff}('f)

A "“]d-L

1107.5023 [prd]



Example: [=2 TTTT

|=2 m—m "easy” as no disconnected contractions

Measure multiple energy levels of two pions in a box
for multiple volumes and with multiple Pcm

a P.n=0,n=1
0.24 -
__________ P.n=0 ,n=2
0.22- Pon=0 ,n=1
__________ P.,=1,n=1
0.20+
Pp=1,n=0 T
= — Pon=V2 ,n=0/ Pen=0,n=1
s 018 I
P.n=1,n=0
o16-
P.n,=0 ,n=0
L 5 Pcm:() B n=0 Pcm:O , n=0 Pcm:O , n=0
014 = — T PO
012 L/b=16 20 24 32
@ my = 390 MeV

Dashed lines are
non-interacting
energy levels

1107.5023 [prd]



Example: [=2 TTTT

® |nput into LUscher eigenvalue equation

® Allows phase shift to be extracted at multiple energies

kcoto/m,;
"

—4#* . ® L/b =16

:[ | m L/b=20
_510 1 A L/b=24
f L/b,=32
80 05 1.0 15 2.0
2,2 grss rame
K ms RELeCD

= 7-
107.5023 [prd]



Example: [=2 TTTT

Combine with chiral perturbation theory (low-momentum interactions turn
off in the chiral limit) to interpolate to physical pion mass

—-10

0 (degrees)
o
S

I
LI
-

—40

| m  Hoogland et al '77
il v Cohenetal'73
e I Durosoy et al '73

Losty et al "74

LF _i}f NPLQCD '11
—

LT

I —— ] *

00 01 02 03 04 05
k> (GeV?)

‘-:,‘ “.';-;:-‘: el 3
RPEGED
e o

1107.5023 [prd]



Meson-baryon scattering

a_... SU(2)
' ' . . . 0 I | | | | T
® Also constrained in the chiral limit
. o . 021 -
® Study of channels with no annihilation 2 I
using DWF on MILC lattices = 04 2 I 5
<
0.6} -
. | , 08— —T00 300 300 400 500 600 700
m_ (MeV)
e m;=350 MeV _
a .o SU(2)
] +!—|0 ] ] )
n h: 0 | | | | | |
+ T | |
"Kp >—¢—I—ﬂ—% " 7 |
+ =+ :
“"Kn - 0.1} : -

[
A~

[x

|
a +-0 (fm)
<

H=H

=+

H—=—H

H——H

+
T =
[

4+ 7T -0.3F : i

0.02 | o,l()4 | 0.06 ' 0.08 DA — 30— a5 600700
AE/ m m:rc (MeV)
JT

[ Torok et al. 0907.1913]



J/W-h scattering

Studies by L Liu,; Kawanai &Sasaki
Interactions are purely gluon/sea quark effects

Phenomenological studies suggest |/W might bind in
a nucleus through attraction of multiple nucleons

Interactions are small

0.5 ' | ' | ' | ' |

o o
(98} BN
1 1
| |

Scattering length a, [fm]
o
\®)
1
I

| e N
® J/y-N (J=1/2)
m Jp-N (J=3/2)

0 L I L I L I L I L
0 0.2 04 0.6 0.8 1

Mj [GeV]

)
—_—
|

010,
0.08
0.06
0.04
0.02
0.00

amn(J/W—ﬂ)

@)\

am,(J/Y—N,Spin—3/2)
S = D W B W

o L e B e e e L




NN phase shifts

® Potential extracted for BS wave function method at E~O, use to evaluate phase shift

® NB:energy dependence of potential neglected
5(1S0) NN-online ~ expt

Bl T T T lT-lpi.onl=70b T g 88 ey ey ey ey
i ) mp|on=57o Mev Preseifeeaed So
10 b Tl Miglon=-+1id MEN: e

Hadrons to Atomic nuclei

1 10 L : : : -
HA o 0 50 100 150 200 250 300

k 0 Ejan [MeV]

from Lattice QCD os 3(351)
———————r————7— 7 S 180
[N Ishii, Chiral O -
Dynamics 2012] 20 1 Mpign=411 MeV +—e— 1 150 |
15 ' I 120
10’ ' L &% -
: 90
s
Wi B‘Mf} il
Al e e Ll UL DL b L e HEIHHHH_%
! Hﬁ 30 -
5 Li . : $3)
0 50 100 150 200 250 300 °
E|ab [M eV] 0 50 100 150 200 250 300

Tiab(MeV)



Resonance studies: rho

® Map out phase shift to identify a resonance
® Having multiple Pcm frames is crucial

® Phase shift can be well determined at heavy quark masses

180 | B -

- T ——
160 |- .
,/?// 01(F)

—

P = [000] Tl__ —0—

140 |
150 -

120 - P =4001] Dicy By —=— 7
@]
X Dicy A7
™~ o B 281 i
—, 100 F i P =1011] D]..CQ Bl_ 100 -
80 . — N

60 Dicg Ay 50 -

P = [002] Dicy A] o
m, = 854(2) MeV 002) Dics 4y :

ol I, =85(5) MeV

// R, = 1.25(15) fm
O 1 1 1 1 1

1
800 850 900 950 1000 1050 FE ., /MeV

[HadSpec Collaboration]

i Experiment

0.8 1 1.2 14 E'/

o, 0
04

® Properties of resonance requires modelling— eg fit with modified Breit-Wigner

® Much current work addressing best way to get the most information



Resonance studies: Delta(1232)

Delta baryon studied by QCDSF-Bonn-Jilich collaboration [Meil3ner QNP [2]
— a more challenging case [see Schierholz talk tomorrow at INT program]

Multiple volumes at light quark masses

3 [0 | — — I B R ﬁ I — ]
i T |
VN 2 |
e ) ]
N—"
- u _
Ny u B _
™ i |
O = }_%7 ]
0 ' M ' IR R N T S R S

—0.2 —0.1 0 0.1 0.2

ro(k—k,)



-dibaryon

® Ffirst QCD bound state observed in LOCD
— NPLQCD [PRL 106, 162001 (201 Y] and HALQCD [PRL 106, 162002 (201 1)]

® Jaffe [19/7]: chromo-magnetic interaction between quarks

1 1 1
(Hp) ~ 7 N(N = 10) + §S(S +1) + 503 +C7

most attractive for spin, colour; flavour singlet

® H-dibaryon (uuddss) |]=I=0, s=-2 most stable
1 KEK-ps (2007)

Uy = — (AA L3Ny 4 QEN) - 1C KA X
\/g 3

® Bound in a many hadronic models

25F T 2 Combinawrial

B .. Phasc Space for
K''C—""Be(gs) K'AA

C.ees INC (FS1 OFF)

R INC+FSI (f552)

[T E o INC+FSI(ESC04d)

® [xperimental searches
15}

® [Emulsion expts, heavy-ion, stopped kaons

(d°6/dQdm) b/ (sr 7.5 MeV/c)

>0

® No conclusive evidence for or against

0 25 S50 75 100 125
AA Invariant Mass-2M, (MeV/c®)



dibaryon in QCD

b AE (AA 24%)

* [Extract energy eigenstates from large Euclidean time behaviour of two-point
correlators

Ca(t) =Y (0]x(x, )% (0)]0) == Z,e~Mat

A( ) Z< ’X(X’ )X( )| > T AAC R o CAA(t) t—00 Z _AFEapt

X (t) = 5 ze
_ e e Ci(t)
Can(t) = Y _{0¢(x,£)$(0)[0) == Zype™
X
* Correlator ratio allows direct access to energy shift

003 T T T T T T e . 001S[T T T T T

30 fm j=3, x*/dof=0.899352, fit 22 - 42 I 40 ]Cm j=6, x’/dof=0.882173, fit 21 — 40 i [1?
0.02 } b AE = —0.00296878 +— 0.000247967 : 0.010 :* b AE = —0.00333967 +- 0.000321976

AE = —16.7948 +— 1.40278 MeV AE = —18.893 +— 1.82147 MeV

001 o 2 0005 |
000/ T}I il _% 0.000 T JhiiilL

i 000ee®®e ¢ i i

: ...oo 999999§§ **{T++T T 1. : AE ’Qﬁiﬂﬁﬁiﬁﬂ} H* °
_0.01; ° AE % | ] —0.005; 99 } .‘ l ‘

I ¢ ] I ® % ® 1"
_0.027(‘) HH fo - 2‘0 HH 3‘0 I 46 I 5‘07 _0.0107(‘).‘ o 16 “““ 2‘0‘ o ‘3‘0‘ o ‘4‘0 [ 50



Simple extrapolations

1. °
After volume extrapolation ] 4.0 fm
H bound at unphysical quark masses 2 06
~N—
o
e . S
Quark mass extrapolation is uncertain and n i 3.0 fm
unconstrained 02 \
B = 411.5 £2.8 £ 6.0 MeV | |
-0.2 ~0.1
Bi = +4.94 4.0+ 8.3 MeV 2
mET (qo/my)
Other extrapolations, see ) | - 4
[Shanahan, Thomas & Young PRL. 107 (201 1) 092004, 40 | i ‘
Haidenbauer & Meissner | 109.3590] 30 :
| | T 0
Suggests H is weakly bound or just unbound = » | 6679 B
I : I " T
: : @ L —— -
0 i
More study required at light masses | | NPLOCD ne2+18
=10 | HALQCD n/=3v
—~20- i SR o RO S A
0.0 0.2 0.4 0.6 0.8
m, (GeV)

* 230 MeV point preliminary (one volume)



Deuteron and Dineutron

[Yamazaki et al. 1207.4277]

0.040 - I | -
0T * experirpent
- QO Fukugitaetal. [7]
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, - : W This work 2+1f V__
® Deuteron, di-neutron also 0.000 .2 4 G -
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00305 0.5 1 15 > 2.5
2 2
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Deuteron and Dineutron

[Yamazaki et al. 1207.4277]
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