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Lecture content

• Two particles in finite volume: Lüscher method

• Scattering

• Resonances

• Two-particle bound states



Theory



Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .



Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .

mK

E

2mπ

Physical 
ππ state

Scattering
continuum



Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .

mK

E

2mπ

Physical 
kinematics

FV scattering
states



Two particles in a box

• Long realised that forcing particles to be in a finite volume shifts their energy in a 
way that depends on their interactions

• Uhlenbeck 1930‘s; Bogoliubov 1940‘s; Lee, Huang, Yang 1950’s, ...

• Lüscher (1986,1991) demonstrated that this is also true in QFT up to inelastic 
thresholds (see also Hamber,  Marinari, Parisi & Rebbi)

• Energy eigenvalues of discrete scattering states well defined – no issue in 
Minkowski-Euclidean connection

• Bypasses Maiani-Testa NGT
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• Consider first the non-interacting two particle system with particles of mass m in a 
box of dimensions L3 with zero CoM momentum

• Particles constrained to have momenta

 

hence the spectrum 
is given by
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is given by
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• Consider simple effective field theory of a scalar particle interacting via contact 
interactions

• Scattering amplitude given by bubble sum

• In infinite volume

             

• Making non-relativistic approx (doing relativistically is not much harder) and using 
power divergent subtraction regularisation scheme [Kaplan, Savage, Wise]

Scattering at finite volume
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• In finite volume, integral restricts to allowed mode sum

• Define PDS regulated sum as

Finite volume energies
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• Energies satisfy eigenvalue equation (Lüscher’s method)

where                                                                       [3D zeta function]

• Result valid for momenta up to inelastic threshold 

• Valid up to exponentially small corrections

• Eg: lowest energy level (zero rel. mom.)

• Calculation of energy levels on the lattice  determines scattering parameters

known Lüscher coefficients

Finite volume energies
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Two particle energies
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• Ground state energy shift

• First excited state energy shift

                                                                                     where

• Each new level extracted or new volume used adds information on the phase 
shift at a different energy

• Bound states can also be described

• Expansions also for L/a << 1 [Beane et al.]

Asymptotic expansions
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Bound states at finite volume

• Lüscher eigenvalue equation also includes solutions with p2<0 (bound state?)

• Two particle scattering amplitude in infinite volume

bound state at                 when

• Binding energy EB related to binding momentum as

• Scattering amplitude in finite volume (another way of expanding Lüscher eqn)

• Multiple volumes required to show a negatively shifted state is bound
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Boosted systems

• Boost of the two body system CoM relative to boundary conditions (lab) changes 
the effective shape of the box as seen by the interacting system

• First studied by Rummukainen & Gottlieb [95]; 
Further study by Kim, Sachrajda & Sharpe [05]; 
Kim Christ & Sachrajda [05];

• Generalised to other frames 
[Feng, Renner & Jansen]

• Allows access to phase shift at different momenta

• Effects on bound states investigated 
[Bour et al; Davoudi & Savage]

• Can be used to cancel leading exponential
FV corrections to binding energies

We have generalized Lüscher’s method to arbitary total mo-
mentum !P [K.R., S.G, Nucl.Phys.B 450 (1995) 397]

• With !P != 0, the resonance can be observed using smaller
volumes than with !P = 0.

• !P = 0 and !P != 0 sectors can be measured from the same
configurations.

• For a given lattice size, the two sectors yield the phase shift
δL(p) with different argument p – two data points from a
single run!

To illustrate the difference in the required lattice size, consider
a non-interacting system containing a light particle φ, and a
heavy “would-be resonance” ρ:

• L = lattice size, lattice momenta k = n 2π/L

• At the “would-be” resonance the energies are equal: Wρ =
W2φ
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FIG. 3: The ground state energy in the deuteron channel. The blue, purple, brown and gray solid
curves are the exact energy for each system with total momentum defined by |d| determined from
eq. (6). The solid red lines is the infinite volume ground state energy. The dotted curves result
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Asymmetric boxes

• Asymmetry box of geometry 

• Eigenvalue equation modified

                                                                                 where 

• Asymptotic expansion

• Geometric coefficients

• Asymmetries exist where sub-leading FV 
effects are suppressed: ci(η1,η2)=0
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Resonances at finite volume

• Pion is light so very few stable hadrons in the real world – often the lightest particle 
of a given set of conserved quantum numbers and not much else

• Ex: ρ(770) decays to ππ and to ππππ;  Δ(1232) decays to Nπ 

• Ex: I=1 π π  
phase shift 

• Extensive experimental efforts to understand excited spectrum of hadrons 

• At finite volume, spectrum is discrete: how do resonances manifest?

• Spectrum gets large modifications as a function of volume near resonance 
energy – embodies in solutions of Lüscher eigenvalue equation

• See excellent lectures of Jo Dudek at HUGS 2012 for details 
[http://www.jlab.org/hugs/program.html]

HUGS 2012

ππ isospin-1 scattering

more interesting scattering channels are those featuring resonances

101
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Resonances at finite volume

• Consider simple spin model in 3+1 D [Rummukainen & Gottlieb hep-lat/9509088] 

• Left hand case g=0 (no resonance); right hand case g=0.021 (ρ appears as 
resonance in ϕϕ channel)

Case A energy spectrum. g = 0, and ρ is stable.
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Monte Carlo simulations

The method is tested with a simple 3+1 dim. spin model:1

S = −κφ
∑

x; µ̂
φxφx+µ̂ − κρ

∑

x; µ̂
ρxρx+µ̂ + g

∑

x; µ̂
ρxφxφx+µ̂ .

Field variables φ and ρ are restricted to {−1, 1}. Choosing the
coupling constants suitably ρ appears as a resonance in s-wave
φφ scattering. We used 3 sets of couplings (A, B, C), given in
the table below, together with the final results:

A B C
κφ 0.0742 0.07325 0.07075
κρ 0.0708 0.0718 0.0665
g 0 0.008 0.021
# of lattice sizes 9 10 16
mφ a 0.1856(4) 0.1996(5) 0.3081(4)
mρ a 0.5049(5) 0.5306(13) 0.8206(11)
Γ a 0 0.0044(2) 0.0178(7)
gR a 0 0.598(14) 1.49(3)
λR 28.1(1.1) 36.8(1.3) 48.3(2.0)

In case A g = 0 and ρ is stable. In cases B and C g increases
causing an increase in the resonance width Γ. gR and λR are
renormalized φφρ- and φ4 couplings, respectively.

1Gattringer and Lang used similar action to study resonance scattering
in 1+1 dimensions [Nucl.Phys.B 391(1993)].



Inelastic scattering

• In most physical scattering processes, inelastic contributions are important
Ex:  I=0 

• Derivation of Lüscher method breaks down at inelastic thresholds

• Various attempts to get around this

• Treat the system purely quantum mechanically [He, Liu et al.]

• Effective field theory at finite volume [Bernard et al.; Döring et al.; 
Briceno&Davoudi; Hansen&Sharpe]

• Introduces some level of systematic uncertainty (high order effects, ...)

• Active area of research

⇡⇡

⇡⇡ KK

f0(980)



Bethe-Salpeter wave functions

• An alternate way of learning about scattering is based on determination of 
(Nambu-)Bethe-Salpeter wavefunction [Lüscher; Lin et al.; Aoki et al.; HALQCD]

chosen interpolating operator probes content of state

• Satisfies Schrödinger equation for non-local BS kernel U(x,y)

• Provided U(x,y)=0 for large |x-y| asymptotic behaviour of partial waves given by

can be used to determine phase shift

• HALQCD method: invert (*) to determine a potential by approximating 

giving

 k(x � y) = #h0|T [�(x)�(y)]|�(k)�(�k)iin

1
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⇥
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 `
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|k|x|

V (x) =
1
2µ

⇥
r2 + |k|2

⇤
 k(x)

 k(|bfx)

Convergence of velocity expansion

If the higher order terms are large, LO potentials determined from NBS wave functions at 
different energy become different.(cf. LOC of ChPT).

Numerical check in quenched QCD
mπ ! 0.53 GeV
a=0.137fm

K. Murano, N. Ishii, S. Aoki, T. Hatsuda 

PTP 125 (2011)1225.

������PBC    (E�0 MeV)         ������������������������APBC  (E�46 MeV)�

12年8月7日火曜日

Dropping these terms renders 
V(x) energy dependent 

[perhaps weakly]

U(x,y) = V (x,r)�3(x� y) = �3(x� y)
⇥
V (x) +O(r2)]

(*)



Bethe-Salpeter wave functions

• BS wavefunctions can be determined from LQCD correlation functions

• Various extensions considered – see recent review [Aoki et al. 1206.5088]

• Potentials obtained from this method are:

• Energy dependent (weakly in some cases – see [Murano et al, 1103.0619]) 

• Only guaranteed to reproduce phase shift at E0

• Sink dependent – not an issue as observable is phase shift at measured energy

• Extraction of phase shift from lattice potential introduces model dependence as 
a functional form must be fit to finite lattice data – probably a mild problem

C(r, t) = h0|T [�(x + r, t)�(x, t)]J †(0)|0i

=
X

n

h0|T [�(x + r, t)�(x, t)]|��(n)ih��(n)|J †(0)|0i

=
X

n

Zne�Ent kn(r)

t!1�! Z0e
�E0t k0(r)

Eigen-energies contain 
scattering information



Numerical Investigations



Two body scattering studies

• Meson-meson

• π–π (I=2,1,0): [CP-PACS; NPLQCD; Feng et al; HadSpec; Fu; .... many others]

• π–K (I=1/2, 3/2): [NPLQCD; Z Fu; Nagata et al; PACS-CS; Lang et al.]

• K–K (I=1): [NPLQCD; Z Fu]

• Meson-baryon

• Five simple octet baryon – octet meson channels studied [NPLQCD]

• J/ψ–nucleon [Liu et al; Kawanai & Sasaki]

• Baryon-baryon

• Various octet baryon – octet baryon scattering [HALQCD, NPLQCD]

• Omega (sss)–Omega scattering [Buchoff, Luu & Wasem] 

• A rapidly growing field



Example: I=2 ππ

• I=2 π–π “easy” as no disconnected contractions

• Measure multiple energy levels of two pions in a box 
for multiple volumes and with multiple PCM
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Example: I=2 ππ

• I=2 π–π “easy” as no disconnected contractions

• Measure multiple energy levels of two pions in a box 
for multiple volumes and with multiple PCM
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Example: I=2 ππ

• Input into Lüscher eigenvalue equation

• Allows phase shift to be extracted at multiple energies
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Example: I=2 ππ

• Combine with chiral perturbation theory (low-momentum interactions turn 
off in the chiral limit) to interpolate to physical pion mass
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Meson-baryon scattering

• Also constrained in the chiral limit

• Study of channels with no annihilation 
using DWF on MILC lattices
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J/Ψ-h scattering

• Studies by L Liu,; Kawanai &Sasaki

• Interactions are purely gluon/sea quark effects

• Phenomenological studies suggest J/Ψ might bind in 
a nucleus through attraction of multiple nucleons

• Interactions are small
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Figure 5: The scattering length a0 (left) and effective range r0 (right) as a function of M2
⇥ . The squared

(diamond) symbols have been moved slightly in the plus (minus) x-direction.

points. The scattering parameters obtained from both determinations agree with each other within
their errors. We simply choose the values obtained from the linear fit as our final results.

In Fig. 5, we plot our evaluated scattering lengths (left panel) and effective ranges (right panel)
for all three channels as a function of pion mass squared. In both scattering parameters, it is found
that there is no significant quark mass dependence. These observations are consistent with what
we observed in the charmonium-nucleon potentials. Although the channel dependence of the cc̄-N
scattering length was less clear in previous studies [13, 40], we find (aJ/⇤-N

0 )SAV ⇥ 0.35 fm >

a�c-N
0 ⇥ 0.25 fm 3 in this study. On the other hand, both �c-N and J/⇤-N channels yield the similar

value of r0 ⇥ 1.0 fm albeit with large errors. The former feature may indicate that the J/⇤-N
system is slightly more attractive than the �c-N system at low energy. This is consistent with the
similar spin dependence observed in the difference of the �c-N and J/⇤-N potentials [33].

4. Summary

We have studied low energy charmonium-nucleon interaction in both quenched and full QCD
simulations. We first calculate potentials between the �c state and the nucleon from the equal-time
BS amplitude through the effective Schrödinger equation. We have found that the central potential
Vcc̄-N(r) in the �c-N system is weakly attractive at short distances and exponentially screened at
large distances. It is observed that the potential have no significantly large quark-mass dependence
within pion mass region 640 MeV � M⇥ � 870 MeV in quenched simulations. Our preliminary
full QCD results show a good agreement with the quenched results. At least up to M⇥=410 MeV,
we observe no appreciable dynamical quark effect on the charmonium-nucleon potential. We have
also employed an alternative approach for studying the charmonium-nucleon interaction. The s-
wave phase shifts at low energies are calculated through the extended Lüscher’s finite size method
with twisted boundary conditions. We have successfully evaluated both the scattering length and
effective range from the charmonium-nucleon scattering phase shift in the vicinity of the threshold,
where the effective range expansion is applicable. We have found (aJ/⇤-N

0 )SAV ⇥ 0.35 fm > a�c-N
0 ⇥

3Here SAV stands for the spin-averaged value 1
3 [(a0)1/2 +2(a0)3/2] for the J/⇤-N channel.
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NN phase shifts
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• Potential extracted for BS wave function method at E~0, use to evaluate phase shift 

• NB: energy dependence of potential neglected 
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Resonance studies: rho

• Map out phase shift to identify a resonance

• Having multiple PCM frames is crucial

• Phase shift can be well determined at heavy quark masses 

• Properties of resonance requires modelling– eg fit with modified Breit-Wigner

• Much current work addressing best way to get the most information

HUGS 2012

ππ isospin-1 scattering

more interesting scattering channels are those featuring resonances

101

e.g. the ρ in ππ
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Resonance studies: Delta(1232)

• Delta baryon studied by QCDSF-Bonn-Jülich collaboration [Meißner QNP12] 
– a more challenging case [see Schierholz talk tomorrow at INT program]

• Multiple volumes at light quark masses

12

RESULTS for the �(1232)

QCDSF-Bonn-Jülich coll., in preparation

• l = 1, I = 3/2 ⇥N phase shift
• M� = 160 - 390 MeV, large volumes

• consistent with the experimental width

• precision determination of g�N�

requires more precise data

around � = ⇥/2

⇥ JUGENE time requested for two

more large volumes

at M� = 160 MeV

⇥ quantitative results will be reported soon

Hadron resonances in a finite volume – Ulf-G. Meißner – QNP 2012, April 16-20, 2012 · ⇥ C < ⌅ O > B •



H-dibaryon

• First QCD bound state  observed in LQCD
– NPLQCD [PRL 106, 162001 (2011)] and HALQCD [PRL 106, 162002 (2011)] 

• Jaffe [1977]: chromo-magnetic interaction between quarks

most attractive for spin, colour, flavour singlet

• H-dibaryon (uuddss) J=I=0, s=-2 most stable

• Bound in a many hadronic models

• Experimental searches

• Emulsion expts, heavy-ion, stopped kaons

• No conclusive evidence for or against 

hHmi ⇠
1
4
N(N � 10) +

1
3
S(S + 1) +

1
2
C2

c + C2
f

 H =
1p
8

⇣
⇤⇤+

p
3⌃⌃+ 2⌅N

⌘ KEK-ps (2007) 
K- 12C →K+ ΛΛ X 



• Extract energy eigenstates from large Euclidean time behaviour of two-point 
correlators

• Correlator ratio allows direct access to energy shift

H dibaryon in QCD
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FIG. 21: � and �� on the 243 volume. Two body from linear combo of SS and PP .
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exploratory quenched calculation of 4He at a relatively
large pion mass [21]. Our present results are from calcu-
lations on four ensembles of nf = 2+1 anisotropic clover
gauge-field configurations at a pion mass of m⇥ ⇤ 389
MeV, a spatial lattice spacing of bs ⇤ 0.1227(8) fm,
an anisotropy factor of ⌅t = bs/bt = 3.500(32) (for
details, see Refs. [22, 23]), and with spatial-extents of
16, 20, 24, 32, corresponding to spatial dimensions of L ⇤
2.0, 2.5, 3.0 and 3.9 fm respectively.

Lüscher’s method [24–27] is employed to extract two-
particle scattering amplitudes below inelastic thresh-
olds from Lattice QCD calculations. In the situation
where only a single scattering channel is kinematically
allowed, the deviation of the energy eigenvalues of the
two-hadron system in the lattice volume from the sum
of the single-hadron masses is related to the scatter-
ing phase shift, ⇥. The form of the baryon interpolat-
ing operators and the baryon and baryon-baryon corre-
lators that we use, and the methodology for extracting
the energy shift is discussed in detail in Ref. [28]. The

energy shift, �E(AB)
n (in temporal lattice units (t.l.u)),

of two particles of equal mass, m (in t.l.u), is given by

�E(AB)
n = 2

p
q2n/⌅

2
t +m2 � 2m. The subscript n is to

denote the nth energy-level in the lattice volume. This
relation determines a squared momentum, q2n (in spatial
lattice units (s.l.u)), which can be either positive or neg-
ative. For S-wave scattering below inelastic thresholds,
q2n is related to the real part of the inverse scattering
amplitude,

qn cot ⇥(qn) =
1

⇧ L
S

 
q2n

✓
L

2⇧

◆2
!

, (1)

where the S-function is given by

S(x) = lim
�⇥⇤

|j|<�X

j

1

|j|2 � x
� 4⇧ ⇥ , (2)

thereby implicitly determining the value of the phase

shift at the energy �E(AB)
n .

Determining energy-levels with the same quantum
numbers in multiple volumes allows for the exponential
volume dependence of a bound state to be distinguished
from the power-law volume dependence of a scattering
state. With calculations at two di⇤erent lattice volumes
that both have q20 < 0 and q0 cot ⇥(q0) < 0 it is possible to
perform an extrapolation (at leading order in the expo-
nential volume expansion) to the infinite-volume limit to
determine the binding energy of a bound state. Writing
q = i⇤ for states that are negatively shifted in energy in
the lattice volume, the volume-dependence of the bind-
ing momentum in the large volume limit follows directly
from eq. (1) and is of the form [27]

⇤ = � +
1

L
c1
⇣
e��L +

⌃
2 e�

⌅
2�L

⌘
+ ... , (3)

where � is the infinite-volume value of the binding mo-
mentum, under the assumption that � ⌅ m⇥, and c1 is
treated as a fit parameter. With calculations in two vol-
umes, the calculated binding momenta and the relations
resulting from eq. (1) can be solved to give �, from which
the binding energy of the state is B = �2/m. The range
of nuclear interaction is set by the pion mass, and there-
fore the use of Lüscher’s method requires that m⇥L ⇧ 1
in order to strongly suppress the contributions that de-
pend exponentially on the volume, e�m⇡L. In principle,
in marginal volumes, one can use the low-energy e⇤ec-
tive field theory to remove these exponential corrections
systematically, but presently this is impractical.
The precision of our calculations is su⌅ciently high

that we can quantify the exponential volume dependence
of the single baryon masses. The results of this anal-
ysis then dictate a minimum lattice volume for which
the exponential contributions to the baryon masses do
not significantly contaminate the extraction of scatter-
ing parameters. The ⇥ mass, unlike that of the ⇧ and
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FIG. 1: Left panel: the mass of the � as a function of e�m⇡L

where L is the spatial extent of the lattice. From left-to-right,
the blue points correspond to spatial extents of L = 32, 24, 20,
and 16. The red point and uncertainty is the infinite-volume
extrapolation. Right panel: the energy-momentum relation
for the �. The blue points (along with their uncertainties) are
the results of lattice calculations and the red line correspond
to the best fit to a quadratic polynomial.

kaon, is found to have statistically significant volume-
dependence, as shown in the left panel of fig. 1. It is clear
that the ⇥mass on the 163⇥128 ensemble (m⇥L = 3.86)
is significantly higher than its infinite-volume value and,
more importantly, is shifted by an amount that is com-
parable to the energy splittings in the two-baryon sector.
The deviation found in calculations on the 203 ⇥ 128 en-
semble is much less than that of the 163 ⇥ 128 ensemble,
but we choose not use calculations performed on either
the 163⇥128 or 203⇥128 ensembles in the analysis of two-
baryon interactions. Therefore, only calculations on the
243 ⇥ 128 ensemble (m⇥L = 5.79) and on the 323 ⇥ 128
ensemble (m⇥L = 7.71) are used in this analysis. We
conclude that the lore regarding finite-volume e⇤ects, and
in particular, that m⇥L>⇤ 2⇧ ⇤ 6.3 for exponential vol-
ume e⇤ects to be negligibly small, appears to be true for
the study of multi-baryon systems.

Lüscher’s method assumes that the single-hadron
energy-momentum relation is satisfied over the range of
calculated energy eigenvalues. In order to verify that the
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Simple extrapolations

• After volume extrapolation
H bound at unphysical quark masses

• Quark mass extrapolation is uncertain and 
unconstrained

• Other extrapolations, see
[Shanahan, Thomas & Young PRL. 107 (2011) 092004, 
Haidenbauer & Meissner 1109.3590]

• Suggests H is weakly bound or just unbound

• More study required at light masses

Bquad
H = +11.5± 2.8± 6.0 MeV
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* 230 MeV point preliminary (one volume)
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Deuteron and Dineutron

• Deuteron, di-neutron also 
investigated

• NPLQCD

• PACS-CS

• More work needed at 
lighter masses

• Also s=-4 ΞΞ dibaryon is 
found to be bound

[Yamazaki et al. 1207.4277]
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FIG. 11: Same as Fig. 10 for 1S0 channel.
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